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Introduction 

0.1. A common wisdom says that difficulties arise in Koszul duality because impor- 
tant spectral sequences diverge. What really happens here is that one considers the 
spectral sequence of a complex endowed with, typically, a decreasing filtration which 
is not complete. Indeed, the spectral sequence of a complete and cocomplete filtered 
complex always converges in the relevant sense [14]. The solution to the problem, 
therefore, is to either replace the complex with its completion, or choose a different 
filtration. In this paper, we mostly follow the second path. This involves elaboration 
of the distinction between two kinds of derived categories, as we will see below. 

The first conclusion is that one has to pay attention to completions if one wants 
one's spectral sequences to converge. What this means in the case of the spectral 
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sequence related to a bicomplex is that the famihar picture of two spectral sequences 
converging to the same limit splits in two halves when the bicomplex becomes infi- 
nite enough. The two spectral sequences essentially converge to the cohomology of 
two different total complexes. To obtains those, one takes infinite products in the 
"positive" direction along the diagonals and infinite direct sums in the "negative" 
direction (like in Laurent series). The two possible choices of the "positive" and 
"negative" directions give rise to the two completions. The word "essentially" here 
is to be understood as "ignoring the delicate, but often manageable issues related to 
nonexactness of the inverse limit" . 

0.2. This alternative between taking infinite direct sums and infinite products when 
constructing the total complex leads to the classical distinction between differential 

derived functors of the first and the second kind [25, section 1.4]. Roughly speaking, 
one can consider a DG-module either as a deformation of its cohomology or as a 
deformation of itself considered with zero differential; the spectral sequences related to 
the former and the latter kind of deformations essentially converge to the cohomology 
of the differential derived functors of the first and the second kind, respectively. 

Derived categories of the first and the second kind are intended to serve as the 
domains of the differential derived functors of the first and the second kind. This 
does not always work as smoothly as one wishes; one discovers that, for technical 
reasons, it is better to consider derived categories of the first kind for algebras and 
derived categories of the second kind for coalgehras. The distinction between the 
derived functors/categories of the first and the second kind is only relevant when 
certain finiteness conditions no longer hold; this happens when one considers either 
unbounded complexes, or differential graded modules. 

Let us discuss the story of two derived categories in more detail. When the finite- 
ness conditions do hold, the derived category can be represented in two simple ways. 
It is both the quotient category of the homotopy category by the thick subcategory of 
complexes with zero cohomology and the triangulated subcategory of the homotopy 
category formed by the complexes of projective or injective objects. In the gen- 
eral case, this simple picture splits in two halves. The derived category of the first 
kind is still defined as the quotient category of the homotopy category by the thick 
subcategory of complexes (DG-modules, . . . ) with zero cohomology. It can be also 
obtained as a full subcategory of the homotopy category, but the description of this 
subcategory is more complicated [50, 29, 9]. On the other hand, the derived category 
of the second kind is defined as the quotient category of the homotopy category by 
a thick subcategory with a rather complicated description. At the same time, it is 
equivalent to the full subcategory of the homotopy category formed by complexes 
(DG-comodules, DG-contramodules, . . . ) which become injective or projective when 
considered without the differential. 
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0.3. The time has come to mention that there exist two kinds of module categories 
for a coalgebra: besides the famihar comodules, there are also contramodules [15]. 
Comodules can be thought of as discrete modules which are unions of their finite- 
dimensional subcomodules, while contramodules are modules where certain infinite 
summation operations are defined. For example, the space of linear maps from a 
comodule to any vector space has a natural contramodule structure. 

The derived category of the first kind is what is known as just the derived category: 
the unbounded derived category, the derived category of DG-modules, etc. The 
derived category of the second kind comes in two dual versions: the coderived and 
the contraderived category. The coderived category works well for comodules, while 
the contraderived category is useful for contramodules. The classical notion of a 
DG-(co) algebra itself can be generalized in two ways; the derived category of the 
first kind is well-defined for an Aoo-algebra, while the derived category of the second 
kind makes perfect sense for a CD G- coalgebra. 

Other situations exist when derived categories of the second kind are well-behaved. 
One of them is that of a CDG-ring whose underlying graded ring has a finite homolog- 
ical dimension. In this case, the coderived and contraderived categories coincide. In 
particular, this includes the case of a CDG-algebra whose underlying graded algebra is 
free. Such CDG-algebras can be thought of as strictly counital curved A^-coalgebras; 
CDG-modules over the former with free and cofree underlying graded modules cor- 
respond to strictly counital curved Ago-comodules and Aoo-contramodules over the 
latter. For a cofibrant associative DG-algebra, the derived, coderived, and contrade- 
rived categories of DG-modules coincide. Since any DG-algebra is quasi-isomorphic 
to a cofibrant one, it follows that the derived category of DG-modules over any 
DG-algebra can be also presented as a coderived and contraderived category. 

The functors of forgetting the differentials, assigning graded (co/contra)modules 
to CDG-(co/contra)modules, play a crucial role in the whole theory of derived cate- 
gories of the second kind. So it is helpful to have versions of these functors defined 
for arbitrary DG-categories. An attempt to obtain such forgetful functors leads to 
a nice construction of an almost involution on the category of DG-categories. The 
related constructions for CDG-rings and CDG-coalgebras are important for the non- 
homogeneous quadratic duality theory, particularly in the relative case [48]. 

0.4. Now let us turn to (derived) Koszul duahty. This subject originates from 
the classical Bernstein-Gelfand-Gelfand duality (equivalence) between the bounded 
derived categories of finitely generated graded modules over the symmetric and ex- 
terior algebras with dual vector spaces of generators [8]. Attempting to generalize 
this straightforwardly to arbitrary algebras, one discovers that many restricting con- 
ditions have to be imposed: it is important here that one works with algebras over 
a field, that the algebras and modules are graded, that the algebras are Koszul, that 
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one of them is finite-dimensional, while the other is Noetherian (or at least coherent) 
and has a finite homological dimension. 

The standard contemporary source is [7], where many of these restrictions are 
eliminated, but it is still assumed that everything happens over a semisimple base 
ring, that the algebras and modules are graded, and that the algebras are Koszul. 
In [6], Koszulity is not assumed, but positive grading and semisimplicity of the base 
ring still arc. The main goal of this paper is to work out the Koszul duality for 
ungraded algebras and coalgcbras over a field, and more generally, differential graded 
algebras and coalgebras. In this setting, the Koszulity condition is less important, 
although it allows to obtain certain generalizations of the duality results. As to the 
duality over a base more general than a field, in this paper we only consider the 
special case of V-fl duality, i. e., the duality between complexes of modules over the 
ring of differential operators and (C)DG-modules over the de Rham (C)DG-algebra 
of differential forms (see 0.6). The ring of functions (or sections of the bundle of 
cndomorphisms of a vector bundle) is the base ring in this case. For a more general 
treatment of the relative situation, we refer the reader to [48, Chapter 11], where a 
version of Koszul duality is obtained for a base coring over a base ring. 

The thematic example of nonhomogeneous Koszul duahty over a field is the re- 
lation between complexes of modules over a Lie algebra g and DG-comodulcs over 
its standard homological complex. Here one discovers that, when g is reductive, the 
standard homological complex with coefficients in a nontrivial irreducible g-module 
has zero cohomology — even though it is not contractible, and becomes an injective 
graded comodule when one forgets the differential. So one has to consider a version 
of derived category of DG-comodules where certain acyclic DG-comodules survive if 
one wishes this category to be equivalent to the derived category of g-modules. That 
is how derived categories of the second kind appear in Koszul duality [17, 37, 30]. 

0.5. Let us say a few words about the homogeneous case. In the generality of 
DG- ( CO ) algebras, the homogeneous situation is distinguished by the presence of an 
additional positive grading preserved by the differentials. Such a grading is well- 
known to force convergence of the spectral sequences, so there is no difference between 
the derived categories of the first and the second kind in the homogeneous case. 
It is very essential here that the grading be indeed positive (or negative) on the 
DG-(co/contra)modules as well as the DG-(co) algebras, as one can see already in 
the example of the duality between the symmetric and the exterior algebras in one 
variable, S = k[x] and A = k[e]/e^. The graded ^'-module M = k[x,x~^] corresponds 
to the acyclic complex of A- modules K = (• • • — > A — > A — > • • • ) whose every 
term is A and every differential is the multiplication with e. 

The acyclic, but not contractible complex K of projective and injective A-modules 
provides the simplest way to distinguish between the derived categories of the first 
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and the second kind. In derived categories of the first kind, it represents the zero 
object and is not adjusted to various derived functors, while in derived categories of 
the second kind, it is adjusted to derived functors and represents a nonzero object. So 
the S'-module M has to be excluded from the category of modules under consideration 
for a duality between conventional derived categories of 5'-modules and A-modules to 
hold. The positivity condition on the internal grading accomplishes that much in the 
homogeneous case. All the stronger conditions on the gradings considered in [7, 6] 
are unnecessary for the purposes of establishing derived Koszul duality. 

0.6. Several attempts have been made in the literature [28, 5] to obtain an equiv- 
alence between the derived category of modules over the ring/sheaf of differential 
operators and an appropriately defined version of derived category of DG-modules 
over the de Rham complex of differential forms. More generally, let X be a smooth 
algebraic variety and £^ be a vector bundle on X with a global connection V. Let 
fl{X,£nd{S)) be the sheaf of graded algebras of differential forms with coefficients 
in the vector bundle £nd{£) of endomorphisms of 8, dy be the de Rham differential 
in Q.{X^£nd{£)) depending on the connection V, and /ly G Vt^{X^£nd{£)) be the 
curvature of V. Then the triple consisting of the sheaf of graded rings £nd{£)). 
its derivation dy, and the section /iy is a sheaf of CDG-rings over X. The derived 
category of modules over the sheaf of rings Vx^s of differential operators acting in 
the sections of the vector bundle E on X turns out to be equivalent to the code- 
rived category (and the contraderived category, when X is affine) of quasi- coherent 
CDG-modules over the sheaf of CDG-rings Q{X, £nd{£)). The assumption about the 
existence of a global connection in £ can be dropped, of course. 

0.7. Yet another very good reason for considering derived categories of the second 
kind is that in their terms a certain relation between comodules and contramodules 
can be estabhshed. Namely, the coderived category of CDG-comodules and the con- 
traderived category of CDG-contramodules over a given CDG-coalgebra are naturally 
equivalent. We call this phenomenon the comodule- contramodule correspondence; it 
appears to be almost as important as the Koszul duality. 

One can generalize the comodule-contramodule correspondence to the case of 
strictly counital curved Aoo-comodules and Aoo-contramodules over a curved Aoo-coal- 
gebra by considering the derived category of the second kind for CDG-modules over 
a CDG-algebra whose underlying graded algebra is a free associative algebra. 

0.8. This paper can be thought of as an extended introduction to the mono- 
graph [48], as indeed, its key ideas precede those of [48] both historically and logically. 
It would had been all but impossible to invent the use of exotic derived categories 
for the purposes of [48] if these were not previously discovered in the work presented 
below. Nevertheless, most results of this paper are not covered by [48], since it is 
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written in the generality of DG- and CDG-modulcs, comodules, and contramodules, 
while [48] deals with nondiffcrcntial scmi(contra)modules most of the time. This pa- 
per is focused on Koszul duality, while the goal of [48] is the semi-infinite cohomology. 

The fact that exotic derived categories arise in Koszul duahty was essentially 
discovered by Hinich [22], whose ideas were developed by Lefevre-Hasegawa [37, 
Chapitres 1 and 2]; see also Fl0ystad [17], Hucbschmann [24], and Nicolas [43]. The 
terminology of "coderived categories" was introduced in Keller's exposition [30]. How- 
ever, the definition of coderived categories in [37, 30] was not entirely satisfactory, in 
our view, in that the right hand side of the purported duality is to a certain extent 
defined in terms of the left hand side (the approach to V-Q duality developed in [5, 
section 7.2] had the same problem). This defect is corrected in the present paper. 

The analogous problem is present in the definitions of model category structures 
on the categories of DG-coalgebras by Hinich [22] and Lefevre-Hasegawa [37]. This 
proved harder to do away with: we obtain various explicit descriptions of the distin- 
guished classes of morphisms of CDG-coalgebras independent of the Koszul duality, 
but the duality functors are still used in the proofs. 

In addition, we emphasize contramodules and CDG-coalgebras, whose role in the 
derived categories of the second kind and derived Koszul duality business does not 
seem to have been appreciated enough. 

0.9. Now let us describe the content of this paper in more detail. In Section 1 we 
obtain two semiorthogonal decompositions of the homotopy category of DG-modulcs 
over a DG-ring, providing injcctivc and projective resolutions for the derived category 
of DG-modules. We also consider fiat resolutions and use them to define the derived 
functor Tor for a DG-ring. Besides, we construct a t-structure on the derived cate- 
gory of DG-modules over an arbitrary DG-ring. In anticipation of the forthcoming 
paper [49] , we also discuss silly filtrations on the same derived category. This section 
contains no new results; it is included for the sake of completeness of the exposition. 

The derived categories of DG-comodules and DG-contramodules and the differ- 
ential derived functors Cotor^'^ and Coext^ of the first kind for a DG-coalgebra C 
arc briefly discussed in Section 2, the proofs of the main results of this section being 
postponed to Sections 5 and 7. Partial results about injective and projective resohi- 
tions for the coderived and contradcrived categories of a CDG-ring are obtained in 
Section 3. The finite homological dimension, Noetherian, coherent, and Gorenstein 
cases are considered; in the former situation, a natural definition of the differential 
derived functor Tor^'^^ of the second kind for a CDG-ring B is given. In addition, 
we construct an "almost involution" on the category of DG-categories. 

In Section 4 we construct semiorthogonal decompositions of the homotopy cate- 
gories of CDG-comodules and CDG-contramodules over a CDG-coalgcbra, providing 
injective and projective resolutions for the coderived category of CDG-comodules 
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and the contradcrived category of CDG-contramodules. We also define the differ- 
ential derived functors Cotor, Coext, and Ctrtor for a CDG-coalgebra, and give a 
sufficient condition for a morphism of CDG-coalgebras to induce equivalences of the 
coderived and contraderived categories. The comodule-contramodule correspondence 
for a CDG-coalgebra is obtained in Section 5. 

Koszul duality (or "triality", as there are actually two module categories on 
the coalgcbra side) is studied in Section 6. Two versions of the duality theorem 
for (G)DG-modules, GDG-comodules, and GDG-contramodules are obtained, one 
valid for conilpotent CDG-coalgebras only and one apphcable in the general case. 
We also construct an equivalence between natural localizations of the categories of 
DG-algebras (with nonzero units) and conilpotent CDG-coalgebras. 

We discuss the derived categories of Aoo-modules and the co/contraderived cat- 
egories of curved Aoo-co/contramodules in Section 7. We explain the relation be- 
tween strictly unital Ago-algebras and coaugmented CDG-coalgebra structures on 
graded tensor coalgebras, and use it to prove the standard results about strictly 
unital Aoo-niodules. The similar approach to strictly counital curved Aoo-coalgebras 
yields the comodule-contramodule correspondence in the Aqo case. 

Model category structures (of the first kind) for DG-modules over a DG-ring 
and model category structures (of the second kind) for CDG-comodules and 
CDG-contramodules over a CDG-coalgebra are constructed in Section 8. We also 
obtain model category structures of the first kind for DG-comodules and DG-contra- 
modules over a DG-coalgebra, and model category structures of the second kind 
for CDG-modules over a CDG-ring in the finite homological dimension, Noether- 
ian, coherent, and Gorenstein cases. Quillen equivalences related to the comodule- 
contramodule correspondence and Koszul duality are discussed. 

We consider the model categories of DG-algebras and conilpotent CDG-coalgebras 
in Section 9. More precisely, it turns out that the latter category has to be "fi- 
nalized" in order to make it a model category. We also discuss DG-modules over 
cofibrant DG-algebras. Conilpotent curved Aoo-coalgebras and co/contranilpotent 
curved Aoo-co/contramodules over them are introduced. 

Homogeneous Koszul duality is worked out in Appendix A. The (more general) 
covariant and the (more symmetric) contravariant versions of the duality are consid- 
ered separately. The equivalence between the derived category of modules over the 
ring/sheaf of differential operations acting in a vector bundle and the coderived cat- 
egory of CDG-modules over the corresponding de Rham CDG-algebra is constructed 
in Appendix B. A desription of the bounded derived category of coherent "D-modules 
in terms of coherent CDG-modules is also obtained. 

Acknowledgement. The author is grateful to Michael Finkelberg for posing the 
problem of constructing derived nonhomogeneous Koszul duality. I want to express 
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1. Derived Category of DG-Modules 

1.1. DG-rings and DG-moduIes. A DG-ring A — (A, d) is a pair consisting of an 

associative graded ring A = ©j^g A^ and an odd derivation d : A — > A of degree 1 
such that c?^ = 0. In other words, it is supposed that d{A'') C and d{ab) = 

d{a)b + (— l)l"'a(i(6) for a, b G A, where \a\ denotes the degree of a homogeneous 
element, i. e., a e Al"'. 

A left DG-module (M, d^) over a DG-ring ^4 is a graded left 74-module M — 
®iGZ-^' endowed with a differential dM'- M — > M of degree 1 compatible with the 
derivation of A and such that dj^ = 0. The compatibility means that the equation 
dM^cix) = d{a)x + (— l)l"la(iM(a^) holds for all a e A and x G M. 

A right DG-module {N, c^at) over A is a graded right ^-module N endowed with a 
differential d^v of degree 1 satisfying the equations dN{xa) — dN{x)a + (— l)l^lxd(a) 
and d]^ = 0, where x G A^'"^'. 

Let L and M be left DG-modules over A. The complex of hom,om,orphisms 
Hom^(L, M) from L to M over A is constructed as follows. The component 
Hom^ (L,M) consists of all homogeneous maps /: L — > M of degree i such that 
f{ax) = (— )*'"la/(a;) for all a G A and x E L. The differential in the complex 
Hom^(L, M) is given by the formula d(f )(x) = dM{f{x)) — (— l)l-^l/((iL(a;)). Clearly, 
one has d'^{f) = 0; for any composable morphisms of left DG-modules / and g one 
hasd{fg) = d{f)g + {-iyf\fd{g). 
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For any two right DG-modules R and N over A, the complex of homomorphisms 
Hom^(i?, A^) is defined by the same formulas as above and satisfies the same prop- 
erties, with the only difference that a homogeneous map /: R — )■ N belonging to 
Hom^(i?, N) must satisfy the equation f{xa) = f{x)alor a & A and x E R. 

Let N he a, right DG-module and M be a left DG-module over A. The tensor 
product complex N (8>a M is defined as the graded quotient group of the graded 
abelian group N 0^ M by the relations xa (E) y = x ^ ay for x E N, a E A, y G M, 
endowed with the differential given by the formula d{x'^y) = d{x)<^y+{—iy^^x<^d{y). 
For any two right DG-modules R and N and any two left DG-modules L and M the 
natural map of complexes Homyi(i?, N) ®2Hom^(L, M) — > B.omz{R®AL, N ®aM) 
is defined by the formula (/ ® g){x ®y) — (— ® g{y)- Here Z is considered 
as a DG-ring concentrated in degree 0. 

For any DG-ring A, its cohomology H{A) — Hd{A), defined as the quotient of 
the kernel of d by its image, has a natural structure of graded ring. For a left 
DG-module M over A, its cohomology H{M) is a graded module over H{A); for a 
right DG-module N, its cohomology H{N) is a right graded module over H{A). 

A DG-algebra A over a commutative ring /c is a DG-ring endowed with DG-ring 
homomorphism k — > ^4° whose image is contained in the center of the algebra 
A, where k is considered as a DG-ring concentrated in degree 0; cquivalently, a 
DG-algebra is a complex of A;-modules with a /c-linear DG-ring structure. 

Remark. One can consider DG-algebras and DG-modules graded by an abelian 
group r different from Z, provided that F is endowed with a parity homomorphism 
F — > Z/2 and an odd element 1 e F, so that the differentials would have degree 1. 
In particular, one can take F = Z/2, that is have gradings reduced to parities, or 
consider fractional gradings by using some subgroup of Q consisting of rationals with 
odd denominators in the role of F. Even more generally, one can replace the parity 
function with a symmetric bilinear form a : F x F — > Z/2, to be used in the super sign 
rule in place of the product of parities; one just has to assume that cr(l, 1) = 1 mod 2. 
All the most important results of this paper remain vahd in such settings. The only 
exceptions are the results of subsections 3.4 and 4.3, where we consider bounded 
grading. 

1.2. DG-categories. A DG-category is a category whose sets of morphisms are 
complexes and compositions are biadditive maps compatible with the gradings and 
the differentials. In other words, a DG-category DG consists of a class of ob- 
jects, complexes of abelian groups HomDG(-'^, Y), called the complexes of morphisms 
from X to Y, defined for any two objects X and Y, and morphisms of complexes 
HomDG(^, Z) ®z HomDG(A", Y) — > HomDG(Ar, Z), called the composition maps, de- 
fined for any three objects X, F, and Z. The compositions must be associative and 
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unit elements idx & HomDG(-'^, -'^) must exist; the equations d{idx) — then hold 
automatically. 

For example, left DG-modules over a DG-ring A form a DG-category, which we 
will denote by DG(A-mod). The DG-category of right DG-modules over A will be 
denoted by DG(mod-A). 

A covariant DG-functor DG' — )■ DG" consists of a map between the classes of 
objects and (closed) morphisms between the complexes of morphisms compatible with 
the compositions. A contravariant DG-functor is defined in the same way, except that 
one has to take into account the natural isomorphism of complexes y (8) ~ (8) F 
for complexes of abelian groups V and W that is given by the formula v ® w i — > 
(— . (Covariant or contravariant) DG-functors between DG' and DG" form 
a DG-category themselves. The complex of morphisms between DG-functors F and 
G is a subcomplex of the product of the complexes of morphisms from F{X) to G{X) 
in DG" taken over all objects X e DG'; the desired subcomplex is formed by all the 
systems of morphisms compatible with all morphisms X — )■ Y in DG'. 

For example, a DG-ring A can be considered as a DG-category with a single object; 
covariant DG-functors from this DG-category to the DG-category of complexes of 
abehan groups are left DG-modules over A, while contravariant DG-functors between 
the same DG-categories can be identified with right DG-modules over A. 

A closed morphism f : X — > F in a DG-category DG is an element of 
HomQQ(X, F) such that d{f) = 0. The category whose objects are the objects of 
DG and whose morphisms are closed morphisms in DG is denoted by Z°(DG). 

An object Y is called the product of a family of objects Xa (notation: Y = 
Yl^Xa) if a closed isomorphism of contravariant DG-functors HomDG(— ,^) — 
Jl^ HomDG(— , -^a) is fixed. An object Y is called the direct sum of a family of 
objects Xa (notation: Y — 0^ Xa) if a closed isomorphism of covariant DG-functors 

HomDG(>^, -) - Ha HomDG(^a, ") IS fixed. 

An object Y is called the shift of an object X by an integer i (notation: F = X[i]) if 
a closed isomorphism of contravariant DG-functors }iom£,Q{—,Y) ~ HomDG(~5 ^)[^] 
is fixed, or equivalently, a closed isomorphism of covariant DG-functors HomoG 
(y, -) ~ HomDG(A:, -)[-i] is fixed. 

An object Z is called the cone of a closed morphism /: X — > Y (notation: 
Z = cone(/)) if a closed isomorphism of contravariant DG-functors HomDG(— , Z) ^ 
cone(/*), where /*: HomDG(— ,-^) — > HomDG(— i^)) is fixed, or equivalently, a 
closed isomorphism of covariant DG-functors HomDG(^, — ) — cone(/*)[— 1], where 
/*: RomDQ(Y, -) — > RomociX, -), is fixed. 

Let K be a complex of abelian groups and p: V — )- V be an endomorphism of 
degree 1 satisfying the Maurer-Cartan equation d{p) = 0. Then one can define a 
new differential on V by setting d' = d + p; let us denote the complex so obtained by 
V{p). Let q e Hompg(X, X) be an endomorphism of degree 1 satisfying the equation 
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d{q) + = 0. An object Y is called the twist of the object X with respect to g if a 
closed isomorphism of contravariant DG-functors HomDG(^!Ar) ^ HomDG(— , ^)(g*) 
is fixed, where q*{g) = q o g for any morphism g whose target is X, or equivalently, a 
closed isomorphism of covariant DG-functors HomDG(^, — ) — Homocl-'^, — )(—?*) is 
fixed, where q*{g) — {—l)^^^g o q for any morphism g whose source is Y. 

As any representing objects of DG-functors, all direct sums, products, shifts, cones, 
and twists are defined uniquely up to a unique closed isomorphism. The direct sum 
of a finite set of objects is naturally also their product, and vice versa. Finite direct 
sums, products, shifts, cones, and twists are preserved by any DG-functors. One can 
express the cone of a closed morphism / : X — > Y as the twist of the direct sum 
y © X[l] with respect to the endomorphism q induced by /. 

Here is another way to think about cones of closed morphisms in DG-categories. 
Let DG* denote the category whose objects are the objects of DG and morphisms are 
the (not necessarily closed) morphisms in DG of degree 0. Let X' — ¥ X — > X" be 
a triple of objects in DG with closed morphisms between them that is split exact in 
DG*. Then X is the cone of a closed morphism X"[— 1] — > X'. Conversely, for any 
closed morphism X — > Y in DG with the cone Z there is a natural triple of objects 
and closed morphisms Y — > Z — > which is spht exact in DG*. 

Let DG be a DG-category with shifts, twists, and infinite direct sums. Let ■ ■ ■ — y 
Xn — Xn-i — > ■ ■ ■ be a complex of objects of DG with closed differentials (9„. 
Then the differentials dn induce an endomorphism q of degree 1 on the direct sum 
0^X„[n] satisfying the equations d{q) = = q^. The twist of this direct sum with 
respect to this endomorphism is called the total object of the complex X, formed by 
taking infinite direct sums and denoted by Tot®(X,). For a DG-category DG with 
shifts, twists, and infinite products, one can consider the analogous construction with 
the infinite direct sum replaced by the infinite product Jln^^iW- Thus one obtains 
the definition of the total object formed by taking infinite products Tot'~'(X,). 

For a finite complex X*, the two total objects coincide and are denoted simply by 
Tot(X,); this total object only requires existence of finite direct sums/products for 
its construction. Alternatively, the total objects Tot, Tot®, and Tot^ can be defined 
as certain representing objects of DG-functors. The finite total object Tot can be 
also expressed in terms of iterated cones, so it is well-defined whenever cones exist in 
a DG-category DG, and it is preserved by any DG-functors. 

A DG-functor DG' — > DG" is said to be fully faithful if it induces isomorphisms 
of the complexes of morphisms. A DG-functor is said to be an equivalence of 
DG-categories if it is fully faithful and every object of DG" admits a closed iso- 
morphism with an object coming from DG'. This is equivalent to existence of a 
DG-functor in the opposite direction for which both the compositions admit closed 
isomorphisms to the identity DG-functors. DG-functors F: DG' — > DG" and 
G : DG" — > DG' are said to be adjoint if for every objects X e DG' and Y e DG" 
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a closed isomorphism of complexes }loTaQQ"{F{X) ,Y) ~ }iomQQi[X,G{Y)) is given 
such that these isomorphisms commute with the (not necessarily closed) morphisms 
induced by morphisms in DG' and DG". 

Let DG be a DG-category where (a zero object and) all shifts and cones exist. Then 
the homotopy category if°(DG) is the additive category with the same class of objects 
as DG and groups of morphisms given by }loTaH"(DG){X,Y) = H^(llom£)Q{X,Y)). 
The homotopy category is a triangulated category [12]. Shifts of objects and cones of 
closed morphisms in DG become shifts of objects and cones of morphisms in the trian- 
gulated category if°(DG). Any direct sums and products of objects of a DG-category 
arc also their directs sums and products in the homotopy category. Adjoint functors 
between DG-categories induce adjoint functors between the corresponding categories 
of closed morphisms and homotopy categories. 

Two closed morphisms f,g:X — > y in a DG-category DG are called homotopic 
if their images coincide in H^(pG). A closed morphism in DG is called a homotopy 
equivalence if it becomes an isomorphism in i7°(DG). An object of DG is called 
contractihle if it vanishes in H^{DG). 

All shifts, twists, infinite direct sums, and infinite direct products exist in the 
DG-categories of DG-modules. The homotopy category of (the DG-category of) 
left DG-modules over a DG-ring A is denoted by Hot(A-mod) = iJ°DG(A-mod); 
the homotopy category of right DG-modules over A is denoted by Hot(moci-74) — 
i70DG(mod-A). 

1.3. Semiorthogonal decompositions. Let H be a triangulated category and 
A C H be a full triangulated subcategory. Then the quotient category H/A is de- 
fined as the localization of H with respect to the multiplicative system of morphisms 
whose cones belong to A. The subcategory A is called thick if it coincides with the 
full subcategory formed by all the objects of H whose images in H/A vanish. A trian- 
gulated subcategory A C H is thick if and only if it is closed under direct summands 
in H [53, 39]. The following Lemma is essentially due to Verdier [52]; see also [3, 11]. 

Lemma. Let V\ he a triangulated category and B, C C H 6e its full triangulated 
subcategories such that HomH(-B,C) — for all B & B and C e C. Then the 
natural maps HomH(S,X) — > HomH/c(-B,X) and HomH(X, C) — )■ HomH/B(-^, C*) 
are isom,orphisms for any objects B E B, C G C, and X G H. In particular, the 
functors B — > H/C and C — > H/ B are fully faithful. Furthermore, the following 
conditions are equivalent: 

(a) B is a thick subcategory in H and the functor C — > H/B is an equivalence of 

triangulated categories; 

(b) C is a thick subcategory in H and the functor B — > H/C is an equivalence of 
triangulated categories; 
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(c) B and C generate H as a triangulated category, i. e., any object of H can be 
obtained from objects of B and C by iterating the operations of shift and cone; 

(d) for any object X e H there exists a distinguished triangle B — t- X — > 
C — > with S e B and C e C (and in this case for any morphism 
X' — > X" in H there exists a unique morphism between any distinguished 
triangles of the above form for X' and X" , so this triangle is unique up to a 
unique isomorphism and depends functorially on X ); 

(e) C is the full subcategory of H formed by all the objects C G H such that 
HomH(5,C) = for all B & B, and the embedding functor B — > H has a 
right adjoint functor (which can be then identified with the localization functor 

H — > H/c ~ b;,- 

(f) C is the full subcategory of H formed by all the objects C G H such that 
HoniH (-B,C) = for all S G B, B is a thick subcategory in H, and the 
localization functor H — v H/B has a right adjoint functor; 

(g) B is the full subcategory of H formed by all the objects 5 G H such that 
HomH(-B,C) = for all C G C, and the embedding functor C — y H has a 
left adjoint functor ( which can be then identified with the localization functor 
H H/B~ g; 

(h) B is the full subcategory of H formed by all the objects S G H such that 
HoniH (i?,C) = for all C E C, C is a thick subcategory in H, and the 
localization functor H — > H/C has a left adjoint functor. □ 

1.4. Projective resolutions. A DG-module M is said to be acyclic if it is acyclic 
as a complex of abelian groups, i. e., H{M) = 0. The thick subcategory of the 
homotopy category Hot(74-mod) formed by the acychc DG-modules is denoted by 
Acycl(A-mod). The derived category of left DG-modules over A is defined as the 
quotient category D(A-mod) = Hot(A-mod)/Acycl(A-mod). 

A left DG-module L over a DG-ring A is called projective if for any acyclic 
left DG-module M over A the complex Hom^(L, M) is acyclic. The full trian- 
gulated subcategory of Hot(A-mod) formed by the projective DG-modules is de- 
noted by Hot(A-mod)proj. The following Theorem says, in particular, that the ho- 
motopy category H = Hot(A-mod) and its subcategories B = Hot(y4-mod)proj and 
C = Acycl(74-nnod) satisfy the equivalent conditions of Lemma 1.3, and so describes 
the derived category D(74-mod). 

Theorem, (a) The category Hot(A-mod)proj is the minimal triangulated subcategory 
of Hot(74-mod) containing the DG-module A and closed under infinite direct sums. 
(b) The composition of functors Hot(y4-mod)proj — ^ Hot(>l-mod) — > D(>l-mod) 

is an equivalence of triangulated categories. 

Proof. First notice that the category Hot(A-mod)proj is closed under infinite direct 
sums. It contains the DG-module A, since for any DG-module M over A there is a 
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natural isomorphism of complexes of abelian groups Hom^(74, M) ~ Af . According to 
Lemma 1.3, it remains to construct for any DG-module M a morphism / : F — > M in 
the homotopy category of DG-modules over A such that the DG-module F belongs to 
the minimal triangulated subcategory containing the DG-module A and closed under 
infinite direct sums, while the cone of the morphism / is an acyclic DG-module. 
When A is a DG-algebra over a field A;, it suffices to consider the bar-resolution of 
a DG-modulc Af . It is a complex of DG-modules over A, and its total DG-module 
formed by taking infinite direct sums provides the desired DG-module F. 

Let us give a detailed construction in the general case. Let be a DG-module 
over A. Choose a complex of free abelian groups M' together with a surjective 
morphism of complexes M' — )■ M such that the cohomology H{M') is also a free 
graded abelian group and the induced morphism of cohomology H[M') — )■ H[M) is 
also surjective. For example, one can take M' to be the graded abelian group with the 
components freely generated by nonzero elements of the components of M, endowed 
with the induced differential. Set Fq = A ®i M'; then there is a natural closed 
surjective morphism Fq — > M of DG-modules over A and the induced morphism of 
cohomology H{Fo) — > H[M) is also surjective. Let K be the kernel of the morphism 
Fq — )■ M (taken in the abehan category Z^DQ{A-mo6) of DG-modules and closed 
morphisms between them). Applying the same construction to the DG-module K in 
place of Af, we obtain the DG-module Fi, etc. Let F be the total DG-module of the 
complex of DG-modules • • • — )■ Fi — )■ Fq formed by taking infinite direct sums. One 
can easily check that the cone of the morphism F — > M is acyclic, since the complex 
• • ■ — )■ H{Fi) — > H{Fo) — > H{M) — )■ is acyclic (it suffices to apply the result 
of [14] to the increasing filtration of the total complex of ■ ■ • — > Fi — > Fq — > M 
coming from the silly filtration of this complex of complexes) . 

It remains to show that the DG-module F as an object of the homotopy category 
can be obtained from the DG-module A by iterating the operations of shift, cone, and 
infinite direct sum. Every DG-module F„ is a direct sum of shifts of the DG-module 
A and shifts of the cone of the identity endomorphism of the DG-module A. Denote 
by Xn the total DG-module of the finite complex of DG-modules F^ — > ■ ■ ■ — > Fq. 
Then we have F — Iw^X^ in the abelian category Z°DG{A-mo6). So there is an exact 
triple of DG-modules and closed morphisms — > X„ — > Xn — > F — > 0. 
Since the embeddings X„ — > Xn+i split in DG(A-mod)*, the above exact triple also 
splits in this additive category. Thus F is a cone of the morphism Xn — > Xn 
in the triangulated category Hot(A-mod). □ 

1.5. Injective resolutions. A left DG-module M over a DG-ring A is said to be 
injective if for any acyclic DG-module L over A the complex Hom^(L, M) is acyclic. 
The full triangulated subcategory of Hot(74-mod) formed by the injective DG-modules 
is denoted by Hot(74-mod)inj. 
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For any right DG- module N over A and any complex of abelian groups V the 
complex }iomz{N,V) has a natural structure of left DG-module over A with the 
graded 74-module structure given by the formula {af){n) = (— l)l"'(l'^'+l"')/(na). 

The following Theorem provides another semiorthogonal decomposition of the 
homotopy category Hot(A-nnod) and another description of the derived category 
D(A-mod). 

Theorem, (a) The category Hot(y4.-mod)inj is the minimal triangulated subcategory 
of Hot(A-mod) containing the DG-module Homz(>l, Q/Z) and closed under infinite 
products. 

(b) The composition of functors Hot(74-mod)inj — > Hot(74-nnod) — > D(74-nnod) 
is an equivalence of triangulated categories. 

Proof. The proof is analogous to that of Theorem 1.4. Clearly, the category 
Hot(74-mod)inj is closed under infinite products. It contains the DG-module 

Homz(A,Q/Z), since the complex HomA(L, Hom2;(A, Q/Z)) ~ Homz(L,Q/Z) is 
acyclic whenever the DG-module L is. To construct an injective resolution of a 
DG-modulc M, one can embed in into a complex of injective abelian groups M' so 
that the cohomology H{M') is also injective and H{M) also embeds into H{M'). 
For example, one can take the components of M' to be the products of Q/Z over 
all nonzero homomorphisms of abelian groups from the components of M to Q/Z. 
Take Jo = Homz(74, M') and consider the induced injective morphism of DG-modules 
M — > Jo. Set K = Jo/M, J_i = E.omz{A, K') , etc., and J = Tot^(J.). Then the 
morphism of DG-modules M — > J has an acyclic cone and the DG-module J is iso- 
morphic in Hot(A-mod) to a DG-module obtained from Homz(>l, Q/Z) by iterating 
the operations of shift, cone, and infinite product. □ 

1.6. Flat resolutions. A right DG-modulc N over a DG-ring A is said to be flat 
if for any acyclic left DG-module M over A the complex N (g)^ M is acyclic. Flat 
left DG-modules over A are defined in the analogous way. The full triangulated 
subcategory of Hot(A-mod) formed by fiat DG-modules is denoted by Hot(74-mod)f|. 

We denote the thick subcategory of acyclic right A- modules by Acycl(mod-A) C 
Hot(mod-A). The quotient category Hot(mod-A)/Acycl(mod-A) is called the de- 
rived category of right DG-modules over A and denoted by D(mod-A). The full 
triangulated subcategory of fiat right DG-modules is denoted by Hot(mod-A)fi C 
Hot(mod-A). 

It follows from Theorems 1.4-1.5 and Lemma 1.3 that one can compute the right 
derived functor ExtA{L, M) = B.omD(A-mod){L, M) for left DG-modules L and M 
over a DG-ring A in terms of projective or injective resolutions. Namely, one has 
Extyi(L, M) ~ H{}iomA{L, M)) whenever L is a projective DG-module or M is an 
injective DG-module over A. The following Theorem allows to define a left derived 
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functor Tor^(A^,M) for a rierht DG-module N and a left DG-module M over A so 
that it could be computed in terms of flat resolutions. 

Theorem, (a) The functor Hot(A-mod)fi/(Acycl(A-mod) fl Hot(A-mod)fi) — > 
D(A-mod) induced by the embedding Hot(74-mod)fi — > Hot(A-mod) is an equiva- 
lence of triangulated categories. 

(b) The functor Hot(nnod-A)fi/(Acycl(mod-yl) fl Hot(mod-A)fi) — > D(mod-A) in- 
duced by the embedding Hot(mod-A)fi — > Hot(mod-A) is an equivalence of triangu- 
lated categories. 

The proof of Theorem is based on the following Lemma. 

Lemma. Let H be a triangulated category and A, F C H &e full triangulated subcat- 
egories. Then the natural functor F/Afl F — )■ H/A is an equivalence of triangulated 

categories whenever one of the following two conditions holds: 

(a) for any object X G H there exists an object F G F together with a morphism 
F — > X in H such that a cone of that morphism belongs to A, or 

(b) for any object y G H there exists an object F G F together with a morphism 
Y — > F in H such that a cone of that morphism belongs to A. 

Proof of Lemma. It is clear that the functor F/A fl F — > H/A is surjective on the 
isomorphism classes of objects under either of the assumptions (a) or (b). To prove 
that it is bijective on morphisms, represent morphisms in both quotient categories 
by fractions of the form X < — X' — > Y in the case (a) and by fractions of the form 
X — >Y'i — y in the case (b). □ 

Proof of Theorem. Part (a): first notice that any projective left DG-module M over a 
DG-ring A is flat. Indeed, one has Homz(A^®AM, Q/Z) ~ HomA(M, Homz(A^, Q/Z)) 
for any right DG-module N over A, so whenever is acyclic, and consequently 
}iomi{N,Q/'Z) is acyclic, the left hand side of this isomorphism is acyclic, too, 
and therefore ®^ M is acyclic. So it remains to use Theorem 1.4 together with 
Lemma 1.3 and the above Lemma. To prove part (b), switch the left and right sides 
by passing to the DG-ring A°^ defined as follows. As a complex, yl°P is identified with 
A, while the multiplication in A°^ is given by the formula a°P6°P = (— l)l"ll^l(6a)°P. 
Then right DG-modules over A are left DG-modules over A°^ and vice versa. □ 

Now let us define the derived functor 

Tor^: D(mod-^) x D(^-mod) > k-mod^' 

for a DG-algebra A over a commutative ring k, where /c-mod^'^ denotes the cate- 
gory of graded fc-modules. For this purpose, restrict the functor of tensor product 
(8)a : Hot(mod-74) x Hot(A-mod) — > Hot(A;-nnod) to either of the full subcategories 
Hot(mod-74)fi X Hot(74-mod) or Hot(mod-A) x Hot(74-mod)fi and compose it with 
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the cohomology functor H : Hot(A;-mod) — > A;-mod^^ The functors so obtained fac- 
torize through the locahzations D(mod-A) x D(A-mod) and the two induced derived 
functors D(mod-yl) x D(yl-mod) — > k-mo6^' are naturaUy isomorphic to each other. 

Indeed, the tensor product N ®a M by the definition is acychc whenever one of 
the DG-modules N and M is acychc, while the other one is flat. Let us check that 
the complex N ®^ M is acyclic whenever either of the DG-modules and M is 
simultaneously acyclic and fiat. Assume that N is acyclic and fiat; choose a fiat 
left DG-module F over A together with a morphism of DG-modules F — y A with 
an acyclic cone. Then the complex N ®a F is acyclic, since is acyclic; while the 
morphism A^ 0^ F — > N (g)^ M is a quasi-isomorphism, since A^ is fiat. 

To construct an isomorphism of the two induced derived functors, it suffices to 
notice that both of them are isomorpic to the derived functor obtained by restricting 
the functor ®a to the full subcategory Hot(mod-A)f| x Hot(74-mod)f|. In other words, 
suppose that G — > N and F — > M are morphisms of DG-modules with acyclic 
cones, where the right DG-module G and the left DG-module F are flat. Then there 
are natural quasi-isomorphisms G 0)a M < — G F — > N ®^ F. 

1.7. Restriction and extention of scalars. Let /: A — > B he a morphism of 
DG-algebras, i. e., a closed morphism of complexes preserving the multiplication. 
Then any DG-module over B can be also considered as a DG-module over A, which 
deflnes the restriction-of-scalars functor Rf-. Hot(5-mod) — > Hot(74-mod). This 
functor has a left adjoint functor Ef given by the formula Ef{M) = B ®a M and 
a right adjoint functor i?-^ given by the formula E^{M) = HomA(-B,M) (where 
the DG-module structure on B.omA{B,M) is defined so that B.omA{B,M) — > 
Homz(-B, M) is a closed injective morphism of DG-modules). 

The functor Rf obviously maps acyclic DG-modules to acyclic DG-modules, and 
so induces a functor D(i?-mod) — > D(A-mod), which we will denote by IRf- The 
functor Ef has a left derived functor hiEf obtained by restricting Ef to either of 
the full subcategories Hot(y4~mod)proj or Hot(A-mod)fi C Hot(y4-mod) and com- 
posing it with the localization functor Hot(5-mod) — > D(S-mod). The functor 
Ef has a right derived functor ME^ obtained by restricting E^ to the full subcate- 
gory Hot(A-mod)inj C Hot(A-mod) and composing it with the localization functor 
Hot(5-mod) — y D(i?-mod). The functor hEf is left adjoint to the functor IRf and 
the functor is right adjoint to the functor IRf. 

Theorem. The functors IRf , hEf, RE ^ are equivalences of triangulated categories 
if and only if the morphism f induces an isomorphism H{A) ~ H{B). 

Proof. Morphisms in D(74-mod) between shifts of the DG-module A recover the co- 
homology H{A) and analogously for the DG-algebra B, so the "only if" assertion 
follows from the isomorphism hEf {A) ^5. To prove the "if" part, we will show 
that the adjunction morphisms hEf{lRf{N)) — )■ AT and M — > IRf{hEf{M)) 
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are isomorphisms for any left DG-modules M over A and over B. The for- 
mer morphism is represented by the composition B ®a G — )■ B ®a N — > N 
for any flat DG-module G over A endowed with a quasi-isomorphism G — > N of 
DG-modules over A. This composition is a quasi-isomorphism, since the morphisms 
B (g)^ G i — A iSiA G — > A A N N are quasi-isomorphisms. The latter morphism 
is represented by the fraction M < — F — > B®aF for any flat DG-module F over A 
endowed with a quasi-isomorphism F — > M of DG-modules over A. The morphism 
F c:^ A (g)^ F — > B (g)^ F is a quasi-isomorphism. □ 

1.8. DG-module t-structure. An object F of a triangulated category D is called 
an extension of objects Z and X if there is a distinguished triangle X — > Y — > 
Z — )■ X[l]. Let D = D(74-nnod) denote the derived category of left DG-modules over 
a DG-ring A. Let D^'^ C D denote the full subcategory formed by all DG-modules 
M over A such that i/*(Af) = for i < and D"^" C D denote the minimal full 
subcategory of D(/l-mod) containing the DG-modules A[i\ for i ^ and closed 
under extensions and infinite direct sums. 

Theorem, (a) The pair of subcategories (D^°, 0=*°) defines a t-structure [3] on the 
derived category D(74-nnod). 

(b) The subcategory C D coincides with the full subcategory formed by all 
DG-modules M over A such such that W{M) = for i > if and only if W{A) = 
for all i > 0. 

Proof Part (a): clearly, one has D^°[l] C 0=^°, D>0[-1] C D>°, and HomD(D<o, 
D*'°[— 1]) = 0. It remains to construct for any DG-module M over A a closed mor- 
phism of DG-modules F — > M inducing a monomorphism on and an isomor- 
phism on for all i ^ such that F can be obtained from the DG-modules A[i\ 
with i ^ by iterated extensions and infinite direct sums in the homotopy category 
of DG-modules. This construction is similar to that of the proof of Theorem 1.4, with 
the following changes. One chooses a surjective morphism M' — > M onto M from 
a complex of free abelian groups M' with free abelian groups of cohomology so that 
H\M') = for i > and the maps H\M') — > H\M) are surjective for aU i ^ 0. 
Then for Fq = A ®z M' and K = ker(Fo M) one chooses a surjective morphism 
K' — )■ K onto K from a complex of free abelian groups K' with free abelian groups 
of cohomology so that H\K') = for i > 1 and the maps W{K') — V W{K) are 
surjective for alH ^ 1 in order to put Fi = A ®i K', etc. The DG-module F is con- 
structed as the total DG-module of the complex ■ ■ ■ — > Fi — > Fq formed by taking 
infinite direct sums. The "only if" assertion in part (b) is clear. To prove "if" , replace 
A with its quasi-isomorphic DG-subring t^qA with the components {t^qAY — A^ for 
i < 0, (r^o^)° = ker(A° A^), and (r^o^)* = for i > 0; then notice that the 
canonical filtrations on DG-modules over t^qA considered as complexes of abelian 
groups are compatible with the action of the ring t<^oA. □ 
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Remark 1. The t-structure described in part (a) of Theorem can well be degenerate, 
though it is clearly nondegenerate under the assumptions of part (b). Namely, one 
can have niD'^°[i] 7^ 0. For example, take A = k[x] to be the graded algebra of 
polynomials with one generator x of degree 1 over a field k and endow it with the 
zero differential. Then the graded A-module k[x,x~^] considered as a DG-module 
with zero differential belongs to the above intersection, since it can be presented as 
the inductive limit of the DG-modules x^^k[x]. Moreover, take A = k[x,x~^], where 
dcgx = 1 and d{x) = 0; then = and = D. 

Remark 2. One might wish to define a dual version of the above t-structure on 
D(A-mod) where would be the minimal full subcategory of D containing the 
DG-modules Homz(A, Q/Z)[i] for i ^ and closed under extensions and infinite 
products, while would consist of all DG-modules M with H^{M) = for i > 0. 
The dual version of the above proof does not seem to work in this case, however, 
because of a problem related to nonexactness of the countable inverse limit. 

Remark 3. The above construction of the DG-module t-structure can be generalized 
in the following way (cf. [51]). Let D be a triangulated category with infinite direct 
sums. An object C e D is said to be compact if the functor HomD(C, — ) preserves 
infinite direct sums. Let C C D be a subset of objects of D consisting of compact 
objects and such that C[l] C C. Let D^" be the full subcategory of D formed by 
aU objects X such that RomoiC, X[-l]) = for aU C e C, and let be the 
minimal full subcategory of D containing C and closed under extensions and infinite 
direct sums. Then D^°) is a t-structure on D. Indeed, let X be an object of D. 
Consider the natural map into X from the direct sum of objects from C indexed 
by morphisms from objects of C to X; let X^ be the cone of this map. Applying 
the same construction to the object Xi in place of X, we obtain the object X2, etc. 
Let Y be the homotopy inductive limit of X^, i. e., the cone of the natural map 
0n^n ©n^n- Then Y G D^^[-l] and cone(X ^ y)[-l] e 0^°. 

1.9. Silly filtrations. Let A be a DG-ring and D = D(A-mod) denote the derived 
category of left DG-modules over it. Denote by C D the full subcategory formed 
by all the DG-modules M such that H'{M) = for i > and by D^^ C D the full 
subcategory of all the DG-modules M such that W{M) = for z ^ 0. 

Theorem. One has W^A) = for all i < if and only if any object X e D can be 
included into a distinguished triangle Y — > X — > Z — > Y[l\ in D with Y e D^^ 
and Z e D^o. 

Proof. "Only if" : suppose that the left DG-module X — A over A can be included 

into a distinguished triangle Y — > X — > Z — > y[l] in D with Y G D*''' and 
Z G D^^^ (in the obvious notation). Then }lom£,{X, Z) ~ H^[Z) — 0, hence X is a 
direct summand of Y in D, so W[X) = for i < 0. 
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"If": let M be a DG-module representing the object X. Let P be the direct sum 
of left DG-modules "^j over A taken over all the elements x G H^{M) for all i ^ 1. 
There is a natural closed morphism of DG-modules P — > M; set Mi to be its cone. 
One has W[P) — for alH ^ and the maps W{P) — > W{M) are surjective for 
all 1^1. Hence the maps W{M) — )■ W(Mi) are isomorphisms for all i < 0, a 
monomorphism for i = 0, and zero maps for i > 0. Repeating the same procedure 
for the DG-module Mi, etc., we obtain a sequence of DG-module morphisms M — > 
Ml — y M2 — > ■ • ■ , each morphism having the properties described above. Set 
N — lii^ Mj; then there is a closed morphism of DG-modules M — > N over A such 
that the maps H'^{M) — > H^{N) are isomorphisms for alH < and a monomorphism 
for i = 0, and one has H\N) = for aU i > 0. Set Q = cone(M — )■ A^)[— 1]; then one 
has H'^{Q) = for all i ^0. This provides the desired distinguished triangle. □ 

Remark 1. There is a much simpler proof of the above Theorem applicable in the 
case when A^ = for all i < 0. However, unlike in the situation of (the proof 
of) Theorem 1.8(b), it is not true that any DG-ring with zero cohomology in the 
negative degrees can be connected by a chain of quasi-isomorphisms with a DG-ring 
with zero components in the negative degrees. For a counterexample, consider the free 
associative algebra A over a field k generated by the elements x, y, and rj in degree 0, z 
in degree 1, and ^ in degree —1, with the differential given by d{x) = d{y) = d{z) = 0, 
d{^) — xy, and ^(77) = yz. One can check that W{A) = for i < 0. The nontrivial 
Massey product ^z—xr] of the cohomology classes x, y, and z provides the obstruction. 

Remark 2. The construction of the above Theorem can be extended to arbitrary 
DG-rings in the following way. Given a DG-ring A, denote by D^'^ C D = D(a4-mod) 
the full subcategory formed by all the DG-modules M over A such that H'^{M) = for 
i < and by D^^ C D the minimal full subcategory of D containing the DG-modules 
A[—i] with i ^ 1 and closed under infinite direct sums and the following operation of 
countably iterated extension. Given a sequence of objects Xi G D^^ and a sequence 
of distinguished triangles Yi — ^ Vj+i — > Xj+i — )■ Yi[l] in D with Yq = Xq, the 
homotopy colimit cone(0^Fi ©i ^) of should also belong to D^^. Then the 
same construction as in the above proof provides for any X e D a, distinguished 
triangle Y — > X — > Z — > Y[l] with Y e D^^ and Z e D<°. This can be 
generalized even further in the spirit of Remark 1.8.3, by considering an arbitrary 
triangulated category D admitting infinite direct sums, and a set of compact objects 
C C D such that C[— 1] C C in the role of the DG-modules A[—i] with i ^ 1. The 
subcategory D^^ is then generated by C using the operations of infinite direct sum and 
countably iterated extension, and the subcategory consists of all object X G D 
such that HomD(C, X) = for all C G C. If one does not insist on the subcategories 
and D**^ being closed under shifts in the respective directions, the condition that 
C[— 1] C C can be dropped. Moreover, the subcategories and D^^ described in 
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this remark have a semiorthogonahty property, HomD(i^, Z) = for all Y G D^^ and 
Z G (cf. [45]). Indeed, given an object Z in a triangulated category D, the class 
of all objects F G D such that HomD(l^, Z) = is closed under infinite direct sums 
and countably iterated extensions, as one can see using the fact that the first derived 
functor of projective limit of a sequence of surjective maps of abelian groups vanishes. 

2. Derived Categories of DG-Comodules and DG-Contramodules 

2.1. Graded comodules. Let k be a fixed ground field. A graded coalgebra C 
over /c is a graded fc- vector space C = endowed with a comultiplication 

map C — > C (S>kC and a counit map C — > k, which must be homogeneous linear 
maps of degree satisfying the coassociativity and counity equations. Namely, the 
comultiplication map must have equal compositions with the two maps C C =^ 
C ®k C 0fc C induced by the comultiplication map, while the compositions of the 
comultiplication map with the two maps C ®kC — )■ C induced by the counit map 
must coincide with the identity endomorphism of C. 

A graded left comodule M over C is a graded /c- vector space M — ® endowed 
with a left coaction map M — )■ C ®k M, which must be a homogeneous linear map of 
degree satisfying the coassociativity and counity equations. Namely, the coaction 
map must have equal compositions with the two maps C <S>k M ^ C <^k C <S>k M 
induced by the comultiplication map and the coaction map, while the composition 
of the coaction map with the map C ®k M — )■ M induced by the counit map must 
coincide with the identity endomorphism of M . A graded right comodule N over C is 
a graded vector space endowed with a right coaction map N — > N <S)k C satisfying 
the analogous linearity, homegeneity, coassociativity, and counity equations. 

The cotensor product of a graded right C-comodule N and a graded left 
C-comodule M is the graded vector space Dc M defined as the kernel of the 
pair of linear maps N M ^ N C ®k M, one of which is induced by the right 
coaction map and the other by the left coaction map. There are natural isomorphisms 
C Dc M ~ M and A^ C ~ A^ for any graded left C-comodule M and graded right 
C-comodule A^. 

Graded left C-comodules of the form C 0^ V, where V is a graded vector space, 
are called cofree graded left C-comodules; analogously for graded right C-comodules. 
The category of graded C-comodules is an abehan category with enough injectives; 
injective graded C-comodules are exactly the direct summands of cofree graded 
C-comodules. 

For any graded left C-comodules L and M, the graded vector space B.omc{L, M) 
consists of homogeneous linear maps / : L — )■ M satisfying the condition that the 
coaction maps of L and M form a commutative diagram together with the map / and 
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the map : C ®kL — )■ C ®kM given by the formula /*(c ®x) = (— l)l-'^"'^lc ® f{x). 
For any graded right C-comodules R and iV, the graded vector space Homc(i?, A^) 
consists of homogeneous hnear maps / : R — > N such that the coaction maps of R 
and form a commutative diagram together with the map / and the map /* : R®k 
C — )■ N ®kC given by the formula f^{x ®c) — f*{x) (g) c. For any left C-comodule L 
and any graded vector space V there is a natural isomorphism Homc(L, C <S>kV) — 
Homfe(L, V); analogously in the right comodule case. 

2.2. Graded contramodules. A graded left contramodule P over a graded coalge- 
bra C is a graded A;- vector space P = 0jg2 -P* endowed with the following structure. 
Let Hom/c (C,P) be the graded vector space of homogeneous linear maps C — > P; 
then a homogeneous hnear map Homjk(C, P) — > P of degree 0, called the left con- 
traaction map, must be given and the following contraassociativity and counity equa- 
tions must be satisfied. For any graded vector spaces V, W, and P, define the 
natural isomorphism Homfc(\^ W, P) ~ B.omk{W,B.omk{V, P)) by the formula 
f{w){v) = (— (g) w). The comultiplication and the contraaction maps in- 
duce a pair of maps Homjk(C <Sik C, P) ~ Homfc(C, Homjk(C, P)) ^ Homfc(C, P). 
These maps must have equal compositions with the contraaction map; besides, the 
composition of the map P — > Homfc(C, P) induced by the counit map with the 
contraaction map must coincide with the identity endomorphism of P. 

The graded vector space of cohomomorphisms Cohomc{M, P) from a graded left 
C-comodule M to a graded left C-contramodule P is defined as the cokernel of the 
pair of linear maps Homfc(C (g)^ M, P) — > Homfc(M, P), one of which is induced by 
the left coaction map and the other by the left contraaction map. For any graded 
C-contramodule P there is a natural isomorphism Cohomc(C, P) ~ P. 

For any graded right C-comodule N and any graded vector space V there is a natu- 
ral graded left C-contramodule structure on the graded vector space of homogeneous 
linear maps Homfc(A^, V) given by the left contraaction map Homfc(C, Homfc(A^, V)) ~ 
Homfc(A^ ®fc C, V) — > }iomk(N,V) induced by the right coaction map. For any 
graded left C-comodule M, graded right C-comodule N, and graded vector space V, 
there is a natural isomorphism Homfc(A^ M, V) ~ Cohomc(M, Hom;,.(A^, V)). 

Graded left C-contramodules of the form Homfc(C, V) are called free graded left 
C-contramodules. The category of graded left C-contramodules is an abelian category 
with enough projectives; projective graded left C-contramodules are exactly the direct 
summands of free graded left C-contramodules. 

The contratensor product of a graded right C-comodule A^ and a graded left 
C-contramodule P is the graded vector space A^ 0^ P defined as the kernel of the 
pair of hnear maps N ®k Homfc(C, P) — > N (g)^ P, one of which is induced by the 
left contraaction map, while the other one is obtained as the composition of the 
map induced by the right coaction map and the map induced by the evaluation map 
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C®A;Homfc(C, P) — > P given by the formula c®/ i — > (— l)l'^ll'^l/(c). For any graded 
right C-comodule and any graded vector space V there is a natural isomorphism 
NQc Homfe(C, V)c^N^kV. 

For any graded left C-contramodules P and Q, the graded vector space Hom^(P, Q) 
consists of all homogeneous hnear maps / : P — > Q satisfying the condition that the 
contraaction maps of P and Q form a commutative diagram together with the map / 
and the map : Homfc(C, P) — > Homfe(C, Q) given by the formula = fog. For 
any graded left C-contramodule Q and any graded vector space V there is a natural 
isomorphism Hom'-^(Homfc(C, V^), Q) — Homfc(V,(5). For any right C-comodule N, 
any graded left C-contramodule P, and any graded vector space V, there is a natural 
isomorphism Homfc(A^ Qc P, V) ~ Hom'"(P, Homfc(A^, V)). 

The proofs of the results of this subsection are not difficult; some details can be 
found in [48] . The assertions stated in the last paragraph can be used to deduce the 
assertions of the preceding two paragraphs. 

Remark. Ungraded contramodules over ungraded coalgebras can be simply defined 
as graded contramodules concentrated in degree over graded coalgebras concen- 
trated in degree 0. One might wish to have a forgetful functor assigning ungraded 
contramodules over ungraded coalgebras to graded contramodules over graded coal- 
gebras. The construction of such a functor is delicate in two ways. Firstly, to assign 
an ungraded contramodule to a graded contramodule P, one has to take the direct 
product of its grading components Yiiez rather than the direct sum, while the 
ungraded coalgcbra corresponding to a graded coalgebra C is still constructed as the 
direct sum ©j^^^'- Analogously, to assign an ungraded comodule to a graded co- 
module M one takes the direct sum 0jg2 assign an ungraded ring to a graded 
ring A one takes the direct sum ©j^^^*, while to assign an ungraded module to a 
graded module M one can take either the direct sum direct product 
Yliez^^- Secondly, there is a problem of signs in the contraasociativity equation, 
which is unique to graded contramodules (no signs are present in the definitions of 
graded algebras, modules, coalgebras, or comodules); it is resolved as follows. A mor- 
phism between graded vector spaces /: V — > W, when it is not necessarily even, 
can be thought of either as a left or as a right morphism. The left and the right 
morphisms correspond to each other according to the sign rule f{x) = (— l)l-'^ll^l(x)/, 
where f{x) is the notation for the left morphisms and {x)f for the right morphisms. 
The above definition of graded left contramodules P is given in terms of left mor- 
phisms C — > P; to define the functor of forgetting the grading, one has to reinterpret 
it in terms of right morphisms. The exposition in [48, Chapter 11] presumes right 
morphisms in this definition (even if the notation f{x) is being used from time to 
time) . 
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2.3. DG-comodules and contramodules. A DG-coalgebra C over a field A; is a 
graded coalgebra endowed witli a differential d: C — )■ C of degree 1 with <f = Q 
such that the comultiplication map C — > C ®kC and the counit map C — )■ k are 
morphisms of complexes. Here the differential on C (8)^ C is defined as on the tensor 
product of two copies of the complex C, while the differential on k is trivial. 

A left DG-comodule M over a DG-coalgebra C is a graded comodule M over the 
graded coalgebra C together with a differential d: M — > M of degree 1 with rf^ = 
such that the left coaction map M — )■ C ®fc M is a morphism of complexes. Here 
C (8)fe M is considered as the tensor product of the complexes C and M over k. Right 
DG-comodules arc defined in the analogous way. A left DG-contramodule P over C is 
a graded contramodule P over C endowed with a differential d : P — )■ P of degree 1 
with (i^ = such that the left contraaction map Yiom^iC^P) — )■ P is a morphism 
of complexes. Here Hom^ (C,P) is endowed with the differential of the complex of 
homomorphisms from the complex C to the complex P over k. 

Whenever is a right DG-comodule and M is a left DG-comodule over a 
DG-coalgebra C, the cotensor product A^ Dc M of the graded comodules A^ and 
M over the graded coalgebra C is endowed with the differential of the sub complex of 
the tensor product complex N ®k M. Whenever M is a left DG-comodule and P is 
a left DG-contramodule over a DG-coalgebra C, the graded vector space of cohomo- 
morphisms Gohomc(M, P) is endowed with the differential of the quotient complex 
of the complex of homomorphisms Hom;i.(-^) P)- 

Whenever A" is a right DG-comodule and P is a left DG-contramodule over a 
DG-coalgebra C, the contratensor product NQcP of the graded comodule A^ and the 
graded contramodule P over the graded coalgebra C is endowed with the differential 
of the quotient complex of the tensor product complex A^ 0^ P. 

For any left DG-comodules L and M over a DG-coalgebra C, the graded vector 
space of homomorphisms Homc(L, M) between the graded comodules L and M over 
the graded coalgebra C is endowed with the differential of the sub complex of the 
complex of homomorphisms Homfc(L, M). Differentials on the graded vector spaces 
of homomorphisms }iomc{R, N) and Hom*" (P, Q) for right DG-comodules P, A^ and 
left DG-contramodules P, Q over a DG-coalgebra C are constructed in the com- 
pletely analogous way. These constructions define the DG-catcgorics DG(C-comod), 
DG(comod-C), and DG(C-contra) of left DG-comodules, right DG-comodules, and 
left DG-contramodules over C, respectively. 

All shifts, twists, infinite direct sums, and infinite direct products exist in the 
DG-categories of DG-comodules and DG-contramodules. The homotopy category of 
(the DG-category of) left DG-comodules over C is denoted by Hot(C-comod), the 
homotopy category of right DG-comodules over C is denoted by Hot(comod-C), and 
the homotopy category of left DG-contramodules over C is denoted by Hot(C-contra). 
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2.4. Injective and projective resolutions. A DG-comodulc M or a DG-contra- 
module P is said to be acyclic if it is acyclic as a complex of vector spaces, i. e., 
H{M) = or H{P) = 0, respectively. The classes of acyclic DG-comodules over a 
DG-coalgebra C are closed under shifts, cones, and infinite direct sums, while the 
class of acyclic DG-contramodules is closed under shifts, cones, and infinite products. 
The thick subcategories of the homotopy categories Hot(C-comocl), Hot(comod-C), 
and Hot(C-contra) formed by the acyclic DG-comodules and DG-contramodules 
over C are denoted by Acycl(C-comod), Acycl(comod-C), and Acycl(C-contra), re- 
spectively. The derived categories of left DG-comodules, right DG-comodules, and 
left DG-contramodulcs over C arc defined as the quotient categories D(C-comod) = 
Hot(C-comod)/Acycl(C-comod), D(comod-C) = Hot(comod-C)/Acycl(connod-C), 
and D(C-contra) = Hot(C-contra)/Acycl(C-contra). 

A left DG-comodule M over a DG-coalgebra C is called injective if for any acychc 
left DG-comodule L over C the complex }lomc{L, M) is acyclic. The full triangulated 
subcategory of Hot(C-comod) formed by the injective DG-comodules is denoted by 
Hot(C-comod)inj. A left DG-contramodule P over a DG-coalgebra C is called pro- 
jective if for any acyclic left DG-contramodule Q over C the complex Hom*" (P, Q) is 
acychc. The full triangulated subcategory of Hot(C-contra) formed by the projective 
DG-contramodules is denoted by Hot(C-contra)proj. 

Theorem, (a) The composition of functors Hot(C-connod)inj — > Hot(C-connod) — > 

D(C-comod) is an equivalence of triangulated categories. 

(b) The composition of functors Hot(C-contra)proj — > Hot(C-contra) — > 
D(C-contra) is an equivalence of triangulated categories. 

Proof will be given in subsection 5.5. 

Remark. The analogue of Theorem 1.7 does not hold for DG-coalgebras. More 
precisely, given a morphism of DG-coalgebras /: C — > D, any DG-comodule over C 
can be considered as a DG-comodule over D and any DG-contramodule over C can be 
considered as a DG-contramodule over D, so there are restriction-of-scalars functors 
IRf. D(C-comod) — > D(L)-comod) and IR^ : D(C-contra) — > D(D-contra). Using 
the above Theorem, one can construct the functor WEf right adjoint to IRf and 
the functor hE^ left adjoint to IRf (cf. 4.8). Just as in the proof of Theorem 1.7, 
one can show that the morphism / induces an isomorphism of cohomology whenever 
either of the functors IRf or IR^ is an equivalence of categories. However, there exist 
quasi-isomorphisms of DG-coalgebras /: C — > D for which the functors IRf and 
li?'^ are not equivalences. The following counterexample is due to D. Kaledin [27]. 
Let E and F be DG-coalgebras and X be a DG-bicomodule over E and F, i. e., 
a complex of /c-vector spaces with commuting structures of left DG-comodulc over 
E and right DG-comodule over F. Then there are natural DG-coalgebra structures 
on the direct sums C = E (B K (B F and D = E (B F; there are also morphisms of 
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DG-coalgebras D — > C — > D. When the complex K is acychc, these morphisms are 
quasi-isomorphisms. A left DG-comodule over C is the same that a pair (M, N) of left 
DG-comodules M over E and N over F together with a closed morphism M — > KOp 
N of left DG-comodules over E. For a DG-comodule M over E and a DG-comodule 
N over F, morphisms (M, 0) — > (0, A'"[l]) in the derived category D(C-comod) are 
represented by morphisms M' — > KHpN' in the homotopy category Hot(i?-comod) 
together with quasi-isomorphisms of DG-comodules M' — > M over E and — )■ A^' 
over F. In particular, when M is a projective DG-comodule (i. e., there are no 
nonzero morphisms in Hot(£J-comod) from M into acyclic DG-comodules) and A^ 
is an injective DG-comodule, the vector space of morphisms (M, 0) — )■ (0,A^[1]) 
in D(C-comod) is isomorphic to the vector space of morphisms M — )■ K Hp N in 
Hot(£'-comod). This vector space can be nonzero even when K is acyclic, because 
the cotensor product of an acyclic DG-comodule and an injective DG-comodule over 
F can have nonzero cohomology. It suffices to take E to be the field k and F to be the 
coalgebra dual to the exterior algebra in one variable concentrated in degree 

and endowed with zero differential. Analogously, a left DG-contramodule over C is 
the same that a pair (P, Q) of left DG-contramodules P over E and Q over F together 
with a closed morphism Cohom£;(i^, P) — > Q of left DG-contramodules over F. The 
vector space of morphisms (-P, 0) — > (0,Q[1]) in D(C-contra) can be nonzero even 
when K is acyclic, because the complex Cohom from an acyclic DG-comodule to a 
projective DG-contramodulc over E can have nonzero cohomology. 

2.5. Cotor and Coext of the first kind. Let A^ be a right DG-comodule and 
M be a left DG-comodule over a DG-coalgebra C. Consider the cobar bicomplex 
N <^kM — > N (^kC (^k M — > N (S>k C <S>k C (S>k M — > ■ ■ ■ and construct its total 
complex by taking infinite products. Let Cotor*^'^(A", M) denote the cohomology of 
this total complex. 

Let M be a left DG-comodule and P be a left DG-contramodule over a 
DG-coalgebra C. Consider the bar bicomplex • • • — > Homfc(M (g)^ C ^k C, P) — > 
Homjfc(M(8)jfcC, P) — > Homfc(C, P) and construct its total complex by taking infinite 
direct sums. Let Coext^(M, P) denote the cohomology of this total complex. 

Let /c-vect denote the category of vector spaces over k and /c-vect^'' denote the 
category of graded vector spaces over k. 

Theorem, (a) The functor Cotor*"'^ factorizes through the Cartesian product of the 
derived categories of right and left DG-comodules over C , so there is a well-defined 
functor Cotor'^'^ : D(connod-C) x D(C-connod) — > k-vect^". 

(b) The functor Coext^ factorizes through the Cartesian product of the derived 
categories of left D C- comodules and left DC-contramodules over C , so there is a 
well-defined functor Coext^fj-. D(C-comod) x D(C-contra) — )■ A;-vect^^ 
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Proof. This follows [25, 1.3-4] from the fact that a complete and cocomplete filtered 
complex is acyclic whenever the associated graded complex is acyclic [14] . □ 

Let be a right DG-comodule and P be a left DG-contramodule over a 
DG-coalgebra C. Consider the bar bicomplex • • • — > N ®a; Homfc(C C, P) — > 
N Homfe(C, P) — y N ®k P and construct its total complex by taking infinite 
direct sums. Let Ctrtor^'^(A'", P) denote the cohomology of this total complex. 

Let L and M be left DG-comodules over a DG-coalgebra C. Consider the cobar 
bicomplex Homfc(L, M) — > Homfc(L, C M) — > Homfc(L, C^kC M) — )■ ■ ■ ■ 
and construct its total complex by taking infinite products. Let Ext^(L, M) denote 
the cohomology of this total complex. 

Let P and Q be left DG-contramodules over C. Consider the cobar bicomplex 
Homfe(P,Q) ^ Homfc(Homfc(C, P),Q) Homfe(Hom,,(C ®fc C, P), Q) ^ ■■• 
and construct its total complex by taking infinite products. Let Ext*^'''^(P, Q) denote 
the cohomology of this total complex. 

Just as in the above Theorem, the functors Ctrtor^'^, Ext^, and Ext*^'^ factorize 
through the derived categories of DG-comodules and DG-contramodules. 

All of these constructions can be extended to Aoo-comodules and Aoo-contra- 
modules over A^c-coalgebras; see Remark 7.6. 

Remark. Another approach to defining derived functors of cotensor product, coho- 
momorphisms, contratensor product, etc., whose domains would be Cartesian prod- 
ucts of the derived categories of DG-comodules and DG-contramodules consists in 
restricting these functors to the full subcategories of injective DG-comodules and 
projective DG-contramodules in the homotopy categories. To obtain versions of de- 
rived functors Cotor'" and Coextc in this way one would have to restrict the functors 
of cotensor product and cohomomorphisms to the homotopy categories of injective 
DG-comodules and projective DG-contramodules in both arguments; resolving only 
one of the arguments does not provide a functor factorizable through the derived 
category in the other argument [48, section 0.2.3]. To construct version of derived 
functors Ctrtor*", Ext^, and Ext*", on the other hand, it suffices to resolve just one 
of the arguments (the second one, the second one, and the first one, respectively). 
The versions of Ext^ and Ext^ so obtained coincide with the functors Hom in the 
derived categories. It looks unlikely that the derived functors defined in the way of 
this Remark should agree with the derived functors defined above in this subsection. 



3. CODERIVED AND CONTRADERIVED CATEGORIES OF CDG-MODULES 

3.1. CDG-rings and CDG-modules. A CDG-ring (curved differential graded 
ring) B — {B,d,h) is a, triple consisting of an associative graded ring B — 0jp2-^*' 
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an odd derivation d: B — )■ B of degree 1, and an element h E B"^ satisfying the 
equations d'^{x) = [h,x] for all a; G -B and d{h) = 0. A morphism of CDG-rings 
/ : B — > ^4 is a pair / = (/, a) consisting of a morphism of graded rings / : B — > A 
and an element a E satisfying the equations f{dB{x)) = (i^(/(a;)) + [a,x] and 
/{hs) — hA + dA{a) + for all x E B, where B — [B, ds, hs) and A — [A, dA, hA), 
while the bracket [y, z] denotes the supercommutator of y and z. The composition of 
morphisms is defined by the rule (/,a)o(^,6) = {fog^ a + f{b)). Identity morphisms 
are the morphisms (id, 0). 

The element h e B"^ is called the curvature element of a CDG-ring B. The element 
a & A^ is called the change- of -connection element of a CDG-ring morphism /. 

To any DG-ring structure on a graded ring A one can assign a CDG-ring structure 
on the same graded ring by setting /i = 0. This defines a functor from the category 
of DG-rings to the category of CDG-rings. This functor is faithful, but not fully 
faithful, as non-isomorphic DG-rings may become isomorphic as CDG-rings. 

A left CDG-module (M, c/m) over a CDG-ring B is a graded left 5-module M = 
^•g^ M* endowed with a derivation dM'- M — > M compatible with the derivation dB 
of B and such that dj^{x) = hx for any x G M. A right CDG-module {N,dN) over 
a CDG-ring S is a graded right S-module — 0jg2 A^* endowed with a derivation 
dj^: N — > N compatible with ds and such that d\{x) = —xh for any x G A^. 

Notice that there is no natural way to define a left or right CDG-module structure 
on the free left or right graded module B over a CDG-ring B. At the same time, any 
CDG-ring B is naturally a CDG-bimodule over itself, in the obvious sense (see 3.10 
for the detailed definition). 

Let / = {f,a):B — )■ A be a morphism of CDG-rings and (M, c/m) be a left 
CDG-module over A. Then the left CDG-module RfM over B is defined as the graded 
abelian group M with the graded 5-module structure obtained by the restriction 
of scalars via /, endowed with the differential d'j^{x) — d^fi^) + ax for x G M. 
Analogously, let (A^, d^) be a right CDG-module over A. Then the right CDG-module 
RfN over B is defined as the graded module A^ over B with the graded module 
structure induced by / endowed with the differental d'^{x) = duix) — (— Ij'^'xa. 

For any left CDG-modules L and M over B, the complex of homomorphisms 
Homs(L, M) from L to M over B is constructed using exactly the same formulas as 
in 1.1. It turns out that these formulas still define a complex in the CDG-module case, 
as the /i-related terms cancel each other. The same applies to the definitions in the 
subsequent two paragraphs in 1.1, which all remain applicable in the CDG-module 
case, including the definitions of the complex of homomorphisms between right 
CDG-modules, the tensor product complex of a left and a right CDG-module, etc. 

The cohomology of CDG-rings and CDG-modules is not defined, though, as their 
differentials may have nonzero squares. A GDG-algebra over a commutative ring k 
is a graded A;-module with a /c-linear CDG-ring structure. 
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So left and right CDG-modules over a given CDG-ring B form DG-categories, 
which we denote, just as the DG-categories of DG-modules, by DG(i?-mocl) and 
DG(mod-i?), respectively. All shifts, twists, infinite direct sums, and infinite direct 
products exist in the DG-categories of CDG-modules. The corresponding homotopy 
categories are denoted by Hot(S-mod) and Hot(mod-S). 

Notice that there is no obvious way to define derived categories of CDG-moduIcs, 
since it is not clear what should be meant by an acyclic CDG-module. Moreover, 
the functors of restriction of scalars Rf related to CD G- isomorphisms / between 
DG-rings may well transform acyclic DG-modules to non-acyclic ones. 

For a CDG-ring B, wc will sometimes denote by the graded ring B considered 
without its differential and curvature element (or with the zero differential and cur- 
vature element). For a left CDG-module M and a right CDG-module N over B, we 
denote by M* and N"^ the corresponding graded modules (or CDG-modules with 
zero differential) over S*. 

3.2. Some constructions for DG-categories. The reader will easily recover the 
details of the constructions sketched below. 

Let DG be a DG-category. Define the DG-catcgory DG'' by the following con- 
struction. An object of DG'' is a pair {Z,t), where Z in an object of DG and 
t e HomQ^(Z, Z) is a contracting homotopy with zero square, i. e., d{t) = idx 
and t"^ — 0. Morphisms (Z',t') — > (Z",t") of degree n in DG'' are morphisms 
/: Z' — > Z" of degree —n in DG such that (/(/) = in DG. The differential on 
the complex of morphisms in DG'' is given by the supercommutator with i. e., 
d\j) = t"f-{-\f\jt'. 

Obviously, all twists of objects by their Maurer-Cartan endomorphisms exist in 
the DG-category DG''. Shifts, (finite or infinite) direct sums, or direct products exist 
in DG'' whenever they exist in DG. 

Let B = {B, d, h) be a CDG-ring. Construct the DG-ring B^ = (-B~, d) as follows. 
The graded ring B^ is obtained by changing the sign of the grading in the ring B[6], 
which is in turn constructed by adjoining to B an element 5 of degree 1 with the 
relations [S,x] = d{x) for a; G -B and S'^ = h. The differential d = d/dS is defined by 
the rules d{6) = 1 and d{x) = for all x G B. This construction can be extended 
to an equivalence between the categories of CDG-rings and acyclic DG-rings [48, 
section 0.4.4] (here a DG-ring is called acyclic if its cohomology is the zero ring). 
There is a natural isomorphism of DG-categories DG(5-mod)'' ~ DG(S~-mod). 

Let DG be a DG-catcgory with shifts and cones. Denote hj \\: X i — > the 
functor Z°(DG) — )■ Z^{DQs^) assigning to an object X the object cone(idx)[— 1] with 
its standard constructing homotopy t. This functor can be extended in a natural way 
to a fully faithful functor DG* — > Z°(DG''), since not necessarily closed morphisms 
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of degree also induce closed morphisms of the cones of identity endomorphisms 
commuting with the standard contracting homotopies. 

The functor \\ has left and right adjoint functors G"*", G~ : Z^{DQ^) — )■ Z°(DG), 
which are given by the rules G^{Z,t) — Z and G~{Z,t) = Z[l], so and G~ only 
differ by a shift. Whenever all infinite direct sums (products) exist in the DG-category 
DG, the functors G", and t] preserve them. 

In particular, when DG = DG(i?-mod), the category Z'^(DG^) can be identified with 
the category of graded left i?*-modules in such a way that the functor t] becomes the 
functor M i — > M* of forgetting the differential. The category DG(5-mod)* is then 
identified with the full subcategory consisting of all graded S*-modules that admit 
a structure of CDG-module over B. 

For any DG-category DG, objects of the DG-category DG'''' are triples {W,t,s), 
where W is an object of DG and t, s: W — > W are endomorphisms of degree — 1 
and 1, respectively, satisfying the equations — — s^, ts + st — idw, d{t) = idw, 
and d{s) = 0. Assuming that shifts and cones exist in DG, there is a natural fully 
faithful functor DG — y DG^^ given by the formula W = cone(idx)[— !]• 

This functor is an equivalence of DG-categories whenever all twists of objects exist 
in DG and all images of idempotent endomorphisms exist in Z°(DG). Indeed, to 
recover the object X from the object W, it suffices to take the image of the closed 
idempotent endomorphism ts of the twisted object W{—s). 

In particular, there is a natural equivalence of DG-categories DG(i?-mod) ~ 
DG{B -mod). So the DG-category of CDG- modules over an arbitrary CDG-ring is 
equivalent to the DG-category of DG-modules over a certain acychc DG-ring. 

The "almost involution" DG i — > DG^ is not defined on the level of homotopy 
categories. Indeed, if DG is the DG-category of complexes over an additive cate- 
gory A containing images of its idempotent endomorphisms, then all objects of the 
DG-category DG'' are contractible, while the DG-category DG'''' is again equivalent to 
the DG-category of complexes over A. 

3.3. Coderived and contraderived categories. Let S be a CDG-ring. Then the 
category Z''DG(i?-mod) of left CDG-modules and closed morphisms between them 
is an abelian category, so one can speak about exact triples of CDG-modules. We 
presume that morphisms constituting an exact triple are closed. An exact triple of 
CDG-modules can be also viewed as a finite complex of CDG-modules, so its total 
CDG-module can be assigned to it. 

A left CDG-module L over B is called absolutely acyclic if it belongs to the min- 
imal thick subcategory of the homotopy category Hot(5-mod) containing the total 
CDG-modules of exact triples of left CDG-modules over B. The thick subcategory 
of absolutely acychc CDG-modules is denoted by Acycl^''^(S-nnod) C Hot(S-mod). 
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The quotient category D^''=(S-mod) = Hot(S-mod)/AcycP'''(S-mod) is called the 
absolute derived category of left CDG-modules over B. 

The thick subcategory Acycl^''^(5-mod) is often too small and some ways of enlarg- 
ing it turn out to be useful. A left CDG-module over B is called coacyclic if it belongs 
to the minimal triangulated subcategory of the homotopy category Hot(S-nnod) con- 
taining the total CDG-modules of exact triples of left CDG-modulcs over B and 
closed under infinite direct sums. The coacyclic CDG-modules form a thick subcat- 
egory of the homotopy category, since a triangulated category with infinite direct 
sums contains images of its idempotent endomorphisms [40] . This thick subcategory 
is denoted by Acycr°(5-mod) C Hot(i?-mod). It is the minimal thick subcategory of 
Hot(i?-mod) containing Acycl^'^^(i?-mod) and closed under infinite direct sums. The 
coderived category of left CDG-modules over B is defined as the quotient category 
D=°(S-mod) = Hot(S-mod)/Acycr°(S-mod). 

Analogously, a left CDG-module over B is called contraacyclic if it belongs to the 
minimal triangulated subcategory of Hot(i?-mod) containing the total CDG-modules 
of exact triples of left CDG-modules over B and closed under infinite products. 
The thick subcategory formed by all contraacyclic CDG-modules is denoted by 
Acycl*^*''(S-mod) C Hot(-B mod). It is the minimal thick subcategory of Hot(S-mod) 
containing Acycl^''^(-B-mod) and closed under infinite products. The contrade- 
rived category of left CDG-modules over B is defined as the quotient category 
D^^'{B-mod) = Hot(5-mod)/Acycl^*^(5-mod). 

All the above definitions can be repeated verbatim for right CDG-modules, so there 
are thick subcategories Acycl'^°(mod-S), Acycl'^*''(mod-S), and AcycP''^(nnod-S) in 
Hot(mod-i?) with the corresponding quotient categories D'^°(mod-S), D'^'{mo6-B), 
and D"^^(mod-5). 

Examples. When B is a DC-ring, the coderived and contraderived categories of 
DC-modules over B still differ from the derived category of DC-modules and between 
each other, in general. Indeed, they can even all differ when B is simply a ring 
considered as a DG-ring concentrated in degree 0. For example, let A = k[e]/e'^ 
be the exterior algebra in one variable over a field k. Then there is an infinite 
in both directions, acyclic, noncontractible complex of free and cofree A-modules 
• • • — > A — > A — > • • • , where the differentials are given by the action of e. 
This complex of A-modules is neither coacyclic, nor contraacyclic. Furthermore, 
let • • • — > A — > A — > k — > and — y k — > A — > A — > ■■■he the 
complexes of canonical truncation of the above doubly infinite complex. Then the 
former of these two complexes is contraacyclic and the latter is coacyclic, but not the 
other way. There also exist finite-dimensional DG-modules (over finite-dimensional 
DG-algebras over fields) that are acyclic, but neither coacychc, nor contraacyclic. 
The simplest example of this kind is that of the DG-algebra with zero differential 
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B — k[e]/e'^, where dege = 1, and the DG-module M over B constructed as the 
free graded i?-module with one homogeneous generator m for which d{m) — em. All 
these assertions follow from the results of 3.4-3.5. 

Remark. Much more generally, to define the coderived (contraderived) category, it 
suffices to have a DG-category DG with shifts, cones, and arbitrary infinite direct 
sums (products), for which the additive category Z°(DG) is endowed with an exact 
category structure. Examples of such a situation include not only the categories of 
CDG-modules, but also, e. g., the category of complexes over an exact category [48]. 
Then one considers the total objects of exact triples in Z^^^DG) as objects of the ho- 
motopy category if°(DG) and takes the quotient category of if°(DG) by the minimal 
triangulated subcategory containing all such objects and closed under infinite direct 
sums (products). It may be advisable to require the class of exact triples in Z^{DG) 
to be closed with respect to infinite direct sums (products) when working with this 
construction. A deeper notion of an exact DG-category is discussed in Remark 3.5 
below, where some results provable in this setting are formulated. 

3.4. Bounded cases. Let A a DG-ring. Denote by Hot^ (A-mod) and Hot"(A-mod) 
the homotopy categories of DG-modules over A bounded from below and from 
above, respectively. That is, M e Hot+(A-mod) iff M' = for all i < and 
M e Hot~(A-mod) iff = for all i > 0. Set Acycl^(A-mod) = Acycl(A-mod) n 
Hot'''(A-mod), and analogously for Acycl''°''^(A-mod) and Acycl''*''''^(A-mod). 

Clearly, the thick subcategories Acycl™(A-mod) and Acycl'^*''(A-mod) are contained 
in the thick subcategory Acycl(A-mod) for any DG-ring A. 

Theorem 1. Assume that ^4* = for all i > 0. Then 

(a) Acycr°'+(A-mod) = Acycl+(A-mod) and Acycr*' "(A-mod) = Acycr(A-mod); 

(b) the natural functors Hot^(A-nnod)/Acycl^(A-nnod) — > D(A-mod) are fully 
faithful; 

(c) the natural functors Hot'^(^-nnod)/Acycl™''^(A-mod) — > D'=°(74-nnod) and 
Hot^(^-mod)/Acycl"'^'^(A-mod) D«^(A-mod) are fully faithful; 

(d) the triangulated subcategories Acycl^°(^-mod) and Acycl'^'^''(A-nnod) generate 
the triangulated subcategory Acycl(A-mod). 

Proof. For a DG-module M over A, denote by r<:nM the subcomplexes of canonical 
filtration of M considered as a complex of abelian groups. Due to the condition on A, 
these are DG-submodules. Notice that the quotient DG-modules r^n+iM/r^nM are 
contractible for any acyclic DG-module M. Let M e Acycl*^°'''"(A-mod). Then one 
has T<^nM = for n small enough, hence T^nM is coacyclic for all n. It remains 
to use the exact triple 0^ T^nM — > 0^ T^nM — > M in order to show that M 
is coacyclic. The proof of the second assertion of (a) is analogous. To check (b) 
and (c), it suffices to notice that whenever a DG-module M is acyclic, coacychc, or 



32 



contraacyclic, the DG-modulcs rg:nM and M/T<^nM belong to the same class. The 
same observation allows to deduce (d) from (a). □ 

Theorem 2. Assume that — for all i < 0, the ring is semisimple, and 
A^ = 0. Then 

(a) Acycr°'"(/l-mod) = Acycr(A-mod) and Acycr*'''+(A-mod) = Acycl+(yl-mod); 

(b) the natural functors Hot^(74-mod)/Acycl^(A-mod) — > D(A-mod) are fully 
faithful; 

(c) the natural functors Hot^(A-mod)/Acycr°'''^(A-mod) — y D^°{A-mod) and 
Hot=^(A-mod)/Acycl^*''^(^-mod) — > D^*^(A-mod) are fully faithful; 

(d) the triangulated subcategories Acycl™(A-mod) and Acycl'^*'^(A-mod) generate 
the triangulated subcategory Acycl(A-mod). 

Proof. Analogous to the proof of Theorem 1, with the only change that instead of 
the DG-submodules T^nM one uses the (nonfunctorial) DG-submodules a^nM C M, 
which are constructed as follows. For any DG-module M over A and an integer n, 
choose a complementary A°-submodule K C to the submodulc im(rf"~-^ : M"~-^ — )■ 
M") C M". Set {a^nMY = for i < n, {a^nM)" = K, and {a^nMy = iVP for i > n. 
Then a^nM is a DG-submodule of M and the quotient DG-modules a^n-iM / a^nM 
are contractible for any acychc DG-module M over A. □ 

Remark. The assertion (b) of Theorem 2 holds under somewhat weaker assumptions: 

the condition that A^ = can be replaced with the condition that d{A^) = 0. The 
proof remains the same, except that the quotient DG-modules a^n-iM/a^nM no 
longer have to be contractible when M is acyclic. 

3.5. Semiorthogonality. Let B he a CDG-ring. Denote by Hot(i?-modinj) the full 
subcategory of the homotopy category of left CDG-modules over B formed by all 
the CDG-modules M for which the graded module M# over the graded ring B* is 
injective. Analogously, denote by Hot(B-modproj) the full subcategory of the homo- 
topy category Hot(-B-mod) formed by all the CDG-modules L for which the graded 
i?*-module L"^ is projective. 

Theorem, (a) For any CDG-modules L e Acycl''°(5-mod) and M e Hot(5-modinj), 
the complex HomB(L,M) is acyclic. 

(b) For any CDG-modules L e Hot(S-modproj) and M e Acycl*^*''(5-mod); the 
complex Homs(L, M) is acyclic. 

Proof. Part (a): since the functor HomB(— , M) transforms shifts, cones, and infinite 
direct sums into shifts, shifted cones, and infinite products, it suffices to consider 
the case when L is the total CDG-module of an exact triple of CDG-modules — > 
'K — )■ K — )■ "K — )■ 0. Then HomB(L,M) is the total complex of the bicomplex 
with three rows — )■ HomB("ft:,M) — )■ HomB(X,M) — )■ Homs ('ir,M) — )■ 0. 
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Since M* is an injective graded i?*-module, this bicomplex is actually a short exact 
sequence of complexes, hence its total complex is acyclic. The proof of part (b) is 
completely analogous. □ 



Remark. The assertions of Theorem can be extended to the much more general set- 
ting of exact DG-categories. Namely, let DG be a DG-category with shifts and cones. 
The category DG is said to be an exact DG-category if an exact category structure 
is defined on Z^{DG^) such that the following conditions formulated in terms of the 
functor t] are satisfied. Firstly, morphisms in Z°(DG) whose images are admissible 
monomorphisms in Z°(DG^) must admit cokcrnel morphisms in Z°(DG'') coming from 
morphisms in Z''(DG). Analogously, morphisms in Z''(DG) whose images are admissi- 
ble epimorphisms in Z°(DG'') must admit kernel morphisms in Z^(DG^) coming from 
morphisms in Z^(DG). Secondly, the natural triples Z — > G~^{Z)^ — > -^["1] iii 
Z^[DG^) must be exact for all objects Z G DG^ In this case the category Z^{DG) 
itself acquires an exact category structure in which a triple is exact if and only if its 
image is exact in Z^{DG^); moreover, the functors G"*" and G~ preserve and reflect 
exactness of triples. Assume further that all infinite direct sums exist in DG and 
the class of exact triples in Z°(DG'') is closed under infinite direct sums. Then the 
coderived category of DG is defined as the quotient category of the homotopy cate- 
gory H^{DG) by the minimal triangulated subcategory containing the total objects of 
exact triples in Z°(DG) and closed under infinite direct sums; the objects belonging 
to the latter subcategory arc called coacyclic. The complex of homomorphisms from 
any coacyclic object to any object of DG whose image is injective with respect to 
the exact category Z^(DG^) is acyclic. Analogously, assume that all infinite products 
exist in DG and the class of exact triples in Z°(DG'') is closed under infinite prod- 
ucts. Then the contraderived category of DG is defined as the quotient category of 
the homotopy category H^{DG) by the minimal triangulated subcategory containing 
the total objects of exact triples in Z°(DG) and closed under infinite products; the 
objects belonging to the latter subcategory are called contraacyclic. The complex of 
homomorphisms from any object of DG whose image is projective with respect to the 
exact category Z^{DG^) into any contraacychc object is acychc. 

3.6. Finite homological dimension case. Let S be a CDG-ring. Assume that the 
graded ring 5* has a finite left homological dimension (i. e., the homological dimen- 
sion of the category of graded left i?*-modules is finite). The next Theorem identifies 
the coderived, contraderived, and absolute derived categories of left CDG-modules 
over B and describes them in terms of projective and injective resolutions. 

Theorem, (a) The three thick subcategories Acyc\'^° (B-mod) , Acycl'^*''(i?-mod), and 
Acycl^''^(i?-mod) in the homotopy category Hot(i?-mod) coincide. 
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(b) The compositions of functors Hot(-B-moclinj) — )■ Hot(-B-mod) — )■ D^^^{B-mod) 
and Hot(i?-moclproj) — > Hot(i3-nnod) — > □^''^(B-mod) are both equivalences of tri- 
angulated categories. 

Proof. Wc will show that the minimal triangulated subcategory of Hot(i?-mod) con- 
taining the total CDG-modules of exact triples of CDG-modules and the triangulated 
subcategory Hot(S-mod)inj form a semiorthogonal decomposition of Hot(S-mod), as 
do the triangulated subcategory Hot(i?-mod)proj and the same minimal triangulated 
subcategory. This implies both (b) and the assertion that this minimal triangulated 
subcategory is closed under infinite direct sums and products, which is even stronger 
than (a). By Lemma 1.3, it suffices to construct for any CDG- module M over B 
closed CDG-module morphisms F — > M — )■ J whose cones belong to the men- 
tioned minimal triangulated subcategory, while the graded S*-modules and J* 
arc projective and injective, respectively. 

Choose a surjection Pq — y M* onto the graded i?*-module M* from a projective 
graded S*-module Pq. For any graded left S#-module L, denote by G'^{L) the 
CDG-module over B freely generated by L. The elements of G~^{L) are formal 
expressions of the form x + dy with x, y E L. The action of B and the differential d 
on G^{L) are given by the obvious rules h{x + dy) = bx — {—iy^^d{b)y + (— 
for 6 e S and d{x + dy) = hy + dx implied by the equations in the definition of 
a CDG-module. There is a bijective correspondence between morphisms of graded 
i?*-modules L — )■ M and closed morphisms of CDG-modules G~^{L) — > M. There 
is also an exact triple of graded i?*-modules L — y G~^{L)'^ — > So, in 

particular, we have a closed surjective morphism of CDG-modules G~^{Po) — > M, 
where the graded S*-module G'+(Po)* is projective. 

Let K be the kernel of the surjective morphism G~^{Po) — > M (taken in the 
abelian category Z°DG(i?-mod) of CDG-modules and closed morphisms between 
them). Applying the same procedure to the CDG-module K in place of M, we obtain 
the CDG-module G~^{Pi), etc. Since the graded left homological dimension of B* is 
finite, there exists a nonnegative integer d such that the image Z of the morphism 
G~^{Pd) — > G^{Pd-i) taken in the abelian category Z^DG{B-mod) is projective as 
a graded 5-module. Set F to be the total CDG-module of the finite complex of 
CDG-modules Z — > G+{Pd-i) — > ■■■ — > G+{Po). Then the graded S#-module 
F* is projective and the cone of the closed morphism F — > M, being the total 
CDG-module of a finite exact complex of CDG-modules, is homotopy equivalent to a 
CDG-module obtained from the total CDG-modules of exact triples of CDG-modules 
using the operation of cone repeatedly. 

Analogously, to obtain the desired morphism M — > J we start with the construc- 
tion of the CDG-module G~{L) cofreely cogenerated by a graded S*-module L. Ex- 
plicitly, G~ {L) as a graded abelian group consists of all formal expressions of the form 
d~^x-\-py, where x, y E L and degd~^x = degx — 1, degpy = degy. The differential 
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on G~{L) is given by the formulas d{d~^x) = px and d{py) = d~^{hy). The action of 
B is given by the formulas b(d^^x) = ( — and b{px) = p{hx) + d~^{d{h)x). 
There is a bijective correspondence between morphisms of graded i?*-modules 
/: M# — > L and closed morphisms of CDG- modules g: M — )■ G~{L) which is 
described by the formula g{z) — d~^{f{dz)) +pf{z). There is also a natural closed 
isomorphism of CDG-modules G~{L) ~ G'"'"(L)[1]. 

Arguing as above, we construct an exact complex of CDG-modules and closed mor- 
phisms between them — > M — > G~{Iq) — > — > • • • , where the graded 
S#-modules G'^n)^ are injective. Since the graded left homological dimension of 
is finite, there exists a nonnegative integer d such that the image Z of the mor- 
phism G^{I-d+i) — > G~{I-d) taken in the category Z*^DG(i?-mod) is injective as 
a graded 5-module. It remains to take J to be the total CDG-module of the finite 
complex of CDG-modules G-{Io) — > > G~{I-d-i) — ^ Z. 

When S is a CDG-algebra over a field or a DG-ring, there is an alternative proof 
analogous to the proof of Theorem 4.4 below. □ 

Remark. The results of Theorem can be generalized to exact DC-categories in the 
following way. Let DG be an exact DC-category (as defined in Remark 3.5); assume 
that the exact category Z*^(DG^) has a finite homological dimension and enough 
injectives. Then the minimal triangulated subcategory of if°(DG) containing the 
total objects of exact triples in Z°(DG) and the full triangulated subcategory of 
i?°(DG) consisting of all the objects whose images are injective in Z°(DG'') form a 
semiorthogonal decomposition of /J°(DG). In particular, this minimal triangulated 
subcategory is closed under infinite direct sums. It would be interesting to deduce the 
latter conclusion without assuming existence of injectives, but only finite homological 
dimension of the exact category Z°(DG^) together with existence of infinite direct 
sums in DG and their exactness in Z^{DQ^). 

So we have D™(_B-mod) = D'^*''(_B-mod) for any CDG-ring B such that the graded 
ring 5* has a finite left homological dimension. There are also other situations when 
the coderived and contraderived categories of CDG-modules over a given CDG-ring, 
or over two different CDG-rings, are naturally equivalent. Several results in this 
direction can be found in 3.9-3.10 and [35]. 

For a discussion of the assumptions under which the derived and absolute derived 
categories D(yl-mod) and D^'^^(A-mod) of DC-modules over a DG-ring A coincide, 
see Corollaries 6.7 and 6.8.2, Remark 6.10, and subsection 9.4. 

3.7. Noetherian case. Let Bhe a. CDG-ring. We will need to consider the following 
condition on the graded ring B*: 

(*) Any countable direct sum of injective graded left S#-modules has a finite 
injective dimension as a graded S*-module. 
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The condition (*) holds, in particular, when the ring 5* is graded left Noetherian, 
i. e., satisfies the ascending chain condition for graded left ideals. Indeed, a direct sum 
of injective graded left i?*-modules is an injective graded i?*-module in this case. 
Of course, the condition (*) also holds when S# has a finite graded left homological 
dimension. The next Theorem provides a semiorthogonal decomposition of the ho- 
motopy category Hot(i?-mod) and describes the coderived category D'^°(S-mod) in 
terms of injective resolutions. 

Theorem. Whenever the condition {*) is satisfied, the composition of functors 
Hot(5-modinj) — > Hot(5-mod) — > D'^°(5-mod) is an equivalence of triangulated 
categories. 

Proof. It suffices to construct for any CDG-module M a morphism M — > J in the 
homotopy category of CDG-modules over B such that the graded S#-module J* is 
injective and the cone of the morphism M — > J is coacyclic. To do so, we start 
as in the proof of Theorem 3.6, constructing an exact complex of CDG-modules 
— > M — > G~{Io) — 7- G~{I-i) — 7- ■■• with injective graded i?*-modules 
Let / be the total CDG-module of the complex of CDG-modules 
G~{Io) — > G~{I-i) — > ■■■ formed by taking infinite direct sums. Let us show 
that the cone of the closed morphism M — > I is coacyclic. 

Indeed, there is a general fact that the total CDG-module of an exact complex 
of CDG-modules — > Eq — > E_i — )■ ■ ■ ■ bounded from below formed by taking 
infinite direct sums is coacychc. To prove this, notice that our total CDG-module E 
is the inductive limit of the total CDG-modules Xn of the finite exact complexes of 
canonical truncation — > Eq — )■ ■ ■ ■ — )■ E^n — ^ -f^-n — ^ 0. So there is an exact 
triple of CDG-modules and closed morphisms — > 0^ Xn — )■ 0^ Xn — > E — )■ 0. 
Clearly, the CDG-modules Xn are coacychc. Now it remains to notice either that 
the total CDG-module of this exact triple is absolutely acyclic by definition, or that 
this exact sequence splits in DG(S-mod)*, and consequently this total CDG-module 
is even contractible. 

When the graded ring 5* is left Noetherian, the class of injective graded 
S*-modules is closed with respect to infinite direct sums, so the graded S*-module 
is injective and we are done. In general, we need to repeat the same procedure 
for the second time, using the assumption that the graded 5^-module /* has a finite 
injective dimension and arguing as in the proof of Theorem 3.6. Construct an exact 
complex of CDG-modules — )■ I — )■ G~{Jq) — )■ G~{J-i) — > ■ ■ ■ with injective 
graded S#-modules G~{J^n)*- There exists a nonnegative integer d such that the 
image K of the morphism G~ (J^d+i) — ^ G~{J-d) taken in the abelian category 
Z^DG{B-mod) is injective as a graded 5-module. Set J to be the total CDG-module 
of the finite complex of CDG-modules G~{Jq) — > ■ ■ ■ — > G^{J_d+i) — ^ K; then 
the cone of the morphism I — > J is absolutely acychc and the graded S*-module 
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J* is injcctive. The composition of closed morphisms M — > I — > J now provides 
the desired morphism of CDG-modules. 

When B isa CDG-algebra over a field or a DG-ring, one can also use a version of the 
construction from the proof of Theorem 4.4 below in place of the above construction 
with the functor G~. □ 

Notice the difference between the proofs of the above Theorem and Theorem 1.5. 
While injective resolutions for the derived category of DG-modules are constructed by 
totalizing bicomplexcs by taking infinite products along the diagonals, to construct 
injective resolutions for the coderived category of CDG-modules one has to totalize 
by taking infinite direct sums along the diagonals. There is a similar difference 
for projective resolutions: to construct them for the derived category, one has to 
totalize bicomplexes by taking infinite direct sums (see Theorem 1.4), while for the 
contraderived category one has to use infinite products (sec Theorem 3.8 below). Cf. 
the proof of Theorem 4.4. For a discussion of this phenomenon, see 0.1-0.2. 

Remark. Let DG be an exact DG-category in the sense of Remark 3.5. Assume 
that all infinite direct sums exist in DG and the class of exact triples in Z°(DG'') is 
closed under infinite direct sums. Whenever there are enough injectives in the exact 
category Z^{DG^) and countable direct sums of injectives have finite injective dimen- 
sions in Z*^(DG^), the full triangulated subcategory of the homotopy category H'^{DG) 
consisting of all the objects whose images are injective in Z°(DG'') is equivalent to 
the coderived category of DG. 

3.8. Coherent case. Let i? be a CDG-ring. Consider the following condition on the 
graded ring B*: 

(**) Any countable product of projective graded left S*-modules has a finite pro- 
jective dimension graded i?*-module. 

In particular, the condition (**) holds whenever the graded ring B"^ is graded right 
coherent (i. e., all its finitely generated graded right ideals are finitely presented) and 
all flat graded left S#-modules have finite projective dimensions over B^. Indeed, a 
product of fiat graded left modules over a graded right coherent ring is fiat [13] . 

The condition that all flat graded left modules have finite projective dimensions 
is satisfied in many cases. This includes graded left perfect rings, for which all flat 
graded left modules are projective [2] (so in particular the condition (**) holds for 
graded right Artinian rings S*, i. e., whenever S# satisfles the descending chain con- 
dition for graded right ideals). This also includes [19, Theoreme 7.10] all graded rings 
5* of cardinality not exceeding K„ for a finite integer n, and some other important 
cases (see [35, section 3] and references therein). 
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The next Theorem provides another semiorthogonal decomposition of the homo- 
topy category Hot(i?-mod) and describes the contraderived category □'^'^''(S-mod) in 
terms of projective resolutions. 

Theorem. Whenever the condition (**) is satisfied, the composition of functors 
Hot(i?-modproj) — )■ Hot(i?-mod) — )■ D'^"'(i?-mod) is an equivalence of triangulated 
categories. 

Proof. Completely analogous to the proof of Theorem 3.7. Let us only point out that 
one can use, e. g., the Mittag-Leffler condition for the vanishing of the derived functor 
of projective limit (of abclian groups) in order to show that the total CDG-module 
of an exact complex of CDG-modules ■ ■ ■ — > Ei — > Eq — > bounded from above 
formed by taking infinite products is contraacyclic. □ 

More generally, denote by Hot(i?-modfi) the full subcategory of the homotopy cat- 
egory of left CDG-modules over B formed by all the CDG-modules L for which the 
graded S*-module L* is flat. Assume only that the graded ring is graded right 
coherent, so that the class of flat graded left i?*-modules is closed under infinite prod- 
ucts. Then by the same argument and Lemma 1.6 we can conclude that the functor 
Hot(5-modfi)/Acycr*''(5-mod) n Hot(5-modfi) — y D'^*''(£-mod) is an equivalence 
of triangulated categories. On the other hand, assume only that all flat graded left 
S*-modules have finite projective dimensions. Then an argument similar to the proof 
of Theorem 3.6 shows that any contraacyclic CDG-module over B that is flat as a 
graded i^- module is homotopy equivalent to a CDG-module obtained from the total 
CDG-modules of exact triples of CDG-modules that are flat as graded 5-modules 
using the operation of cone repeatedly. 

Question. Let us call a left CDG-module over a CDG-ring B completely acyclic if 
it belongs to the minimal triangulated subcategory of Hot(5-mod) containing the 

total CDG-modules of exact triples of CDG-modules and closed under both infinite 
direct sums and infinite products. The quotient category of Hot(i?-mod) by the 
thick subcategory of completely acyclic CDG-modules can be called the complete de- 
rived category of left CDG-modules over B. It was noticed in [32] that the complex 
HomB(L, Af) is acyclic for any completely acyclic left CDG-module M over B and 
any left CDG-module L over B for which the graded 5*-module is projective and 
finitely generated. Therefore, the minimal triangulated subcategory of Hot(5-mod) 
containing all the left CDG-modules over B that are projective and finitely generated 
as graded -B-modules and closed under infinite direct sums is equivalent to a full tri- 
angulated subcategory of the complete derived category of left CDG-modules. Under 
what assumptions on a CDG-ring B does this full triangulated subcategory coincide 
with the whole complete derived category? Since CDG-modules L over B for which 
the graded S*-module L* is (projective and) finitely generated are compact objects 
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of Hot(-B-mod), this question is equivalent to the following one. Under what assump- 
tions on a CDG-ring B is every left CDG-module M over B such that the complex 
HomB(L, M) is acyclic for every L as above completely acyclic? CDG-modules L are 
compact objects of the complete derived category; the question is whether they are 
its compact generators. (Cf. [10].) The answer to this question is certainly positive 
when B is a DG-ring and the complete derived category of left DG-modules over B 
coincides with their derived category. This is so for all DG-rings B satisfying the con- 
ditions of either Theorem 3.4.1 or Theorem 3.4.2, and also in the cases listed in 9.4, 
when an even stronger assertion holds. Another situation when the answer is positive 
is that of Corollary 6.8.1. Finally, when the graded ring 5* is left Noetherian and 
has a finite left homological dimension, CDG-modules L that are finitely generated 
and projective as graded 5- modules are compact generators of D^'^^(i?-mod) by the 
results of subsection 3.11. 

3.9. Gorenstein case. Let 5 be a CDG-ring. Assume that the graded ring B* 
is left Gorenstein, in the sense that the classes of graded left S*-modules of finite 
injective dimension and finite projective dimension coincide. In particular, if is 
a graded quasi-Frobcnius ring, i. e., the classes of projective graded left i?*-modules 
and injective graded left 5*-modules coincide, then i?* is left Gorenstein. Of course, 
any graded ring of finite graded left homological dimension is left Gorenstein. 

Theorem, (a) The compositions of functors Hot(5-modinj) — > Hot(i?-mod) — > 




D^°(S-mod) and Hot(S-nnodproj) — > Hot(S-nnod) — > D'^'^{B-mod) are both equiv- 
alences of triangulated categories. 

(b) There is a natural equivalence of triangulated categories D'^°(S-mod) ~ 
D"*^(fi-mod). 

Proof. Part (a) follows from Theorems 3.7-3.8, since any left Gorenstein ring sat- 
isfies the conditions (*) and (**). Indeed, the projective (injective) dimensions 
of modules of finite projective (injective) dimensions over a Gorenstein ring are 
bounded by a constant, so any infinite direct sum of injective modules has a fi- 
nite projective dimension and any any infinite product of projective modules has 
a finite injective dimension. To prove part (b), denote by Hot(fi-modfpici) the 
homotopy category of left CDG-modules over B whose underlying graded mod- 
ules have a finite projective (injective) dimension over and consider the quo- 
tient category D^'^^(_B-modfpid) of Hot(i?-modfpid) by the minimal thick subcate- 
gory containing the total CDG-modules of exact triples of CDG-modules over B 
whose underlying graded modules have a finite projective (injective) dimension 
over S*. Then the argument from the proof of Theorem 3.6 shows that both com- 
positions of functors Hot(S-nnodinj) — > Hot(S-modfpid) — > D^''^(S-modfpid) and 
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Hot(5-modproj) — > Hot(S-modfpid) — > D^^^B -modfpid) are equivalences of triangu- 
lated categories. Alternatively, both functors D^'^^(i?-modfpid) — > D™(_B-mod) and 
D^'^^(i?-modfpid) — > D'^*''(i?-mod) are equivalences of triangulated categories. □ 

Remark. Let DG be an exact DG-category such that all infinite direct sums and 
products exist in DG and the class of exact triples in Z°(DG^) is closed under infi- 
nite direct sums and products. Assume further that there are enough injectives and 
projectives in Z^{DG''^) and the classes of objects of finite injectivc and projective 
dimensions coincide in this exact category. Then full triangulated subcategory of 
H^{DG) consisting of all objects whose images are injective in Z^{DG^) is equiva- 
lent to the coderived category of DG, the full triangulated subcategory of H^{DG) 
consisting of all objects whose images are projective in Z^{DG^) is equivalent to the 
contraderived category of DG, and the coderived and contraderived categories of DG 
are naturally equivalent to each other. 

Let A be a DG-ring for which the graded ring A* is left Gorenstein. Then the 
equivalence of categories D'^°(74-mod) ~ D'^*''(74-mod) makes a commutative diagram 
with the localization functors D'^°(A-mod) — > D(A-mod) and D"''(A-mod) — > 
D{A-mod). Consequently, the localization functor D*^°(74-mod) ~ D'^'^{A-mo6) — > 
D(A-mod) has both a left and a right adjoint functors, which are given by the pro- 
jective and injective (resolutions of) DG-modules in the sense of 1.4-L5 (cf. [34]). 
The thick subcategory of D™(A-mod) ~ D'^*''(A-mod) annihilated by this localization 
functor can be thought of as the domain of the Tate cohomology functor associated 
with A. More precisely, there is the exact functor from D(A-mod) to the subcate- 
gory annihilated by the localization functor that assigns to an object of D(A-mod) 
the cone of the natural morphism between its images under the functors left and 
right adjoint to the locahzation functor. The Tate cohomology as a functor of two 
arguments in D(A-mod) is the composition of this functor with the functor Hom in 
the triangulated subcategory annihilated by the localization functor. 

3.10. Finite-over-Gorenstein case. Let D and £' be CDG-rings. A CDG-bimodule 
K over D and £' is a graded D-£'-bimodule endowed with a differential d of degree 1 
that is compatible with both the differentials of D and E and satisfies the equation 
d'^{x) = hox — xhs for all x E K. Given a CDG-bimodule K over D and E and a left 
CDG-module L over E, there is a natural structure of left CDG-module over D on 
the tensor product of graded modules K <S)e L. The differential on K (^e L is defined 
by the usual formula. Analogously, given a CDG-bimodule K over D and E and a 
left CDG-module M over D, there is a natural structore of left CDG-module over E 
on the graded module }iomu(K, M). Both the graded left £'-module Hom£)(i<', M) 
and the differential on it are defined by the usual formulas. So a CDG-bimodule 
K defines a pair of adjoint functors K ®e —'■ Hot(£^-mod) — )■ Hot(D-mod) and 
YiomD{K,-): Hot(L'-mod) — > Hot(E-mod). 
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Let B — > A' and B — > A" be two morphisms of CDG-rings and C be a 
CDG-bimodule over A' and A" with the following properties. The graded ring A' is a 
finitely generated projective graded left module over the graded ring B. The graded 
ring A" is a finitely generated projective graded right module over B. The graded 
A'-A"-bimodule C is a finitely generated projective graded left and right S-module. 
Finally, the adjoint functors C^a" — and Hom^/(C, — ) induce an equivalence between 
the categories of graded left ^''-modules induced from B and graded left A'-modules 
coinduced from B, transforming the graded left A"- module A" ®b L into the graded 
left 74'-module Y{.om.B{A' , L) and vice versa, for any graded left S-module L. 

Given a morphism of CDG-modules B — > A', one can recover the CDG-bimodule 
C as the module of left fi-module homomorphisms A' — > B with its natural 
GDG-bimodule structure and the CDG-ring A" as the ring opposite to the ring of 
left 74'-module endomorphisms of C with its natural CDG-ring structure, assum- 
ing that C = RouiBiA' , B) is a finitely generated projective graded left S-module. 
Analogously, given a morphism of CDG-modules B — > A", one can recover the 
CDG-bimodule C as the module of right 5-module homomorphisms A" — > B and 
the CDG-ring A' as the ring right yl"-module endomorphisms of C, assuming that 
C = HomBop(A", B) is a finitely generated projective graded right S-module. 

Assume that the graded ring is left Gorenstein. 

Theorem, (a) The compositions of functors Hot(74'-nnodinj) — > Hot(74'-nnod) — > 
D'^°(A'-mod) and Hot(A"-modp,oj) — > Hot(^"-mod) — > D=*^(^"-mod) are both 

equivalences of triangulated categories. 

(b) There is a natural equivalence of triangulated categories D™(/l'-mod) ~ 
D=t^(A"-mod). 

Proof. Given a morphism of graded rings B* — > A"* such that A"* is a finitely 
generated projective graded right 5*-module, the graded ring satisfies the con- 
dition (**) provided that the graded ring satisfies (**). Analogously, given a 
morphism of graded rings i?* — > A'* such that A'* is a finitely generated projec- 
tive graded left B'^-module, the graded ring A'"^ satisfies the condition (*) provided 
that the graded ring B* satisfies (*). This proves part (a). To prove (b), notice 
that the contraderived category D'^*''(A"-mod) is equivalent to the quotient category 
of the homotopy category of CDG-modules over A" which as graded A"*-modules 
are induced from graded 5*-modules of finite projective (injective) dimension by its 
minimal triangulated subcategory containing the total CDG-modules of exact triples 
of CDG-modules over A" which as exact triples of graded A"*-modules are induced 
from exact triples of graded i?*-modules of finite projective (injective) dimension. 
The proof of this assertion follows the ideas of the proof of Theorems 3.8 and 3.6. 
Analogously, the coderived category D'^°(A'-mod) is equivalent to the quotient cate- 
gory of the homotopy category of CDG-modules over A' which as graded ^'*-modules 
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are induced from graded 5*-modules of finite projective (injective) dimension by its 
minimal triangulated subcategory containing the total CDG-modules of exact triples 
of CDG-modules over A' which as exact triples of graded A'^-modules are induced 
from exact triples of graded S*-modules of finite projective (injective) dimension. 
Now the pair of adjoint functors related to the CDG-bimodule C induces an equiva- 
lence between these triangulated categories. (Cf. [48, sections 5.4-5.5].) □ 

3.11. Finitely generated CDG-modules. Let _B be a CDG-ring. Assume that the 

graded ring 5* is left Noetherian. Denote by Hot(i?-modfg) the homotopy category of 
left CDG-modules over B that are finitely generated as graded i?*-modules, or equiv- 
alently, finitely generated as CDG-modules over B. Let Acycl^''^(S-modfg) denote 
the minimal thick subcategory of Hot(S-modfg) containing the total CDG-modules 

of exact triples of finitely generated left CDG-modules over B. The quotient cate- 
gory D^'^^(i?-modfg) = Hot(_B-modfg)/AcycP'^^(i?-modfg) is called the absolute derived 
category of finitely generated left CDG-modules over B. 

Theorem 1. The natural functor D^'^^(_B-modfg) — > D™(i?-mod) is fully faithful. 
In particular, any object of Acycl'^°(i?-mod) homotopy equivalent to an object of 
Hot(S-modfg) is homotopy equivalent to an object of Acycl^''^(S-modfg). 

Proof. It suffices to show that any morphism L — > M in Hot(i?-mod) between 
objects L e Hot(S-nnodfg) and M e Acycl'^°(S-modfg) factorizes through an object 
of Acycl^''^(i?-modfg). Indeed, any left CDG-module over B that can be obtained from 
total CDG-modules of exact triples of CDG-modules over B using the operations of 
cone and infinite direct sum is a filtered inductive limit of its CDG-submodules that 
can be obtained from the total CDG-modules of exact triples of finitely generated 
CDG-modules using the operation of cone. □ 

It follows from Theorem 3.7 that the objects of D^''^(S-modfg) are compact in 
D*^°(S-mod). The following result (cf. 5.5 and Question 3.8) is due to Dmitry Arinkin 
and is reproduced here with his kind permission. 

Theorem 2. The objects of D^'^^(S-modfg) form a set of compact generators of the 
triangulated category D^°{B-mod). 

Proof. Let J be a left CDG-module over B such that the graded i?*-module J* is 
injective. Suppose that the complex HomB(i^, J) is acyclic for any finitely generated 
left CDG-module L over B. We have to prove that J is contractible. Apply Zorn's 
Lemma to the ordered set of all pairs {M,h), where M is a CDG-submodule in J 
and h : M — > J is a contracting homolopy for the identity embedding M — > J. It 
suffices to check that whenever M ^ J there exists a CDG-submodule M C M' C J, 
M 7^ M' and a contracting homotopy h' : M' — > J for the identity embedding 
M' — > J that agrees with h on M. Let M' be any CDG-submodule in J properly 
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containing M such that the quotient CDG- module M' jM is finitely generated. Since 
J* is injective, the graded i?*-module morphism h: M — )■ J of degree —1 can be 
extended to a graded 5*-module morphism h" : M' — )■ J of the same degree. Let 
l: M — )■ J and i' : M' — > J denote the identity embeddings. The map u' — d{h") is 
a closed morphism of CDG-modules M' — > J vanishing in the restriction to M, so 
it induces a closed morphism of CDG-modules /: M' jM — )■ J. By our assumption, 
there exists a contracting homotopy c: M' jM — > J for /. Denote the related map 
of graded i?*-modules M' — y J of degree —1 also by c. Then h' = h" + c: M' — )■ J 
is a contracting homotopy for l' extending h. □ 

When the graded ring B* is left Noetherian and has a finite graded left homological 
dimension, the homotopy category Hot(i3-nnodfgp) of left CDG-modules over B that 
are projective and finitely generated as graded i?-modules is equivalent to the absolute 
derived category of finitely generated left CDG-modules D^'^^(i?-modfg) over B. 

Example. The following simple example of a Z/2-graded CDG-ring received some 
attention in the recent literature. Let A be a commutative ring and w G A be an 
element (often required to be a nonzero-divisor). Set B^ — A, B^ — 0, (Ib = 0, 
and Kb = w. Then CDG-modules over {B,dB,hB) that are free and finitely gener- 
ated as Z/2-graded A-modules are known classically as "matrix factorizations" [16] 
and CDG-modules over B that are projective and finitely generated as Z/2-graded 
A-modules are known as "B-branes in the Landau-Ginzburg model" [44]. According 
to the above, the homotopy category of CDG-modules over B that are projective and 
finitely generated as Z/2-graded A- modules is equivalent to the absolute derived cat- 
egory D^'^^(i?-modfg) and compactly generates the coderived category D'^°[B-mod) 
whenever A is a regular Noetherian ring of finite Krull dimension. 

3.12. Tor and Ext of the second kind. Let i? be a CDG-algebra over a com- 
mutative ring k. Our goal is to define differential derived functors of the second 
kind 

Tor^"^^: D^^\mod-B) x D^^\B-mod) > k-mod^' 

Extf : D'^'{B-mod)°P x D^'''(S-mod) > k-mod^' 

and give a simple categorical interpretation of these definitions in the finite homolog- 
ical dimension case. First we notice that there are enough projective and injective 

objects in the category Z^DG{B-mod) , and these objects remain projective and in- 
jective in the category of graded i?*-modules. To construct these projectives and 
injectives, it suffices to apply the functors and G~ to projective and injective 
graded S*-modules (see the proof of Theorem 3.6). 

Let N and M be a right and a left CDG-module over B. We will consider 
CDG-module resolutions ■ • • — > Qi — )■ Qq — ^ ^ — ^ and • • • — > Pi — > Pq — > 
M — > 0, i. e., exact sequences of this form in the abelian categories Z°DG(mod-5) 

44 



and Z°DG(i?-mod). To any such pair of resolutions wc assign the total complex 
T = Tot'~'(Q, P») of the tricomplex Q„ ®b Pm formed by taking infinite prod- 
ucts along the diagonal planes. Whenever all the graded right -B*-modules are 
flat, the cohomology of the total complex T does not depend of the choice of the 
resolution P, and vice versa. Indeed, whenever all graded modules are flat, the 
natural map Tot'~'(Q, ®b P*) — ^ Tor^(Q, Cg>B M) is a quasi-isomorphism, since it is 
a quasi-isomorphism on the quotient complexes by the components of the complete 
decreasing filtration induced by the canonical filtration of the complex P, . 

Using existence of projective resolutions in the categories Z°DG(mod-S) and 
Z°DG(-B-mod), one can see that the assignment according to which the cohomol- 
ogy H{T) of the total complex T corresponds to a pair (A^, M) whenever either all 
the graded right i?*-modules Q*, or all the graded left i?*-modules P^ are fiat de- 
fines a functor on the category Z°DG(mod-i?) x Z°DG(S-nnod). It factorizes through 
the Cartesian product of the homotopy categories, defining a triangulated functor of 
two variables i/°DG(mod-i?) x H'^DG{B-mod) — > A;-mod^^ The latter functor fac- 
torizes through the Cartesian product of the absolute derived categories, hence the 
functor which we denote by Tor'^'''''^. 

Analogously, let L and M be left CDG-modules over B. Consider CDG-module 
resolutions • • • — > Pi — > Pq — > L — > and — > M — > Rq — > — > • • • , 
i. e., exact sequences of this form in the category Z°DG(i?-mod). To any such 
pair of resolutions we assign the total complex T = Tot®(HomB(P,, i?,)) of the 
tricomplex Rom b {Pn, Rm) formed by taking infinite direct sums along the diago- 
nal planes. The rule according to which the cohomology H{T) corresponds to a 
pair (L, M) whenever either all the graded left i?*-modules P* are projective, or 
all the graded left P*-modules P* are injective defines a functor on the category 
Z°DG(P-mod)°P X Z°DG(5-mod). This functor factorizes through the Cartesian 
product of the homotopy categories, defining a triangulated functor of two variables, 
which in turn factorizes through the Cartesian product of the absolute derived cate- 
gories. Hence the functor which we denote by Ext^. 

Alternatively, assume that P is a fiat graded fc-module, and so is one of the graded 
modules and M. Then one can compute Tor^'^^(7V, M) in terms of a CDG version 
of the bar-complex of B with coefficients in N and M. Namely, the graded complex 
• • • — > N ®k B ®k B ®k M — )■ N ®k B (g)k M — > N (g)k M is endowed with 
two additional differentials, one coming from the differentials on P, N, and M, 
and the other one from the curvature element of P (see the proof of Theorem 4.4, 
subsections 6.1-6.2, or [46, Section 7 of Chapter 5]). Then the total complex of this 
"bicomplex with three differentials", constructed by taking infinite products along 
the diagonals, computes the desired modules Tor of the second kind. 

To check this, consider the bar-complex of P with coefficients in the complexes of 
CDG-modules Q, and P., construct its total complex by taking infinite products along 
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the diagonal hyperplanes, and check that the resulting complex is quasi-isomorphic 
to both the total complex of Q. ®b -P. and the total complex of the bar-complex of 
B with coefficients in and M. One proves this using the canonical filtrations of 
the complexes Q, and P, and the bar-complex. 

Analogously, if S is a projective graded A;-module, and either L is a projecitve 
graded A':-moduIc, or M is an injectivc graded fc-modulc, then one can compute 
Ext§(L, M) in terms of the total complex of the CDG version of the cobar-complcx 
of B with coefficients in L and M, constructed by taking infinite direct sums along 
the diagonals. 

Now assume that the graded ring 5* has a finite weak homological dimension, 
i. c., the homological dimension of the functor Tor between graded right and left 
i?*-modules is finite. Using Lemma 1.6 and the construction from the proof of The- 
orem 3.6, one can show that the natural functor Hot(5-modfi)/Acycl^''^(i?-mod) n 
Hot(S-nnodfi) — )■ D^^^{B-mo6) is an equivalence of triangulated categories. To 
prove the analogous assertion for the homotopy category Hot(modfi-S) of right 
CDG-modules over B that are fiat as graded i?*-modules, it suffices to pass to the 
opposite CDG-ring 5°^ = (5°^, rf^op, /i^op). The latter coincides with i? as a graded 
abelian group and has the multiplication, differential, and curvature element defined 
by the formulas a°P6°P = (-l)l«ll^l(6a)°P, dBop(6°P) = ds(6)°P, and Hbov = -h°i , 
where 6°p denotes the clement of i?°P corresponding to an element b E B. 

The tensor product of CDG-modules N M over B is acyclic whenever one 
of the CDG-modules and M is coacyclic and another one is flat as a graded 
S#-module. As in 1.6, it follows that N <Sib M is also acychc whenever one of the 
CDG-modules and M is simultaneously coacychc and flat as a graded S*-module. 
So restricting the functor of tensor product over B to either of the Cartesian products 
Hot(modfi--B) X Hot(i?-mod) or Hot(mod-i?) x Hot(i?-modf|), one can construct the 
derived functor of tensor product of CDG-modules, which is deflned on the Cartesian 
product of absolute derived categories and factorizes through the Cartesian product 
of coderived categories. Thus we get a functor 

D'=°(mod-S) X D'=°(S-mod) > k-mod^'. 

This derived functor coincides with the above-deflned functor Tor^'^^, since one can 
use finite resolutions P, and Q, in the construction of the latter functor in the finite 

weak homological dimension case. 

Analogously, whenever the graded ring 5* has a finite left homological dimension, 
the functor HomQabs(B_mod)(-f') of homomorphisms in the absolute derived category 
coincides with the above-defined functor Extf (L, M). 
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4. CoDERivED Category of CDG-Comodules 

AND CONTRADERIVED CATEGORY OF CDG-CONTRAMODULES 



4.1. CDG-comodules and CDG-contramodules. Let A; be a fixed ground field. 
We will consider graded vector spaces V over k endowed with homogeneous endo- 
morphisms d of degree 1 with not necessarily zero squares. The endomorphism d 
will be called "the differential" . Given two graded vector spaces V and W with the 
differentials d, the differential on the graded tensor product V <SikW is defined by the 
usual formula d{v<^w) — d{v)iSiw + {—iy'"^v<Sid{w) and the differential on the graded 
vector space of homogeneous homomorphisms }iomk{V,W) is defined by the usual 
formula {df){v) = d{f{y)) — {—l)^f^f{dv). The graded vector space k is endowed with 
the zero differential. 

Using a version of Sweedler's notation, we will denote symbolically the comultipli- 
cation in a graded coalgebra C by c i — >■ C(i) ® C(2). The coaction in a graded left 
comodule M over C will be denoted by x i — )■ ® iC(o), while the coaction in a 

graded right comodule over C will be denoted by y \ — > |/(o) ®y(i)- Here a;(o) G M, 
1/(0) G N , and y(i) e C. The contraaction map Homfe(C, P) — V P of a graded 

left contramodule P over C will be denoted by TTp. 

The graded dual vector space C* = Homjfc(C, k) to a graded coalgebra C is a graded 
algebra with the multiplication given by the formula (0*'i/')(c) = 0(c(2))'(/'(c(i))- Any 
graded left comodule M over C has a natural structure of a graded left C*-module 
given by the rule cp^x — 0(x(_i))x(o), while any graded right comodule N over C has 
a natural structure of a graded right C*-modulc given hjy*(f)= (— l)l''^l0(|/(i))|/(o). 
In particular, the graded coalgebra C itself is a graded C*-bimodule. Any graded left 
contramodule P over C has a natural structure of a graded left C*-module given by 
(f)*p = np{c ^ (-l)l'^IIPl0(c)p). 

A CDG-coalgebra over k is a graded coalgebra C endowed with a homogeneous 
endomorphism d of degree 1 (with a not necessarily zero square) and a homogeneous 
linear function h : C — )■ k of degree 2 (that is h vanishes on all the components of C 
except perhaps C^^) satisfying the following equations. Firstly, the comultiplication 
map C — > C<S>kC and the counit map C — > k must commute with the differentials 
on C, k, and C <^k C, where the latter two differentials are given by the above rules. 
Secondly, one must have d'^{c) = h * c ~ c * h and h{d{c)) = for all c G C. A 
homogeneous endomorphism d of degree 1 acting on a graded coalgebra C is called 
an odd coderivation of degree 1 if it satisfies the first of these two conditions. 

A morphism of CDG-coalgebras C — > D is a, pair (/, a), where /: C — > D is 
a morphism of graded coalgebras and a: C — > k is a homogeneous linear function 
of degree 1 such that the equations d£i(f(c)) = f{dc{c)) + /(a * c) — (— l)l'^l/(c* a) 
and hD{f{c)) = hc{c) + a{dc{c)) + a^(c) hold for all c e C. The composition of 
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morphisms is defined by the rule (g, 6) o (/, a) — {g° f, &o / + a). Identity morphisms 
are the morphisms (id, 0). So the category of CDG-coalgebras is defined. 

A left CDG-comodule over C is a graded left C-comodule M endowed with a 
homogeneous linear endomorphism d of degree 1 (with a not necessarily zero square) 
satisfying the following equations. Firstly, the coaction map M — )■ C ®k M must 
commute with the differentials on M and C ®k M. Secondly, one must have d'^{x) = 
h * X for all x G M. A right CDG-comodule over C is a graded right C-comodule 

endowed with a homogeneous linear endomorphism d of degree 1 such that the 
coaction map N — > N<S)kC commutes with the differentials and the equation d'^{y) — 
—y * h holds. A left CDG-contramodule over C is a graded left C-contramodule 
P endowed with a homogeneous linear endomorphism d of degree 1 such that the 
contraaction map Homfc(C, P) — > P commutes with the differentials on Homk^C, P) 
and P, and the equation d'^{p) — h* p holds. In each of the above three situations, 
a homogeneous /c- linear endomorphism d: M — > M or d: N — > N of degree 1 is 
called an odd coderivation of degree 1 compatible with an odd coderivation d : C — > C 
of degree 1 or a homogeneous /c-linear endomorphism d : P — )■ P of degree 1 is called 
an odd contraderivation of degree 1 compatible with an odd coderivation d : C — > C 
of degree 1 if the first of the two conditions is satisfied. 

For any morphism of graded coalgebras /: C — )■ D there are restriction-of- 
scalars functors assigning to graded comodules and contramodules over C graded 
D-comodule and D-contramodule structures on the same graded vector spaces. Now 
let / — {f,a):C — > be a morphism of CDG-coalgebras and M be a left 
CDG-comodule over C. Then the left CDG-comodule RfM over D is defined by 
restricting scalars in the graded C-comodule M via the morphism of graded coalge- 
bras / : C — )■ D and changing the differential c? on M by the rule d'{x) = d{x)-\-a*x. 
Analogously, let A" be a right CDG-comodule over C. Then the right CDG-comodule 
RfN over D is defined by restricting scalars in the graded comodule A^ and changing 
the differential o? on A^ by the rule d'{y) = d{y) — (— l)'^'?/ * a. Finally, let P be a 
graded left CDG-contramodule over C. Then the left CDG-contramodule R^P over 
D is defined by restricting scalars in the graded contramodule P via the morphism / 
and changing the differential d on P by the rule d'{p) = d{p) + a*p. 

Whenever is a right CDG-comodule and M is a left CDG-comodule over a 
CDG-coalgebra C, the tensor product NdcM of the graded comodules A^ and M over 
the graded coalgebra C considered as a subspace of the tensor product A^^^M is pre- 
served by the differential of N®kM. The restriction of this differential to NHcM has 
a zero square, which makes NUcM di, complex. Whenever M is a left CDG-comodule 
and P is a left CDG-contramodule over a CDG-coalgebra C, the graded space of co- 
homomorphisms Cohomc(M, P) is an invariant quotient space of the graded space 
Homfc(M, P) with respect to the differential on Homfc(M, P). The induced differential 
on Cohomc(M, P) has a zero square, which makes Coh.om.c{M, P) a complex. 
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Whenever iV is a right CDG-comodule and P is a left CDG-contramodule over 
a CDG-coalgebra C, the contratensor product N 0c P of the graded comodule 
and the graded contramodule P over the graded coalgebra C is an invariant quotient 
space of the tensor product N iSik P with respect to the differential on N P- The 
induced differential on N Qc P has a zero square, which makes N Qc P a complex. 

For any left CDG-comodules L and M over a GDG-coalgebra C, the graded vector 
space of homomorphisms between the graded comodules L and M over the graded 
coalgebra C considered as a subspace of the graded space Hom^ (L,M) is preserved 
by the differential on Homfe(L, M). The induced differential on Hom^ (L,M) has a 
zero square, which makes }iomc{L, M) a complex. Differentials with zero squares on 
the graded vector spaces of homomorphisms Homc(i?, A^) and Hom*" (P, Q) for right 
CDG-comodules R, N and left CDG-contramodules P, Q over a CDG-coalgebra C 
are constructed in the analogous way. These constructions define the DG-categories 
DG(C-comod), DG(comod-C), and DG(C-contra) of left CDG-comodules, right 
CDG-comodules, and left CDG-contramodules over C. 

For a CDG-coalgebra C, we will sometimes denote by the graded coalgebra C 
considered without its differential d and linear function h (or with the zero differen- 
tial and hnear function). For left or right CDG-comodules, or CDG-contramodules 
M, N, or P we will denote by Af*, A^*, and P* the corresponding graded co- 
modules and contramodules (or CDG-comodules and CDG-contramodules with zero 
differentials) over C*. Notice that for DC being the DG-category of DG-comodules 
or DG-contramodules over C, the corresponding additive category Z°(DG^) can be 
identified with the category of graded comodules or contramodules over C*; the 
functor t] is identified with the functor of forgetting the differential. 

All shifts, twists, infinite direct sums, and infinite direct products exist in the 
DG-categories of CDG-modules and CDG-contramodules. The homotopy category 
of (the DG-category of) left CDG-comodules over C is denoted by Hot(C-comod), 
the homotopy category of right CDG-comodules over C is denoted by Hot(comod-C), 
and the homotopy category of left CDG-contramodules over C is denoted by 
Hot(C-contra). Notice that there is no obvious way to define derived categories 
of CDG-comodules or CDG-contramodules, as there is no notion of cohomol- 
ogy of a CDG-comodule or a CDG-contramodule, and hence no class of acychc 
CDG-comodules or CDG-contramodules. 

4.2. Coderived and contraderived categories. The absolute derived cate- 
gories of CDG-comodules and CDG-contramodules, the coderived categories of 
CDG-comodules, and the contraderived categories of CDG-contramodules are 
defined in the way analogous to that for CDG-modules. These are all particular 
cases of the general definition sketched in Remarks 3.3 and 3.5. Let us spell out 
these definitions in a little more detail. 
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Let C be a CDG-coalgebra. We will consider exact triples in the abelian categories 
Z°DG(C-comod) and Z°DG(C-contra), i. e., exact triples of left CDG-modules or 
left CDG-contramodules over C and closed morphisms between them. An exact 
triple of CDG-comodules or CDG-contramodules can be viewed as a finite com- 
plex of CDG-comodules or CDG-contramodules, so the total CDG-comodule or 
CDG-contramodule is defined for such an exact triple. 

A left CDG-comodule or left CDG-contramodule over C is called absolutely 
acyclic if it belongs to the minimal thick subcategory of the homotopy cat- 
egory Hot(C-comod) or Hot(C-contra) containing the total CDG-comodules or 
CDG-contramodules of exact triples of left CDG-comodules or left CDG-contra- 
modules over C. The thick subcategories of absolutely acyclic CDG-comodules 
and CDG-contramodules are denoted by Acycl^'^^(C-comocl) C Hot(C-comod) 
and Acycl^''^(C-contra) C Hot(C-contra). The quotient categories □^''^(C-comod) 
and D^''^(C-contra) of the homotopy categories of left CDG-comodules and left 
CDG-contramodules by these thick subcategories are called the absolute derived cat- 
egories of left CDG-comodules and left CDG-contramodules over C . 

A left CDG-comodule over C is called coacyclic if it belongs to the minimal 
triangulated subcategory of Hot(C-comod) containing the total CDG-comodules 
of exact triples of left CDG-comodules over C and closed under infinite direct 
sums. The thick subcategory formed by all coacyclic CDG-comodules is de- 
noted by Acycr°(C-comod) C Hot(C-comod). The coderived category of left 
CDG-comodules over C is defined as the quotient category D™(C-connod) = 
Hot(C-comod) /Acycl''°(C-comod). 

A left CDG-contramodule over C is called contraacyclic if it belongs to the minimal 
triangulated subcategory of Hot(C-contra) containing the total CDG-contramodules 
of exact triples of left CDG-contramodules over C and closed under infinite prod- 
ucts. The thick subcategory formed by all contraacychc CDG-contramodules is de- 
noted by Acycl'^*''(C-contra) C Hot(C-contra). The contraderived category of left 
CDG-contramodules over C is defined as the quotient category DG'^*'^(C-contra) = 
Hot(C-contra)/Acycr*''(C-contra). 

All the above definitions for left CDG-comodules can be repeated verbatim 
for right CDG-comodules, so there are thick subcategories Acycl*^°(comod-C) and 
Acycl^''^(comod-C) in Hot(comod-C) with the corresponding quotient categories 
D=°(comod-C) and D"^^(comod-C). 

4.3. Bounded cases. Let C be a DG-coalgebra. Denote by Hot'''(C-comod) and 
Hot'''(C-contra) the homotopy categories of DG-comodules and DG-contramodules 
over C bounded from below, and denote by Hot~(C-comod) and Hot~(C-contra) 
the homotopy categories of DG-comodules and DG-contramodules over C bounded 
from above. That is, M e Hot+(C-comod) iff = for all i < and 
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P e Hot"(C-contra) iff = for all i > 0; similarly for Hot"(C-comod) and 
Hot+(C-contra). Set Acycl=*=(C-comod) = Acycl(C-comod) n Hot'^(C-comod) and 
analogously for Acycl^(C-contra); also set Acycr°'''^(C-comod) = Acycl'^°(C-comod)n 
Hot^(C-connod) and analogously for Acycl'^*'''^(C-contra). 

Clearly, one has Acycl'^°(C-comod) C Acycl(C-connod) and Acycl*^*''(C-contra) C 
Acycl(C-contra) for any DG-coalgebra C. 

Theorem 1. Assume that — for i < 0. Then 

(a) Acycr°'+(C-connod) = Acycl+(C-connod) and Acycl''*'''"(C-contra) = 
Acycr(C-contra); 

(b) the natural functors Hot^(C-comod)/Acycl^(C-connod) — > D(C-comod) and 
Hot^(C-contra)/Acycl^(C-contra) — > D(C-contra) are fully faithful; 

(c) the natural functors Hot^(C-comod)/Acycl™'^(C-comod) — > D™(C-connod) 
and Hot=^(C-contra)/Acycl''*'''=^(C-contra) — > □'^'^''(C-contra) are fully faithful. 

Proof. Analogous to the proof of Theorem 3.4.1. □ 

For an ungraded coalgebra E, the following conditions are equivalent: (i) the cate- 
gory of left comodules over E is semisimple; (ii) the category of right comodules over 
E is semisimple; (iii) the category of left contramodules over E is semisimple; (iv) E 
is the sum of its cosimple subcoalgebras, where a coalgebra is called cosimple if it 
contains no nonzero proper subcoalgebras. A coalgebra E satisfying these equivalent 
conditions is called cosemisimple [48, Appendix A]. 

Theorem 2. Assume that C" = for i > 0, the coalgebra C° is cosemisimple, and 
C-i = 0. Then 

(a) Acycr°"(C-comod) = Acycr(C-comod) and Acycl''*'''+(C-contra) = 
Acycl"*" (C-contra) ; 

(b) the natural functors Hot^(C-comod)/Acycl^(C-connod) — > D(C-comod) and 
Hot^(C-contra)/Acycl^(C-contra) — > D(C-contra) are fully faithful; 

(c) the natural functors Hot^(C-comod)/Acycl™'^(C-comod) — > D™(C-comod) 
and Hot=^(C-contra)/Acycl^*'''=^(C-contra) — > D^*' (C-contra) are fully faithful. 

Proof. Analogous to the proof of Theorem 3.4.2. □ 

Remark. The assertion (b) of Theorem 2 still holds after one replaces the condition 
that = with the weaker condition that d{C~^) = 0. See Remark 3.4. 

4.4. Injective and projective resolutions. Let C be a CDG-coalgebra. Denote 
by Hot(C-comodinj) the full triangulated subcategory of the homotopy category of 
left CDG-comodules over C consisting of all the CDG-comodules M for which the 

graded comodule M* over he graded coalgebra C* is injective. Analogously, de- 
note by Hot(C-contraproj) the full triangulated subcategory of the homotopy cate- 
gory of left CDG-contramodules over C consisting of all the CDG-contramodules 
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P for which the graded contramodulc P* over the graded coalgebra C* is projec- 
tive. The next Theorem provides semiorthogonal decompositions of the homotopy 
categories Hot(C-comod) and Hot(C-contra), and describes the coderived category 
D*^°(C-connod) and the contraderived category D'^*''(C-contra) in terms of injective 
and projective resolutions, respectively. 

Theorem, (a) For any CDG-comodules L e Acycl"(C-connod) and M e 
Hot(C-comodinj), the complex Homc(-L, M) is acyclic. 

(b) For any CDG-contramodules P G Hot(C-contraproj) andQ e Acycl'^'^'^(C-contra); 
the complex Hom'"(P, Q) is acyclic. 

(c) The composition of functors Hot(C-comodinj) — > Hot(C-comod) — > 
□■^"(C-comod) is an equivalence of triangulated categories. 

(d) The composition of functors Hot(C-contraproj) — > Hot(C-contra) — > 
□'^'^''(C-contra) is an equivalence of triangulated categories. 

Proof. Parts (a) and (b) are easy; see the proof of Theorem 3.5. Parts (c) and (d) 
can be proven in the way analogous to that of Theorems 3.7 and 3.8, or alternatively 
in the following way. Let us first consider the case of a DG-coalgebra C. For any 
DG-comodule M over C, consider the cobar resolution C(8)fc M — )■ C®kC®kM — > 
■ ■ ■ . This is a complex of DG-comodules over C and closed morphisms between them; 
denote by J the total DG-comodule of this complex formed by taking infinite direct 
sums. Then the graded C*-comodule J* is injective and the cone of the closed 
morphism M — )■ J is coacychc. Analogously, for a DG-contramodule P over C one 
considers the bar resolution • • • — )■ Homfc(C®jtC, P) — )■ Homfc(C, P) and forms its 
total DG-contramodule by taking infinite products. In the case of a CDG-coalgebra 
C, the construction has to be modified as follows. Let M be a left CDG-comodule 
over C; consider the graded left C*-comodule J = ®'^=o{C'^"''^^ <S>k M)[—n], where 
the comodule structure on (7®"+! M comes from the comodule structure on the 
leftmost factor C and the shift of the grading introduces the appropriate sign in 
the graded comodule structure. The differential on J is described as the sum of 
three components d, d, and 6 given by the formulas d{co ® Ci (g) ■ ■ ■ c„ (8) a;) = 

n{co) ® ci ® • • - (gja: - Co (X) n{ci) ®C2®---®x-{ h (-l)"+^Co (8) Ci (g) ■ ■ ■ ® c„ ® X{x), 

where fj, : C — > C ® C and A : M — >■ C ® M are the comultiplication and coaction 
maps, (-l)"(i(co ® ci ® ■ ■ ■ ® Cn ® x) = d{co) ^ ci ^ ■ ■ ■ ^ x + (-l)l'^''lco ® d{ci) (g) 
C2(g)---(S)x-\ h (-l)l'=»l+-+l'="lco (g) ■ ■ ■ (g) c„ (g) d{x), and 6{co (g ci (g ■ ■ ■ (g c„ (g x) = 

/i(Ci)Co(gC2(gC3(g- ■ ■(ga;-/l(c2)Co(gCi(gC3(gC4(g- ■ -(gxH h(-l)"""^/i(c„)Co(g- • • Cn-l0X. 

The graded C#-comodule J with the differential d+d+S is a CDG-comodule over C; it 
is endowed with a closed morphism of CDG-comodules M — > J. Denote by r^n J the 
subspaces of canonical filtration of the vector space J considered as a complex with the 
grading n and the differential d; then T<^nJ are CDG-subcomodules of J. The quotient 
CDG-comodules t^„J/t^„_i J (taken in the abelian category of CDG-comodules and 
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closed morphisms) are contractible CDG-comodules, the contracting homotopy being 
given by the map inverse to the differential induced by the differential d. The only 
exception is the CDG-comodule t^o<^, which is isomorphic to M. It follows that the 
cone of the closed morphism M — > J is coacyclic. □ 

Remark. The following results, which are particular cases of Remark 3.7, generalize 
simultaneously the above Theorem and, to some extent. Theorems 3.7-3.8. A topo- 
logical graded abelian group (with additive topology) is defined as a graded abelian 
group endowed with a system of graded subgroups closed under finite intersections 
and containing with any subgroup all the larger graded subgroups; graded subgroups 
belonging to the system are called open. To any topological graded abelian group 
one can assign an (ungraded) topological abelian group by taking the projective limit 
of the direct sums of all grading components of the graded quotient groups by open 
graded subgroups. A topological graded abelian group with a graded ring structure is 
called a topological graded ring if its multiplication can be extended to a topological 
ring structure on the associated ungraded topological abelian group. Let us restrict 
ourselves to separated and complete topological graded rings B where open two-sided 
graded ideals form a base of the topology; these are exactly the graded projective 
limits of discrete graded rings. Let (5, d, h) be a CDG-ring structure on B such 
that the differential d is continuous; one can easily check that open two-sided graded 
differential ideals form a base of the topology of B in this case, so S is a projective 
limit of discrete CDG-rings. First assume that all discrete graded quotient rings of 
B are left Noetherian. A graded left i?-module is called discrete if the annihilator of 
every its homogeneous element is an open left ideal in B. Consider the DG-category 
DG(S-nnod) of discrete graded left S-modules with CDG-module structures. The cor- 
responding coderived category D*^°(S-nnod) is defined in the obvious way. The graded 
left 5-module of continuous homogeneous abelian group homomorphisms from B into 
any (discrete) injective graded abelian group is an injective object in the category 
of discrete graded left S-modules. A discrete graded left S-module M is injective 
if and only if for any open two-sided graded ideal J <Z B the annihilator of J in M 
is an injective graded left 5/J-module. It follows that there are enough injectives 
in the abelian category of discrete graded left -B-modules and the class of injectives 
is closed under infinite direct sums. For any discrete graded left S-module M the 
graded left 5-module G~{M) is also discrete. So the category Z°(DG(S-mod)'') can 
be identified with the category of discrete graded left -B-modules and the result of 
Remark 3.7 applies. Thus the coderived category D™(i?-mod) is equivalent to the 
homotopy category of discrete left CDG-modules over B that are injective as dis- 
crete graded modules. Now assume that all discrete graded quotient rings of B are 
right Artinian. A pseudo-compact graded right module [18] (see also [31]) over B 
is a topological graded right module where open graded submodules form a base of 
the topology and all discrete quotient modules have finite length. A pseudo-compact 
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right CDG-modulc over S is a pseudo-compact graded right module endowed with 
a CDG-modulc structure such that the differential is continuous. By the result of 
Remark 3.7, the contraderived category of pseudo-compact right CDG- modules over 
B is equivalent to the homotopy category of pseudo-compact right CDG-modules 
that are projective as pseudo-compact graded modules. Furthermore, it is not dif- 
ficult to define the DG-category DG(i?-contra) of left CDG-contramodulcs over B 
(cf. [48, Remark A. 3]). The corresponding contraderived category D'^*''(i?-contra) is 
equivalent to the homotopy category of left CDG-contramodules that are projective 
as graded contramodules. The key step is to show that a graded left contramodule 
P over B is projective if and only if for any open two-sided graded ideal J <Z B the 
maximal quotient contramodule of P whose 5-contramodule structure comes from a 
i?/J-(contra)module structure is a projective 5/J-module. More generally, assume 
that B has a countable base of the topology and all discrete graded quotient rings 
of B are right Noetherian. Define a contraflat graded left contramodule over S as a 
graded contramodule P such that for any J G B as above the maximal quotient con- 
tramodule of P whose 5-contramodule structure comes from a i?/ J- module structure 
is a fiat 5/ J- module. Then the contraderived category D'^*''(i?-contra) is equivalent 
to the homotopy category of left CDG-contramodules over B that are projective as 
graded contramodules provided that all contrafiat graded left contramodules over B 
have finite projective dimensions in the abelian category of graded contramodules. 

4.5. Finite homological dimension case. Let be a graded coalgebra. Then the 
homological dimensions of the categories of graded right £'-comodules, graded left 
ii^-comodules, and graded left E'-contramodules coincide, as they coincide with the 
homological dimensions of the derived functors of cotensor product and cohomomor- 
phisms on the abelian categories of comodules and contramodules [48, section 0.2.9]. 
The common value of these three homological dimensions we will call the homological 
dimension of the graded coalgebra E. 

Let C be a CDG-coalgebra. Assume that the graded coalgebra C* has a fi- 
nite homological dimension. The next Theorem identifies the co derived category 
of C-comodules and the contraderived category of C-contramodules with the corre- 
sponding absolute derived categories. 

Theorem, (a) The two thick subcategories Acycr°(C-connod) anc? AcycP''^(C-connod) 
in the homotopy category Hot(C-comod) coincide. 

(b) The two thick subcategories Acycl'^*''(C-contra) and Acycr''^(C-contra) in the 
homotopy category Hot(C-contra) coincide. 

Proof. The proof is analogous to that of Theorem 3.6 and can be based on either 
appropriate versions of the constructions from the proof of that Theorem or the 
constructions from the proof of Theorem 4.4. □ 
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4.6. Finite-dimensional CDG-comodules. Let C be a CDG-coalgcbra. De- 
note by Hot(C-comodfd) the homotopy category of (totally) finite-dimensional 
CDG-comodules over C. Let Acycl^''^(C-comocifd) denote the minimal thick subcate- 
gory of Hot(C-connodfcj) containing the total CDG-comodules of exact triples of finite- 
dimensional left CDG-comodules over C. The quotient category □^''^(C-comodfd) = 
Hot(C-comodfd)/Acycl^'^^(C-comodfd) is called the absolute derived category of finite- 
dimensional left CDG-comodules over C. 

Theorem. The natural functor D^''^(C-comodfd) — )■ D™(C-comod) is fully faithful. 
In particular, any object of Acycl'^°(C-comod) that is homotopy equivalent to an object 
of Hot(C-comodfd) is homotopy equivalent to an object of Acycl^ ^(C-comodfd). 

Proof. Analogous to the proof of Theorem 3.11.1. □ 

It is explained in 5.5 that the objects of D^''^(C-comodfd) are compact generators 
of the triangulated category D™(C-comod). 

4.7. Cotor, Coext, and Ctrtor. Let us define the derived functors 

Cotor^: D™(comod-C) x D'°(C-comod) > k-yect^' 

Coextc: D^°(C-comod)°P x D^*^((:7-contra) > k-vect^' 

Ctrtor^: D'^°(comod-C) x D'^*^(C-contra) > k-vect^' 

for a CDG-coalgebra C. We denote by Hot(modjnj-C) the full subcategory of 
Hot(comod-C) formed by all the right CDG-comodules over C for which the 
graded C*-comodule A^* is injective. To check that the composition of functors 
Hot(nnodinj-C) — > Hot(comod-C) — > D'^°(comod-C), one can pass to the opposite 
CDG-coalgebra C°p = (C°p, which coincides with C as a graded vector 

space and has the comultiplication, differential, and curvature defined by the formu- 
las (c°P)(i)®(c°P)(2) = (-l)l"(i)ll"(2)lc°P)®c°P, d°P(c°P) = rf(c)°P, and /i°p(c°p) = -h{c), 
where c°p denotes the element of C°p corresponding to an element c E C. 

To define the functor Cotor*^, restrict the functor of cotensor product Dc'. 
Hot(comod-C) x Hot(C-comod) — > Hot(A;-vect) to either of the full subcategories 
Hot(modinj-C) X Hot(C-comod) or Hot(comod-C) x Hot(C-comodinj). The functors 
so obtained factorize through the locahzation D™(comod-C) x D™(C-comod) and 
the two induced derived functors D'^°(comod-C) x D'^°(C-comod) — > /c-vect^'' are 
naturally isomorphic to each other. Indeed, the cotensor product N Dq M is acyclic 
whenever one of the CDG-comodules A^ and M is coacyclic and the other is injec- 
tive as a graded comodule. This follows from the fact that the functor of cotensor 
product with an injective graded comodule sends exact triples of graded comodules 
to exact triples of graded vector spaces. To construct an isomorphism between the 
two induced derived functors, it suffices to notice that both of them are isomorphic 
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to the derived functor obtained by restricting the functor He to the full subcategory 
Hot(modinj-C) X Hot(C-comodinj). 

To define the functor Coextc, restrict the functor of cohomomorphisms Cohomc: 
Hot(C-comod)°P x Hot(C-contra) — > Hot(A;-vect) to either of the full subcategories 
Hot(C-comodinj)°PxHot(C-contra) or Hot(C-comod)°PxHot(C-contraproj). The func- 
tors so obtained factorize through the localization D'^°(C-comod)°P x D'^*''(C-contra) 
and the two induced derived functors D™(C-comod)°P x D'^"'(C-contra) — > fc-vect^'' 
are naturally isomorphic. Indeed, the complex of cohomomorphisms Cohomc(M, P) 
is acyclic whenever either the CDG-comodule M is coacyclic and the CDG-contra- 
module P is projective as a graded contramodule, or the CDG-comodule M is injec- 
tive as a graded comodule and the CDG-contramodule P is contraacyclic. 

To define the functor Ctrtor*", restrict the functor of contratensor product 
0(7 : Hot(comod-C) x Hot(C-contra) — > Hot(A;-vect) to the full subcategory 
Hot(connod-C) x Hot(C-contraproj). The functor so obtained factorizes through the 
localization D'^°(comod-C) x D'^*''(C-contra), so one obtains the desired derived func- 
tor. Indeed, the contratensor product NQcP is acyclic whenever the CDG-comodule 
N is coacychc and the CDG-contramodule P is projective as a graded contramod- 
ule. Notice that one can only obtain the functor Ctrtor as the derived functor in its 
second argument, but apparently not in its first argument, as comodules adjusted to 
contratensor product most often do not exist. 

By Lemma 1.3, one can also compute the functor Extc = HomDco(c_comod) of 
homomorphisms in the coderived category of left CDG-comodules in terms of 
injective resolutions of the second argument and the functor Ext*^ = HomDctr(c-contra) 
of homomorphisms in the contraderived category of left CDG-contramodules 
in terms of projective resolutions of the first argument. Namely, one has 
Ex.tc{L,M) = H{liomc{L,M)) whenever the CDG-comodule M is injective 
as a graded C*-comodule and Ext*^(P, Q) = H (Rom^ (P, Q)) whenever the 
CDG-contramodule P is projective as a graded C*-contramodule. 

For any right CDG-comodule N over C and any complex of A:-vector spaces V 
the differential on B.omk{N,V) defined by the usual formula provides a structure 
of CDG-contramodule over C on }iomk{N,V). The functor Homfc(— ,\/) assigns 
contraacyclic CDG-contramodules to coacyclic CDG-comodules N and so induces 
a functor IHomfe(— ,\/): D™(comod-C) — > D'^*''(C-contra) on the level of code- 
rived and contraderived categories. There are natural isomorphisms of functors 
of two arguments Homfe(Cotor^(7V, M), ~ Coextc(M, momk{N,V)) and 

Homfc(Ctrtor^(A^,P),//(y)) ~ Ext^(P, momk{N,V)), where H{V) denotes the 
cohomology of the complex V. 

4.8. Restriction and extension of scalars. Let g: C — > D be a morphism of 
CDG-coalgebras. Then any CDG-comodule or CDG-contramodule over C can be 
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also considered as a CDG-comodule or CDG-contramodule over D, as explained 
in 4.1. This defines the restriction-of-scalars functors Rg-. Hot(C-comod) — > 
Hot(D-comod) and : Hot(C-contra) — > Hot(Z^-contra). The functor Rg has a 
right adjoint functor Eg given by the formula Eg{N) = C Uu N , while the func- 
tor R^ has a left adjoint functor given by the formula E^{Q) — Cohom£)(C, Q); to 
define the differentials on Eg{N) and E^{Q), it is simplest to decompose g into an 
isomorphism of CDG-coalgebras followed by a morphism of CDG-coalgebras with a 
vanishing linear function a. 

The functors Rg and R^ obviously map coacychc CDG-comodules and contraacychc 
CDG-contramodulcs to CDG-comodules and CDG-contramodules of the same kind, 
and so induce functors D™(C-comod) — > D'^°(D-comod) and D'^°(C-contra) — ¥ 
D™(D-contra), which we denote by IRg and IR^. The functor Eg has a right derived 
functor REg obtained by restricting Eg to the full subcategory Hot(D-comodinj) C 
Hot(D-comod) and composing it with the locahzation functor Hot(C-comod) — > 
D™(C-comod). The functor E^ has a left derived functor hE^ obtained by restricting 
E^ to the full subcategory Hot(-D-contraproj) C Hot(Z}-contra) and composing it with 
the localization functor Hot(C-contra) — > D'^*''(C-contra). The functor 'KEg is right 
adjoint to the functor IRg and the functor hE^ is left adjoint to the functor IR^. 

For any two CDG-coalgebras E and F, a CDG-bicomodule K over E and F is a 
graded vector space endowed with commuting structures of a graded left i?-comodule 
and a graded right F-comodule and a differential d compatible with both the differ- 
entials in E and F and satisfying the equation d'^{x) = He * x — x * hp ior all x & K. 
Notice that a CDG-bicomodule over E and F has no natural structures of a left 
CDG-comodule over E or right CDG-comodule over F, as the equations for d^ are 
different for CDG-comodules and CDG-bicomodules. 

CDG-bicomodules over E and F form a DG-category with morphisms of 
CDG-bicomodules being homogeneous linear maps satisfying the compatibility 
equations for both the graded left £^-comodule and graded right F-comodule struc- 
tures; the differential on morphisms of CDG-bicomodules is defined by the usual 
formula. The class of coacydic CDG-bicomodules over E and F is constructed in 
the same way as the class of coacyclic CDG-comodules, i. e., one considers exact 
triples of CDG-bicomodules and closed morphisms between them, and generates the 
minimal triangulated subcategory of the homotopy category of CDG-bicomodules 
containing the total CDG-bicomodules of exact triples of CDG-bicomodules and 
closed under infinite direct sums. A CDG-bicomodule over E and E is called simply 
a CDG-bicomodule over E. 

Assume that a CDG-coalgebra C is endowed with an increasing filtration by graded 
vector subspaces FqC G FiC G ■ ■ ■ , C = Un -^"^ that is compatible with the 
comultiplication and the differential, that is ii{FnC) G FpC ® FgC and 

d{FnC) G FnC, where ji denotes the comultiplication map. Then the associated 
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quotient object gipC = 0„i^«C/F„_iC becomes a CDG-coalgebra with the co- 
muhiphcation and differential induced by those in C, and the counit and the cur- 
vature hnear function h obtained by restricting the corresponding hnear functions 
on C to FqC. In particular, FqC is also a CDG-coalgebra; it is simultaneously a 
CDG-subcoalgebra of both C and gr^C and a quotient GDG-coalgebra of gr^C. The 
associated quotient space gr^C, in addition to a GDG-coalgebra structure, has a 
structure of CDG-bicomodule over FqC. 

Now suppose that both CDG-coalgebras C and D are endowed with increasing 
filtrations F as above and the morphism of GDG-coalgebras g : C — )■ D preserves the 
filtrations. Moreover, let us assume that the morphism of CDG-coalgebras FqC — > 
FqD induced by g is an isomorphism and the cone of the morphism gr^C — > gr^-D 
of CDG-bicomodules over FqD is a coacyclic CDG-bicomodule. 

Theorem, (a) Assume that gr^C* and gipD"^ are injective graded right 
FqD* -comodules. Then the adjoint functors IRg and WEg are equivalences of 
triangulated categories. 

(b) Assume that gr^C* and gipD* are injective graded left FqD"^ -comodules. 
Then the adjoint functors IR^ and L,E^ are equivalences of triangulated categories. 

Proof. We will prove (a); the proof of (b) is analogous. Let be a CDG-comodule 
over D such that the graded comodule A^* over is injective. We have to check 
that the cone of the morphism of CDG-comodules Rg{Eg{N)) = C N — y N is 
a coacychc CDG-comodule over D. Introduce an increasing filtration F on by 
the rule FnN = X~^{FnD N), where A: N — > D N denotes the left coaction 
map. The filtration F is compatible with the graded comodule structure and the 
differential on N. The induced filtration F on the cotensor product C Hd N can be 
obtained by the same construction applied to the CDG-comodule C Dd N over C. 
It suffices to check that the associated quotient object grpCone(C Do N ^ N) is a 
coacyclic CDG-comodule over FqD. But this associated quotient object is isomorphic 
to the cotensor product cone(gr^C — )■ gTpD) DfoD -^o-^) so it remains to notice 
that the cotensor product of the CDG-bicomodule cone(gr^C S^f^) over FqD 
with any left CDG-comodule L over FqD is a coacyclic left CDG-comodule over 
FqD in our assumptions. To check the latter, one can choose a morphism from L 
into a CDG-comodule that is injective as a graded comodule such that the cone of 
that morphism of CDG-comodules is coacyclic. Now let M be a CDG-comodule 
over C. We have to check that the cone of the morphism M — > M.Eg(lRg{M)) in 
the coderived category of CDG-comodules over C is trivial. To do so, we will need an 
injective resolution of Rg{M) that is natural enough, so that filtrations of C, D, and 
M would induce a filtration of the resolution in a way compatible with the passage to 
the associated quotient objects. One can use either the construction from the proof of 
Theorem 4.4, or a version of the construction from the proof of Theorem 3.7 with the 
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coaction map in the role of a natural embedding of a graded comodule into an injective 
graded comodule. Computing the object M.Eg(IRg{M)) in terms of such a natural 
resolution J of the CDG-comodule Rg{M) over D, we find out that it suffices to check 
that the cone of the morphism gr^M — )■ gr^(C J) is a coacyclic CDG-comodule 
over FqD. But the cones of the morphisms gr^M — > gr^ J and gTp{CDr)J) — y g'^pJ 
are coacyclic CDC-comodules over F^D, the latter one in view of the above argument 
applied to the CDG-comodule N = gipJ over the CDG-coalgebra gVpD endowed with 
a morphism of CDG-coalgebras gr^C — > gr^-D. □ 



5. COMODULE-CONTRAMODULE CORRESPONDENCE 

5.1. Functors $c and ^c- Let C be a CDG-coalgebra over a field k. For any 
left CDG-contramodule P over C, let ^c'{P) denote the left CDG-comodule over 
C constructed in the following way. The underlying graded vector space of $c(-P) 
is, by the definition, the contratensor product C Qc P, which is a graded quotient 
space of the tensor product C (8)^ P. The graded left C-comodule structure and the 
differential on ^c{P) are induced by the graded left C-comodule structure and the 
differential on C P- The graded left C-comodule structure on C 0^ P comes from 
the graded left C-comodule structure on C, while the differential on C ®k P is given 
by the standard rule as the differential on the tensor product of graded vector spaces 
with differentials. It is straightforward to check that ^c'{P) is a left CDG-comodule. 

For any left CDG-comodule M over C, let \I'c(M) denote the left CDG-contra- 
module over C constructed as follows. The underlying graded vector space of \E'(7(M) 
is, by the definition, the space of comodule homomorphisms Hom^ (C,M). The 
graded left contramodule structure and the differential on ^c{P) are obtained by re- 
stricting the graded left contramodule structure and the differential on Homjfc(C, M) 
to this graded vector subspace. The graded left C-contramodule structure on 
Homfc (C,M) is induced by the graded right C-comodule structure on C, while the 
differential on Horn?; (C,M) is given by the standard rule as the differential on the 
space of homogeneous linear maps between graded vector spaces with differentials. 

To a morphism / : L — > M in the DC-category of left CDC-comodules over C, one 
assigns the morphism $c(/) given by the formula c<^x i — y (— )''^"'^'c®/(a;). To a mor- 
phism / : P — > Q in the DG-category of left CDG-contramodules over C, one assigns 
the morphism ^c{f) given by the formula g i — ^ fog. These rules define DG-functors 
$c: DG(C-contra) — > DG(C-comod) and DG(C-comod) — > DG(C-contra). 
The isomorphism between the complexes of morphisms induced by our standard 
isomorphism Homfc(C ®fc P, M) ~ Homfc(P, Homfe(C, M)) makes the DG-functor 
$c left adjoint to the DG-functor ^c- So there are induced adjoint functors 
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Hot(C-contra) — > Hot(C-connod) and Hot(C-connod) — > Hot(C-contra), which 
we also denote by and ^c- 

Example. Let C be the graded coalgebra over a field k for which the graded dual 
algebra C* = k[x] is the algebra of polynomials in one variable x of degree 1. Con- 
sider the category of vector spaces V over k endowed with a complete and cocom- 
plete filtration F indexed by the integers, that is • • • C Fi^iV C FiV C ■ ■ ■ CV and 
lin^ FiV ~ y ~ ^m V/Fi^iV. Then the graded vector space with the components FiV 
has a natural structure of a graded contramodule over C and the graded vector space 
with the components V/Fi_iV has a natural structure of a graded comodule over C, 
for any such filtered vector space V. These constructions define an equivalence be- 
tween the categories of (complete and cocomplete) filtered vector spaces, projective 
graded C-contramodules, and injective graded C-comodules. The equivalence be- 
tween the latter two categories assigning the injective graded comodule V/Fi^iV 
to the projective graded contramodule 0^ FiV and vice versa is given by the functors 
P I — y C Qc P and M \ — > Homc(C, M). The category of filtered vector spaces has 
a natural exact category structure; in fact, all exact triples in this exact category 
split. It follows from the graded version of Theorem 6.5 below (see also Appendix A) 
that the derived (or homotopy) category of filtered vector spaces is equivalent to 
the derived category of the abelian category of graded modules over the graded ring 
k[e\/e^ with deg£ = 1. The functor of forgetting the filtration, acting from the de- 
rived category of filtered vector spaces to the derived category of vector spaces, can 
be interpreted in terms of the derived category of graded A;[£:]/e^-modules as the Tate 
cohomology functor (cf. 3.9). Besides, the functor of passing to the associated graded 
space on the derived category of filtered vector spaces corresponds to the functor of 
forgetting the action of e on the derived category of graded A;[£]/£^-modules. 

5.2. Correspondence Theorem. Restricting the functor $c to the full triangu- 
lated subcategory Hot(C-contraproj) C Hot(C-contra) and composing it with the 
localization functor Hot(C-comod) — )■ D™(C-comod), we obtain the left derived 
functor L$c: D'^*''(C-contra) — )■ D'^°(C~comod). Restricting the functor ^'c to the 
full triangulated subcategory Hot(C-comodinj) C Hot(C-comod) and composing it 
with the localization functor Hot(C-contra) — )■ D'^*''(C-contra), we obtain the right 
derived functor D^°(C-comod) — > D^*^(C-contra). 

Theorem. The functors L$(7 and M}^c (^t^^ mutually inverse equivalences between 
the coderived category D'^°(C-comod) and the contraderived category D'^*''(C-contra). 

Proof. One can easily see that the functors and between the homotopy cate- 
gories of CDG-contramodulcs and CDG-comodules over C map the full triangulated 
subcategories Hot(C-contraproj) and Hot(C-comodinj) into each other and their re- 
strictions to these subcategories are mutually inverse equivalences between them. 
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More precisely, the functors P i — > C Qc P and M i — )■ Homc(C, M) transform the 
free graded contramodule Homfc(C, V) into the cofree graded comodule C and 
vice versa, for any graded vector space V . □ 

In particular, let B = {B, d, h) be a CDG-algebra over a field k such that the 
graded algebra B is (totally) finite-dimensional. Then there is a natural equivalence 
of triangulated categories D'^°(S-mod) ~ D'^*''(S-mod). Indeed, let C — B* he the 
graded dual vector space to B with the CDG-coalgebra structure defined by the 
formulas c{ah) = C(2)(a)c(i)(6), dc{c){b) = (— l)l'^lc((i(6)), and hc{c) = c{h) for 
a, b & B and c e C. Then the DG-categories of left CDG-modules over B, left 
CDG-comodules over C, and left CDG-contramodules over C are all isomorphic, so 
D'=°(S-mod) = D'^°(C-comod) ~ D'=*^(C-contra) = (S-mod). This is a particular 
case of Theorem 3.10. 

5.3. Coext and Ext, Cotor and Ctrtor. For any left CDG-comodules L and 
M over a CDG-coalgebra C, there is a natural closed morphism of complexes of 
vector spaces Cohomc(L, ^c'(M)) — y Homc(L, M), which is an isomorphism when- 
ever either of the graded left C*-comodules L* and M# is injective. For any left 
CDG-contramodules P and Q over C, there is a natural morphism of complexes of 
vector spaces Cohomc7($c(^),Q) — > Hom^(P,g), which is an isomorphism when- 
ever either of the graded left C*-contramodules and is projective. 

For any right CDG-comodule N and left CDG-contramodule P over C, there 
is a natural closed morphism of complexes of vector spaces N Qq P — > N Oq 
$C7(P), which is an isomorphism whenever either the graded right C*-comodule N 
is injective, or the graded left C*-contramodule P is projective. 

It follows that there are natural isomorphisms of derived functors of two arguments 
Extc(M,L$c(i')) ^ Coextc(M,P) ~ Ext^(M^c(M), P) and Cotorc(Ar,M) ~ 
Ctrtorc(A^, for M e D=°(C-comod), N e D'=°(comod-C), and P e 

D'^*''(C-contra). In other words, the comodule-contramodule correspondence trans- 
forms the functor Coextc into the functors Ext^ and Ext'", and also it transforms 
the functor Cotor*" into the functor Ctrtor*". 

5.4. Relation with extension of scalars. Let g: C — > D he a CDG-coalgebra 
morphism. For any left CDG-comodule N over D such that the graded D*-comodule 

is injective, there is a natural closed isomorphism ^c{Eg{N)) ~ E^{^d{N')) of 
CDG-contramodules over C provided by the isomorphisms Homc(C, C Dd N) ~ 
B.omr){C, N) ~ Cohomj:i(C, HomD(D, A^)) of graded vector spaces. Analogously, 
for any left CDG-contramodule Q over D such that the graded /^^-contramodule 
(5* is projective, there is a natural closed isomorphism ^c{E^{Q)) — Eg{^D{Q)) 
of CDG-comodules over C provided by the isomorphisms C Qc Cohom£)(C, Q) — 
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Notice also that the functors Eg and preserve the classes of CDG-comodules 
and CDG-contramodules that are injective or projective as graded comodules and 
contramodules, while the functors $ and ^' map these classes into each other. Thus 
we have natural isomorphisms of compositions of derived functors ° '^Eg ~ 

LE^oW^ifjj and L^^oLE'^ ~ REgoL^jj] in other words, the equivalences between the 
coderived and contraderived categories of comodules and contramodules transform 
the derived functor M.Eg into the derived functor hE^. Identifying D™(C-comod) 
with D'^*''(C-contra) and D™(£)-comod) with D'^*''(D-contra), one can say that the 
functor IRg is left adjoint to the functor B.Eg — hE^, while the functor IR^ is right 
adjoint to the same functor 'REg — hE^. 

5.5. Proof of Theorem 2.4. Our first aim is to show that the triangulated category 
D'^°(C-comod) ~ D'^*''(C-contra) is compactly generated for any CDG-coalgebra C. 
A triangulated category D where all infinite direct sums exist is said to be compactly 
generated if it contains a set of compact objects C (see Remark 1.8.3 for the definition) 
such that D coincides with the minimal triangulated subcategory of D containing C 
and closed under infinite direct sums. 

We will work with the coderived category D™(C-comod). It follows from The- 
orem 4.4 that any finite-dimensional CDG-comodule over C represents a compact 
object in D'^°(C-comod), since the full triangulated subcategory Hot(C-comodinj) C 
Hot(C-comod) is closed under infinite direct sums. Let us check that any CDG-co- 
module over C up to an isomorphism in D™(C-comod) can be obtained from finite- 
dimensional CDG-comodules by iterated operations of cone and infinite direct sum. 
(Another proof of this result proceeds along the lines of the proof of Theorem 3.11.2.) 

A graded coalgebra E is called cosemisimple if its homological dimension (see 4.5) 
is equal to zero. When the abelian group in which the grading of E takes values 
has no torsion of the order equal to the characteristic of k, a graded coalgebra E 
is cosemisimple if and only if it is cosemisimple as an ungraded coalgebra. For any 
graded coalgebra E there exists a unique maximal cosemisimple graded subcoalge- 
bra E^^ C E, which coincides with the maximal cosemisimple subcoalgebra of the 
ungraded coalgebra E in the above-mentioned assumption. The quotient coalgebra 
(without counit) E/E^^ is conilpotent. i. c., for any element e G E / E^^ the image of 
e under the iterated comultiplication map E/E^^ — y [E/E^^y^^'' vanishes for n large 
enough. One can easily prove these results, e. g., using the fact that any graded 
coalgebra is the union of its finite-dimensional graded subcoalgebras together with 
the graded version of the structure theory of finite-dimensional associative algebras. 

Let E = C~ be the graded coalgebra for which the category of CDG-comodules 
over C and closed morphisms between them is equivalent to the category of graded 
comodules over E (see [48, sections 0.4.4 and 11.2.2] for an explicit construction). 
Let FnE C E he the graded subspace formed by all elements e e E whose images 
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vanish in (E / E''^)^''+\ Then FqE = E = [J^F^E, and the fihration F^E 

is compatible with the coalgebra structure on E. For any graded left comodule M 
over E, set FnM to be the full preimage of FnE ®/j M under the comultiplication 
map M — > E (8)fe M. Then the filtrations F on E and M are compatible with 
the coaction map; in paricular, F^M are £'-subcomodules of M and the quotient 
comodules FnM / Fn-iM are comodules over FqE. Since FqE is a cosemisimple graded 
coalgebra, the comodules F^M/Fn-iM are direct sums of irreducible comodules, 
which are finite-dimensional. 

Any left CDG-comodule M over C can be viewed as a left graded comodule over 
E; the above construction provides a filtration F on M such that F„M are CDG-co- 
modules over C, the embeddings FnM — > M are closed morphisms, and the quo- 
tient CDG-comodules F^Mj F^-iM taken in the abelian category Z°DG(C-comod) 
are direct sums of finite-dimensional CDG-comodules over C. It follows that M 
belongs to the minimal triangulated subcategory of D'^°(C-connod) containing finite- 
dimensional CDG-comodules and closed under infinite direct sums. So we have proven 
that D™(C-comod) is compactly generated. The full subcategory formed by finite- 
dimensional CDG-comodules in D™(C-comod) is described in 4.6. 

Let us point out that in the similar way one can prove that D'^*''(C-contra) 
is the minimal triangulated subcategory of itself containing finite-dimensional 
CDG-contramodules and closed under infinite products. Just as for comodules, 
the category of CDG-contramodules over C and closed morphisms between them 
is equivalent to the category of graded contramodules over E. Even though the nat- 
ural decreasing filtration F^P = imB.omk{E / Fn-iE , P) on a graded contramodule 
P over E associated with the filtration F of is not always separated, it is al- 
ways separated and complete for projective graded contramodules and their graded 
subcontramodules, which is sufficient for the argument to work [48, Appendix A] . 

Now let C be a DG-coalgebra. To prove Theorem 2.4(a), notice that the class 
of quasi-isomorphisms of DG-comodules in the homotopy category Hot(C-connod) 
is locally small [54, 10.4.4-5], hence morphisms between any given two ob- 
jects in D(C-comod) form a set rather than a class. The localization functor 
D'^°(C-comod) — > D(C-connod) preserves infinite direct sums, since the thick 
subcategory of acyclic DG-comodules in D'^°(C-comod) is closed under infinite direct 
sums. So it follows from the Brown representability theorem for the compactly 
generated triangulated category D™(C-comod) [42, 33] that the localization functor 
D'=°(C-comod) — > D(C-comod) has a right adjoint functor. The locahzation functor 
Hot(C-comod) — > D'^°(C-connod) has a right adjoint by Theorem 4.4, thus the 
localization functor Hot(C-comod) — > D(C-connod) also has a right adjoint functor. 
Then it remains to use Lemma 1.3. 
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Alternatively, notice that D(C-comod) is the quotient category of D'^°(C-comod) 
by the thick subcategory which can be represented as the kernel of the forge- 
ful functor D™(C"Comod) — > D(A;-vect) or the kernel of the homological functor 
H: D'=°(C-comod) — > k-vect^'^. Both this forgetful functor and this homological 
functor preserve infinite direct sums. It follows that this thick subcategory is well- 
generated [36, section 7] and therefore the localization functor D'^°(C-comod) — > 
D(C-comod) has a right adjoint functor. 

To prove Theorem 2.4(b), one can also notice that the class of quasi- isomorphisms 
of DG-contramodules is locally small in Hot(C-contra), the locahzation func- 
tor D'^*''(C-contra) — > D(C-contra) preserves infinite products, and the covari- 
ant Brown representability [33] for the compactly generated triangulated category 
D'^*''(C-contra) implies existence of a left adjoint functor to the localization functor 
D'^*''(C-contra) — > D(C-contra). But the following argument is more illuminating. 

Consider the object P = Homfc(C, fc) e D'^*''(C-contra). Notice that D(C-contra) 
is the quotient category of D'^*''(C-contra) by the thick subcategory of all objects 
Q such that HomDctr(c_contra)(-P5 Q) = 0. Consider the minimal triangulated subcat- 
egory of D'^*''(C-contra) containing P and closed under infinite direct sums. This 
triangulated category is well-generated and therefore the functor of its embedding 
into D'^*''(C-contra) has a right adjoint functor. It follows that the localization 
functor D'^*''(C-contra) — > D(C-contra) has a left adjoint functor whose image co- 
incides with the minimal triangulated subcategory of D'^*''(C-contra) containing P 
and closed under infinite direct sums. The localization functor Hot(C-comod) — > 
D'^*'^(C-contra) has a left adjoint functor by Theorem 4.4, thus the localization functor 
Hot(C-contra) — > D(C-contra) also has a left adjoint. 

In addition to the assertions of Theorem, we have proven that the triangulated 
subcategory Hot(C~-contra)proj coincides with the minimal triangulated subcategory 
of Hot(C-contra) containing the DG-contramodule Homfc(C, k) and closed under in- 
finite direct sums. Indeed, this is so in the triangulated category D'^*''(C-contra) and 
the triangulated subcategory Hot(C-contraproj) C Hot(C-contra), which is equiv- 
alent to D'^*''(C-contra), contains Homfc(C, A;) and is closed under infinite direct 
sums. We do not know whether the triangulated subcategory Hot(C-comod)inj 
coincides with the minimal triangulated subcategory of Hot(C-comod) contain- 
ing the DC-comodule C and closed under infinite products; the former subcate- 
gory certainly contains the latter one. Notice that the DG-comodule C and the 
DG-contramodule Homfe(C, /c) correspond to each other under the equivalence of 
categories D'^°(C-comod) ~ D'^*''(C-contra). □ 

6. KoszuL Duality: Conilpotent and Nonconilpotent Cases 
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6.1. Bar and cobar constructions. Let B = {B,d,h) be a CDG-algcbra over a 
field k. We assume that B is nonzero, i. e., the unit clement 1 G -B is not equal 
to 0, and consider A; = A; • 1 as a graded vector subspace in B. Let v: B — > k he a. 
homogeneous /c-linear retraction of the graded vector space B to its subspace k; set 
V — kerv C B. The direct sum decomposition B — V ® k allows one to split the 
multiplication map m: V^kV — ^ B, the differential d: V — > B, and the curvature 
element h E B into the components m = {mv,iTik), d = {dv,dk), and h = {hv,hk), 
where mv V^kV — ^ V, fn-k '■ V^kV — > k, dy'-V — )■ V, dk'. V — > k, hy G V, 
and hk & k. Notice that the restrictions of the multiplication map and the differential 
to k^^y 1 y ®k k, k ®k k, and k are uniquely determined by the axioms of a graded 
algebra and its derivation. One has hk = for the dimension reasons when B is 
Z-graded, but hk may be nonzero when B is Z/2-graded (see Remark 1.1). 

Set 5+ = B/k. Let Bar(S) = -Bf " be the tensor coalgebra generated by 

the graded vector space B^. The comultiplication in Bar(S) is given by the rule 
hi®---®hn I — > YTj=o{^i ®---®hj)® {hj+i bn) and the counit is the projection 

to the component Bf^ ^ k. The coalgebra Bar(i?) is a graded coalgebra with the 
grading given by the rule deg(6i ® • • • &n) = deg(6i) + • • • + deg(6„) — n. 

Odd coderivations of degree 1 on Bar(i?) are determined by their compositions 
with the projection of Bar(S) to the component Bf-^ ~ B+; conversely, any linear 
map Bar(S) — )■ 5+ of degree 2 gives rise to an odd codcrivation of degree 1 on 
Bar(i?). Let c^Bar be odd codcrivation of degree 1 on Bar (5) whose compositions 
with the projection Bar(i?) — y B^ are given by the rules 6i ® • • • ® 6„ i — )■ for 
n ^ 3, 6i (8) 62 I — > (-l)l''il+^my(6i ® 62), h 1 — )■ and 1 1 — )■ hy, where B+ is 

identified with V and 1 G Bf^. Let /iRar- Bar(i?) — > k be the linear function given 
by the formulas /iBar(&i (K)- ■ ■(X'^n) = for n ^ 3, /iBar(&i ®&2) = (— l)'''^''''^/ifc(&i ^h), 
hBaiib) = -dk{b), and /iBar(l) = hk- Then Bar^(i?) = (Bar(5), c^Bar, /iBar) is a 
CDG-coalgebra over k. The CDG-coalgebra Bar„(i?) is called the bar- construction 
of a CDG-algebra B endowed with a homogeneous /c-linear retraction v : B — > k. 

A retraction v: B — > k is called an augmentation of a CDG-algebra B if 
(f , 0) : {B, d, h) — (/c, 0, 0) is a morphism of CDG-algcbras; equivalently, v is 
an augmentation if it is a morphism of graded algebras satisfying the equations 
v{d{b)) — and v{h) = 0. A /c- linear retraction v is an augmentation if and only if 
the CDG-coalgebra Bar„(i?) is actually a DG-coalgcbra, i. e., /iBar = 0. 

Let C = {C, d, h) be a CDG-coalgebra over A;. We assume that C is nonzero, 
i. e., the counit map e: C — )■ A; is a nonzero linear function. Let w: k — > C 
be a homogeneous A;-linear section of the surjective map of graded vector spaces e; 
set W — cokerw. The direct sum decomposition C = 1^ © A; allows one to spht 
the comultiplication map fi: C — > W ®k W, the differential d: C — )> and 
the curvature linear function h: C — )■ k into the components /i = {fiyy^f^k), d = 
{dw,dk), and h = {hw:hk), where i^w- W — >W®kW, /i^GH^^fciy, dw-W — > 
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W, dk € W, hw- W — > k, and hk G k. Notice that the compositions of the 
comuhiphcation map with the projections C (E)k C — > k W, W (8>fc k, k ®k k and 
the composition of the differential with the projection (counit) C — > k are uniquely 
detemined by the axioms of a graded coalgebra and a differential compatible with 
the coalgebra structure. One has hk — for dimension reasons when B is Z-graded, 
but hk may be nonzero when B is Z/2-graded. 

Set C+ = keie. Let Cob(C) = ^^'^ tensor (free associative) algebra, 

generated by the graded vector space C+. The multiplication in Cob(C) is given 
by the rule (ci (8) • • • (g) Cj){cj+i (8) • • • <8) c^) = ci (8) • • • (g) c„ and the unit element is 
1 G /c ~ (7®°. The algebra Cob(C) is a graded algebra with the grading given by the 
rule deg(ci ® • ■ ■ c„) = deg Ci + ■ ■ ■ + deg c„ + n. 

Odd derivations of degree 1 on Cob(C) are determined by their restrictions to the 
component C+ ~ C®^ C Cob(C); conversely, any linear map C+ — )■ Cob(C) of 
degree 2 gives rise to an odd derivation of degree 1 on Cob(C). Let dcob be the 
odd derivation on Cob(C) whose restriction to C_|_ is given by the formula d{c) = 
(_l)|c(i,i4/)l+iq^ (g) C(2.H/) — dw{c) + hw{c), where C+ is identified with W and 
l^w{c) = C(i,w) ® C(2,iy). Let /icob G Cob(C) be the element given by the formula 
^Cob = (-l)'''<'''=''^V(i,fc)®/^(2,/fc)-4 + /ife, where /Xfc = /X(i,fc)®/i(2,fc). Then Cob^(C) = 
(Cob(C), dcob, ^Cob) is a CDG-algebra over k. The CDG-algebra C6hyj{C) is called 
the cobar- construction of a CDG-coalgebra C endowed with a homogeneous /c-linear 
section w: k — > C of the counit map e: C — > k. 

A section w. k — )■ C is called a coaugmentation of a CDG-coalgebra C if 
{w, 0) : {k, 0, 0) — )■ (C, d, h) is a morphism of CDG-coalgebras; equivalently, w is 
a coaugmentation if it is a morphism of graded coalgebras satisfying the equations 
dow = and h o w = 0. A fc-linear section w is a coaugmentation if and only if the 
CDG-algebra Cob^(C) is actually a DG-algebra, i. e., /icob = 0. 

For any CDG-algebra B with a fc-hnear retraction v, the fc-linear section w : k — > 
Bar.y(i?) given by the embedding of A; ~ Bf^ into Bar (5) is a coaugmentation of the 
CDG-coalgebra Baiy{B) if and only if /i = in 5, i. e., i? is a DG-algebra. For any 
CDG-coalgebra C with a fc-linear section w, the /c-linear retraction v : Cob^(C) — > k 
given by the projection of Cob(C) onto Cf^ ~ /c is an augmentation of the 
CDG-algebra Cob^(C) if and only if /i = on C, i. e., C is a DG-coalgebra. So 
a (co) augmentation on one side of the (co)bar-construction corresponds to the van- 
ishing of the curvature element on the other side. 

Given a CDG-algebra B, changing a retraction v: B — > k to another retrac- 
tion v': B — > k given by the formula v'{b) = v{b) + a{b) leads to an isomor- 
phism of CDC- coalgebras (id, a) : Bar^(i?) — )■ Bar^/(S), where a: B^ — > k 
is a linear function of degree identified with the corresponding linear function 
Bar (5) — > B^ — y k of degree 1. Given a CDG-coalgebra C, changing a sec- 
tion w. k — > C to another section w' : k — > C given by the rule w'{l) — w{l) + a 
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leads to an isomorphism of CDG-algebras (id, a) : Cob^/(C) — > Cob^(C), where 
a e C+ is an element of degree identified with the corresponding element of 
Cob(C) D C+ of degree 1. To an isomorphism of CDG-coalgebras of the form 
(id, a) : (C, d, h) — > (C, d', h') one can assign an isomorphism of the correspond- 
ing cobar-constructions of the form (/„, 0) : Cob^(C, d, /i) — )■ Cohyj{C,d',h') with 
the automorphism /„ of the graded algebra Cob(C) given by the rule c i — > c — a(c) 
for c G C+. Here a: C — > /c is a linear function of degree 1. 

Consequently, there is a functor from the category of CDG-coalgebras to the 
category of CDG-algebras assigning to a CDG-coalgebra C its cobar-construction 
Cob„,(C). The cobar-construction is also a functor from the category of coaugmented 
CDG-coalgebras to the category of DC-algebras, from the category of DG-coalgebras 
to the category of augmented CDG-algebras, and from the category of coaugmented 
DG-coalgebras to the category of augmented DG-algebras. 

Furthermore, let us call a morphism of CDG-algebras (/, a) : B — )■ A strict if 
one has a = 0. Then there is a functor from the category of CDG-algebras and 
strict morphisms between them to the category of CDG-coalgebras assigning to a 
CDG-algebra B its bar-construction Bar^(i?). The bar-construction is also a functor 
from the category of DG-algebras to the category of coaugmented CDG-coalgebras, 
from the category of augmented CDG-algebras and strict morphisms between them 
to the category of DG-coalgebras, and from the category of augmented DG-algebras 
to the category of coaugmented DG-coalgebras. 

Remark. There is no isomorphism of bar-constructions corresponding to an iso- 
morphism of CDG-algebras that is not strict. The reason is, essentially, that there 
exist no morphisms of tensor coalgebras Bar(S) that do not preserve their coau- 
mentations k ~ B®^ — >■ Bar(S), while there do exist coderivations of Bar (5) not 
compatible with the coaugmentation. Moreover, for any augmented CDG-algebra 
B = {B,d,h) with h ^ the DG-coalgebra Bar^(5) is acyclic, i. e., its cohomology 
is the zero coalgebra. Indeed, consider the dual DG-algebra Bar^(i?)*. Its sub- 
algebra of cocycles of degree zero Z°(Bar„(i?)*) is complete in the adic topology 
of its augmentation ideal ker(Z''(Bar„(i?)*) — )■ k), while the ideal of coboundaries 
imd~^ C Z^{B8iYy{B)*) contains elements not belonging to the augmentation ideal. 
Thus imd~^ = Z^{Bai^,(B)*) and the unit element 1 G Bar„(i?)* is a coboundary. 
One can show that the DG-coalgebra Bar^(S) considered up to DG-coalgebra isomor- 
phisms carries no information about a coaugmented CDG-algebra B except for the 
dimensions of its graded components. Furthermore, for any CDG-algebra {B, d, h) 
with h^O and any left CDG-module M over B, the CDG-comodule Bar^(5)®^B,. 
and the CDG-contramodule Hom'^^ ''(Bar^(5), M) over the CDG-coalgebra Bar^(S) 
are contractible, the notation being introduced in 6.2. (See Remark 7.3.) 
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6.2. Twisting cochains. Let C = (C, dc, he) be a CDG-coalgebra and B = 
{BjdB.hs) be a CDG-algebra over the same field A;. We introduce a CDG-algebra 
structure on the graded vector space of homogeneous homomorphisms Hom^ (C,i3) 
in the following way. The multiplication in Hom^. (C,i?) is given by the formula 
= (— l)'^"'^*^''/(c(i))fi'(c(2)). The differential is given by the standard rule 
= dB{f{c)) — {—iy^^f{dc{c)). The curvature element is defined by the for- 
mula h{c) = e{c)hB — hc{c) ■ 1, where 1 is the unit element of B and e is the counit 
map of C. A homogeneous linear map r: C — )■ B of degree 1 is called a twisting 
cochain [37, 24, 43] if it satisfies the equation r"^ + dr + h — with respect to the 
above-defined CDG-algebra structure on Horak^C, B). 

Let C be a GDG-coalgcbra and w: k — > C be a homogeneous A;-linear section of 
the counit map e. Then the composition r = rc\w '■ C — > Gob(C) of the homogeneous 
linear maps C — > W ~ C+ ~ Cf^ — > Cob(C) is a twisting cochain for C and 
Cob^(C). Let S be a CDG-algebra and v: C — )■ /c be a homogeneous /c-linear 
retraction. Then minus the composition 'Qaiy[B) — > Bf^ ~ B^ ~ V — > S is a 
twisting cochain r = j, : Bax^^B) — > B for Baiy{B) and B. 

Let t: C — > B he a. twisting cochain for a CDG-coalgebra C and a CDG-alge- 
bra B. Then for any left CDG-module M over B there is a natural structure of left 
CDG-comodule over C on the tensor product C <S)k M. Namely, the coaction of C in 
C®kM is induced by the left coaction of C in itself, while the differential onC®kM is 
given by the formula d{c®x) = d{c)®x + {—l)\'^\c®d{x) + (— l)l'^(i)lc(i) ®t{c(2))x- We 
will denote the tensor product C ®k M with this CDG-comodule structure by C ®'^M. 
Furthermore, for any left CDG-comodule N over C there is a natural structure of 
left CDG-module over B on the tensor product B ®k N . Namely, the action of B in 
B®kN \s induced by the left action of B in itself, while the differential on B is 
given by the formula = d{b)®y + {-iy%®d{y) + {-iy^^+'^bT{y(-i))®y(o)- We 

will denote the tensor product B N with this CDG-module structure by B (8)"^ N. 

The correspondences assigning to a CDG-module M over B the CDG-comodule 
C M over C and to a CDG-comodule over C the CDG-module B N over 
B can be extended to DG-functors whose action on morphisms is given by the stan- 
dard formulas /*(c ® x) = (-l)l-/'l''=lc ® f^{x) and g^{h ® y) = (-1)1^11^16 ® g^{y). 
The DG-functor C ®^ - : DG(S-mod) — > DG(C-connod) is right adjoint to the 
DG-functor B ®^ -: DG(C-comod) — > DG(S-mod). 

Analogously, for any right CDG-module M over B there is a natural structure of 
right CDG-comodule over C on the tensor product M ®k C. The coaction of C in 
M ®kC is induced by the right coaction of C in itself and the differential on M (8)fc C 
is given by the formula d{x®c) = d{x) ® c+ {—iy^^x<^d{c) + (— l)l^l"'"^a;r(c(i)) ® C(2). 
We will denote the tensor product M ®k C with this CDG-comodule structure by 
M C . For any right CDG-comodule A^ over C there is a natural structure of right 
CDG-module over B on the tensor product A^ ®fc B. Namely, the action of B in 
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N ®k B is induced by the right action of B in itself and the differential on N 0k B is 
given by the formula d{y®h) = + (-l)l^(o)li/(o) ® r(?/(i))6. We 

will denote the tensor product N 0k B with this CDG-module structure by N B. 

For any left CDG-module P over B there is a natural structure of left CDG-contra- 
module over C on the graded vector space of homogeneous linear maps Homjfc(C, P). 
The contraaction of C in Homfe (C.P) is induced by the right coaction of C in it- 
self as explained in 2.2. The differential on Homfc(C, P) is given by the formula 
dU){c) = d(/(c))-(-l)l/l/(rf(c)) + (-l)l/ll^a)lr(c(i))/(c(2)) for / e Hom,(C,P). We 
will denote the graded vector space Homfc(C, P) with this CDG-contramodule struc- 
ture by Hom^ (C.P). For any left CDG-contramodule Q over C there is a natural 
structure of left CDG-module over B on the graded vector space of homogeneous lin- 
ear maps Homfc(P, Q). The action of B in Homjt(P, Q) is induced by the right action 
of B in itself as explained in 1.5 and 1.7. The differential on Homfc(P,(5) is given 
by the formula = - (-l)l^l/(d(6)) + 7r(c ^ (-1)I^I+i+I^II^I/(t(c)6)), 

where vr denotes the contraaction map Homfc(C, Q) — > Q. We will denote the graded 
vector space Homfc(P,Q) with this CDG-module structure by Hom^(P,Q). 

The correspondences assigning to a CDG-module P over B the CDG-contramodule 
Hom"^ (C,P) over C and to a CDG-contramodule Q over C the CDG-module 
B.om^{B,Q) over B can be extended to DG-functors whose action on morphisms 
is given by the standard formula g^{f) = g o f for /: C — > P or f : B — > Q. 
The DG-functor Hom^(C, -): DG(P-mod) — > DG(C-contra) is left adjoint to the 
DG-functor Hom^(P, -): DG(C-contra) — > DG(P-mod). 

6.3. Duality for bar-construction. Let A = [A, d) be a DG-algebra over a 
field k. Choose a homogeneous fc-linear retraction v: A — )■ k and consider the 
bar-construction C = Bar„(74); then C is a coaugmented CDG-coalgebra. Let 
T = ta,v '■ C — >■ A be the natural twisting cochain. 

Theorem, (a) The functors C & — : Hot(y4-mod) — 7> Hot(C-comod) andA'^'^ — : 
Hot(C-comod) — > Hot(A-mod) induce functors D(A-mod) — > D™(C-comod) and 
D™(C-comod) — > D(yl-mod), which are mutually inverse equivalences of triangu- 
lated categories. 

(b) The functors Hom^(C, -): Hot(A-mod) — > Hot(C-contra) and Hom''(A, -) : 
Hot(C-contra) — > Hot(A-mod) induce functors D(A-mod) — > D'^*'' (C-contra) and 
D'^*''(C-contra) — > D(74-mod), which are mutually inverse equivalences of triangu- 
lated categories. 

(c) The above equivalences of triangulated categories D(74-nnod) ~ D'^°(C-connod) 
and D(74-mod) ^ D'^*'' (C-contra) form a commutative diagram with the equivalence 
of triangulated categories D™(C-comod) ~ D'^*'' (C-contra) provided by the derived 
functors h^c (^nd M^'^ of Theorem 5.2. 
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Proof. Part (a): first notice that for any coacyclic CDG-comodule N over C the 
DG-module A N over A is contractible. Indeed, whenever is the total 
CDG-module of an exact triple of CDG-modules A N is the total DG-module 
of an exact triple of DG-modules that sphts as an exact triple of graded A-modules. 
Secondly, let us check that for any acychc DG-module M over A the CDG-comodule 
C M over C is coacyclic. Introduce an increasing filtration F on the coalgebra 
C = Coh(A) by the rule F„ Cob(A) = ®j<„^+"'- There is an induced filtration on 
C ®^ M given by the formula F„(C (g)^ M) = F^C ®k M. This is a filtration by 
CDG-subcomodules and the quotient CDG-comodules F„(C O'^ M)/F„_i(C & M) 
have trivial C-comodule structures. So these quotient CDG-comodulcs can be con- 
sidered simply as complexes of vector spaces, and as such they are isomorphic to the 
complexes A^"" ®k M. These complexes are acyclic, and hence coacyclic, whenever M 
is acyclic. So the CDG-comodule C (8)"^ M is coacychc. Since it is cofree as a graded 
C-comodule, it is even contractible. We have shown that there are induced func- 
tors D(A-mod) — > D'^°(C-comod) and D'^°(C-comod) — > D(A-mod); it remains to 
check that they are mutually inverse equivalences. For any DG-module M over A, the 
DG-module A C ®^ M is isomorphic to the total DG-module of the reduced bar- 
resolution •• • — > A^A+^A+^M — > A®A+®M — > A^M. So the cone of the 
adjunction morphism A^'^C & M — )■ M is acyclic, since the reduced bar-resolution 
remains exact after passing to the cohomology ■ ■ ■ — )■ H{A) ® H{Aj^) (g) H{M) — )■ 
HiyA) H[M) — > H[M) — > 0, as explained in the proof of Theorem 1.4. For 
a CDG-comodule N over C, let K denote the cone of the adjunction morphism 
N — > C <Si'^ A®'^ N. Let us show that the CDG-comodule K is absolutely acychc. 
Introduce a finite increasing filtration on the graded C-comodule K by the rules 
G_2K = 0, G_iK = N[l], GoK = N[l] ® C k N c N[l] Q) C (g)k A (^^ N, 
and GiK = K, where C ®fc A; ®fc iV is embedded into C ®fc ^4 0^ iV by the map 
induced by the unit element of A. The differential d on K does not preserve this 
filtration; still one has d{GiK) C Gi+iK. Let d denote the differential induced by d 
on the associated quotient C-comodule g^QK. Then (gr^j/^, d) is an exact complex of 
graded C-comodules; indeed, it is isomorphic to the standard resolution of the graded 
comodule over the graded tensor coalgebra C. Set L — G^iK + d{G_iK) C K] 
it follows that both L and K/ L are contractible CDG-comodules over C. Part (a) is 
proven; the proof of part (b) is completely analogous (up to duality). To prove (c), 
it suffices to notice the natural isomorphisms '^ciC (8>^ M) ~ Hom"^ (C,M) and 
$c;(Hom^(C, M)) ~ C ®^ M for a DG-module M over A. □ 

6.4. Conilpotent duality for cobar-construction. A graded coalgebra E with- 
out counit is called conilpotent (cf. 5.5) if it is the union of the kernels of iterated 
comultiplication maps E — )■ E'®". A graded coalgebra D endowed with a coaug- 
mentation (morphism of coalgebras) w : k — > D is called conilpotent if the graded 
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coalgcbra without counit D/w{k) is conilpotcnt. One can easily see that a conilpotent 
graded coalgebra has a unique coaugmentation. 

For a conilpotent graded coalgebra D set FnD to be the kernel of the composition 
D — > ]j®n+i — y then the increasing filtration F on D is compatible 

with the coalgebra structure. We will call a CDG-coalgebra C = (C, d, h) conilpotent 
if it is conilpotent as a graded coalgebra and coaugmented as a CD G- coalgcbra. A 
DG-coalgebra is conilpotent if it is conilpotent as a CDG-coalgebra. For a conilpotent 
CDG-coalgebra C, the filtration F defined above is compatible with the CDG-coal- 
gebra structure, i. e., one has d{FnC) C F„C, and in addition, h{FoC) — 0. 

Let C be a conilpotent CDG-coalgcbra and w: k — > C be its coaugmentation 
map. Consider the cobar-construction A = Cob^(C); then ^4 is a DG-algebra. Let 
r = Tc\w '■ C — > A be the natural twisting cochain. 

Theorem. All the assertions of Theorem 6.3 hold for the DG-algebra A, CDG-co- 
algebra C, and twisting cochain r as above in place of A, C, and r from 6.3. 

Proof. Just as in the proof of Theorem 6.3 one shows that for any coacyclic 
CDG-comodule N over C the DG-module A & N over A is contractible. To 
check that the CDG-comodule C (8)"^ M is coacychc (and even contractible) for any 
acyclic DG-modulc M over A, one uses the filtration F on the coalgebra C that 
was constructed above and the induced filtration of the CDG-comodule C M hy 
its CDG-subcomodules F„(C (g)^ M) = F^C ®k M. The quotient CDG-comodules 
Fn{C (g)^ M)/Fn-i{C (2)^ M) are simply the complexes F„C/F„_iC 0^ M with the 
trivial C-comodule structures, so they are coacyclic whenever M is acyclic. For any 
CDG-comodule over C, the CDG-comodule C A^'^ N is isomorphic to the re- 
duced version of the curved cobar-resolution introduced in the proof of Theorem 4.4. 
So the same argument with the canonical filtration with respect to the cobar differ- 
ential d proves that the cone of the adjunction morphism N — > C & A®'^ N is 
coacyclic. For a DG-modulc Af over A, denote by K the cocone of the adjunction 
morphism A®'^ C M — > M . We will show that the DG-module K is absolutely 
acyclic. Introduce a finite decreasing filtration G on the graded A-module K by the 
rules K/G-^K = 0, K/G'^K = M[-l], K/G^K ^ A®kk®kM ® M[-l], and 
K/G^K = K, where A C <^k M maps onto A ®fc /c (8)^ M by the map induced by 
the counit of C. The differential d on K docs not preserve this filtration; still one 
has diG'^K) C G^~^K. Let d denote the differential induced by d on the associated 
quotient A-module gr^X. Then (gr^i^, d) is an exact complex of graded A-modules; 
indeed, it is isomorphic to the standard resolution of the graded module M over the 
graded tensor algebra A. Set L = G^K + d{G^K) C L; it follows that both L and 
K/L arc contractible DC-modules over A. The proof of part (b) is similar (up to 
duality), and the proof of (c) is analogous to the proof of Theorem 6.3(c). □ 
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6.5. Acyclic twisting cochains. Let C be a coaugmcntcd CDG-coalgcbra with 
a coaugmentation w and A be a DG-algebra. Then there is a natural bijective 
correspondence between morphisms of DG-algebras Cob^(C) — > A and twisting 
cochains r: C — > A such that row — 0. Whenever C is a DG-coalgebra, so 
that Cob^(C) is an augmented DG-algebra, and A is also an augmented DG-algebra 
with an augmentation v, a morphism of DG-algebras Cob^,(C) — > A preserves the 
augmentations if and only if one has vot = for the corresponding twisting cochain r. 

Let us assume from now on that C is a conilpotent CDG-coalgebra. Then a twisting 
cochain r : C — > A with tow — is said to be acyclic if the corresponding morphism 
of DG-algebras Cob(C) — > A is a, quasi-isomorphism. 

Theorem, (a) The functors C — : Hot(74-nnod) — )■ Hot(C-comod) and A®'^ — : 
Hot(C-comod) — )■ Hot(yl-mod) induce functors D(yl-mod) — >■ D'^°(C-comod) and 
D™(C-comod) — )■ D(A-mod), the former of which is right adjoint to the latter. 
These functors are mutually inverse equivalences of triangulated categories if and 
only if the twisting cochain r is acyclic. 

(b) The functors Honr(C, -): Hot(A-mod) — > Hot(C-contra) and Hom^(A, -): 
Hot(C-contra) — )■ Hot(A-mod) induce functors D(A-mod) — )■ D"^*''(C-contra) and 
D'^*''(C-contra) — )■ D(74-mod), the former of which is left adjoint to the latter. These 
functors are mutually inverse equivalences of triangulated categories if and only if the 
twisting cochain r is acyclic. 

(c) Whenever the twisting cochain r is acyclic, the above equivalences of triangu- 
lated categories D(y4-mod) ~ D™(C-comod) and D(yl-mod) ~ D'^"'(C-contra) form a 
commutative diagram with the equivalence of triangulated categories D™(C-comod) ~ 
D'^*''(C-contra) provided by the derived functors h^c o-nd of Theorem 5.2. 

So in particular the twisting cochain r — ta,v of 6.3 is acyclic; the twisting cochain 
T — Tc,w of 6.4 is acyclic by the definition. 

Notice that for any acyclic twisting cochain r the above equivalences of derived 
categories (of the first and the second kind) transform the trivial CDG-comodule 
k over C into the free DG-module A over A and the trivial CDG-contramodule k 
over C into the cofree DG-module }iomf;(A, k) over A. When C is a DG-coalgebra, 
A is an augmented DG-algebra with an augmentation v, and one has v o t = 0, 
these equivalences of exotic derived categories also transform the trivial DG-module 
k over A into the cofree DG-comodule C over C and into the free DG-contramodule 
Homfc(C, k) over C. Here the trivial comodule, contramodule, and module structures 
on k are defined in terms of the coaugmentation w and augmentation v. 

Proof. Part (a): Just as in the proofs of Theorems 6.3 and 6.4 one shows that the 
functor i — > A (S)'^ M sends coacyclic CDG-comodulcs to contractiblc DG-mod- 
ules and the functor M i — > C (E)'^ M sends acyclic DG-modulcs to contractible 
CDG-comodules. In order to see that the induced functors are adjoint it suffices 
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to recall that adjointncss of functors can be expressed in terms of adjunction mor- 
phisms and equations they satisfy; these morphisms obviously continue to exist and 
the equations continue to hold after passing to the induced functors between the 
quotient categories. To prove that these functors are equivalences of triangulated 
categories if and only if r is an acychc twisting cochain, it suffices to apply The- 
orem 6.4 and Theorem 1.7 for the morphism of DG-algebras /: Cob^(C) — )■ A. 
Indeed, there arc obvious isomorphisms of functors C (E)"^ M ~ C (g)^'^-" Rf[M) for 
a DG-module M over A and A (g)^iV ~ ^/(Cob^(C) (g^^'-™ N) for a CDG-comodule 
N over C. The proof of part (b) is completely analogous and uses the functor 
instead of Ef. Notice that for any twisting cochain r, for any CDG-comodule N over 
C the DG-module A®"^ N over A is projective and for any CDG-contramodule Q 
over C the DG-module Hom''(/l, Q) over A is injective, as one can prove using either 
the adjointness of the r-related functors between the homotopy categories, or the 
facts that D'^°(C-comod) is generated by the trivial CDG-comodule A; as a triangu- 
lated category with infinite direct sums and D'^*''(C-contra) is generated by the trivial 
CDG-contramodule k as a triangulated category with infinite products (see 5.5 for 
some details). The proof of part (c) is identical to the proof of Theorem 6.3(c). □ 

Notice that for any acyclic twisting cochain r : C — )■ A and any left CDG-comod- 
ule N over C the complex A®'^ N computes Cotor*^(A;, iV) ~ Extc(fc, A^)- Indeed, 
the CDG-comodule C & A N is isomorphic to in the coderived category of 
CDG-comodules over C . This CDG-comodule is also cofree as a graded C-comodule 
and one has A®'^ N ~ kUc {C A®'^ N) ~ Homc(A;, C(g)^A(g)^iV). Analogously, for 
any acyclic twisting cochain r and any left CDG-contramodule Q over C the complex 
Hom^(A,g) ~ Cohomc(A;, Hom^(C, Hom^(A, Q))) ~ A; 0c Hom^(C, Hom^(A, Q)) 
computes Coextc(/c,Q) — Ctrtor*^(A:, Q). The DG-algebra A itself, considered as a 
complex, computes Cotor'" (A;, A;) ~ Ext(7(A;, A;). 

Now let C be a conilpotent DG-coalgebra, A be an augmented DG-algebra with an 
augmentation and r : C — > A be an acyclic twisting cochain for which v or — Q. 
Then for any left DG-module M over A the complex C M computes Tor^(A;, M). 
Indeed, the DG-module A & C M is isomorphic to M in the derived category 
of DC-modules over A. This DG-module is also projective, as mentioned in the 
above proof, and one has C M k ®a {A & C M). Analogously, for any left 
DG-module P over A the complex Hom^(C, P) ~ HomA(A;, Hom^(A, Hom^(C, M))) 
computes ExtA(A;, P). The DG-coalgebra C itself, considered as a complex, computes 
Tor^(A;,A;). 

It follows from the above Theorem that our definion of the coderived category of 
CDG-comodules is equivalent to the definition of Lefevre-Hasegawa and Keller [37, 30] 
for a conilpotent CDG-coalgebra C. 
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6.6. Koszul generators. Let A be a DG-algebra over a field k. Suppose that A is 
endowed with an increasing filtration by graded subspaces k = FqA C FiA C F2A C 
• • • C ^ which is compatible with the multiplication, preserved by the difi^erential, 
and cocomplete, i. e., A = [j^FnA. Let gVpA = ^^FnA/Fn-iA be the associated 
quotient algebra; it is a bigraded algebra with a grading i induced by the grading 
of A and a nonnegative grading n coming from the filtration F. Assume that the 
algebra gipA is Koszul [46, 47, 48] in its nonnegative grading n. 

Choose a graded subspace V C FiA complementary to k = FqA in FiA. Notice 
that the filtration F on ^4 is determined by the subspace V G A, as a Koszul algebra 
is generated by its component of degree 1. We will call F a Koszul filtration and V 
a Koszul generating subspace of A. Extend y to a subspace V G A complementary 
to A; in ^4 and denote hj v: A — > k the projection of A to A; along V. 

Let C C 0„(-Fi^//i:)®" be the Koszul coalgebra quadratic dual to gVpA. Re- 
call that C is constructed as the direct sum of intersections of the form C = 
^ZoOUiF.A/k)'^^-' ®fc {F,A/k)'^^-^-\ where R C (F^A/k) 0^ (F^A/k) is 
the kernel of the multiplication map (FiA/k)'^'^ — > F2A/F1A. In particular, Co = k, 
C\ = FiA/k, and €2 = R are the low-degree components of C in the grading n. We 
will consider C as a subcoalgebra of the tensor coalgebra Bar(74) = 0„(^//^)®" and 
endow C with the total grading inherited from the grading of Bar (A). 

One can easily see that the graded subcoalgebra C C Bar^,(A) is preserved by 
the differential of Bar^(74), which makes it a CDG-algebra and a CDG-subcoalgebra 
of Bar^(74). The CDG-algebra structure on C does not depend on the choice of a 
subspace V G A, but only on the subspace V G FiA. Define the homogeneneous 
linear map r: C — > A of degree 1 as minus the composition C — )■ Ci = FiA/k ~ 
V — > FiA G A. Clearly, C is a conilpotent CDG-coalgebra with the coaugmentation 
w: A; ~ Co — > C and t o w = 0. 

Theorem. The map r is an acyclic twisting cochain. 

Proof. The element r G Homfc(C, A) satisfies the equation + dr + h = 0, since it is 
the image of the twisting cochain ta,v G Homfc(Bar„(A), A) under the natural strict 
surjective morphism of CDG-algebras Homfc(Bar^(74), ^4) — > Homfc(C, ^4) induced 
by the embedding C — > Bar^(A). To check that the morphism of DG-algebras 
Cohyj{C) — 7- A is a quasi-isomorphism, it suffices to pass to the associated quotient 
objects with respect to the increasing filtration F on A and the increasing filtration F 
on Cob^(C) induced by the increasing filtration F on C associated with the grading n. 
Then it remains to use the fact that the coalgebra C is Koszul [47] . □ 

Let A be a DG-algebra with a Koszul generating subspace V and the correspond- 
ing Koszul filtration F. Consider the CDG-coalgebra C and the twisting cochain 
r: C — )■ A constructed above. Let M be a left DC- module over A; suppose that M 
is endowed with an increasing filtration by graded subspaces FqM G FiM G ■ ■ ■ G M 
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that is compatible with the filtration on A and the action of A on M, preserved by 
the differential on M, and cocomplete, i. e., M = 1J^F„M. Assume that the asso- 
ciated quotient module gipM over the associated quotient algebra grpA is Koszul 
in its nonnegative grading n. Define the graded subcomodule N (Z C <S>'^ M as the 
intersection C (8)^ FqM fl C (8)^ 5" C C ®fc M, where S C {FiA/k) (g) FqM is the kernel 
of the action map (FiA/k) FqM — > FiM/FqM. This is the Koszul comodule 
quadratic dual to the Koszul module gr^M over gipA. The subcomodule is pre- 
served by the differential on C ®^ M, so it is a CDG-comodule over C. The natural 
morphism of DG-modules A<^'^ N — > M over ^4 is a quasi-isomorphism, as one can 
show in the way analogous to the proof of the above Theorem. A dual result holds 
for DG-modules P over A endowed with a complete decreasing filtration satisfying 
the Koszulity condition and the CDG-contramodules P quadratic dual to them. 

Example. Let g be a Lie algebra and A = Ug he its universal enveloping algebra 
considered as a DG-algebra concentrated in degree 0. Let F be the standard filtration 
on Uq and V — Q C Ughe the standard generating subspace; they are well-known 
to be Koszul. Then A is augmented, so C is a DG-coalgebra; it can be identi- 
fied with the standard homological complex C^{q). The functors M i — > C M 
and P I — )■ Hom^ (C,P) are isomorphic to the functors of standard homological 
and cohomological complexes M \ — )■ C^{q,M) and P i — > C*{q,P) with coeffi- 
cients in complexes of g- modules M and P. Hence we see that these functors induce 
equivalences between the derived category of g-modules, the coderived category of 
DG-comodules over C*(0), and the contraderived category of DG-contramodules over 
C^{q). When q and consequently C*(0) are finite-dimensional, DG-comodules and 
DG-contramodules over C^{q) can be identified with DG-modules over the standard 
cohomological complex C*(0), so the functors M i — )■ C*(g, M) and P i — )■ C*(g, P) 
induce equivalences between the derived category of g-modules, the coderived cat- 
egory of DG-modules over C*(g), and the contraderived category of DG-modules 
over C*{q). These results can be extended to the case of a central extension of 
Lie algebras — )■ k — )■ q' — )■ Q — > with the kernel k and the enveloping 
algebra U'q = UQ'/{lugr — l^r) governing representations of g' where the central el- 
ement 1 G k C g' acts by the identity. Choose a section g — ^ g' of our central 
extension and define the generating subspace V C g' C U'q accordingly; then the 
corresponding CDG-coalgebra C coincides with the DG-coalgebra C*(g) as a graded 
coalgebra with a coderivation; the 2-cochain C2(g) — > k of the central extension 
g' — > g is the curvature linear function of C. The derived category of f/'g-modules 
is equivalent to the coderived category of CDG-comodules and the contraderived 
category of CDG-contramodules over this CDG-coalgebra C. Furthermore, for a 
finite-dimensional Lie algebra g the bounded derived category of finitely generated 
C/'g-modules is equivalent to the absolute derived category of finite-dimensional 
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CDG-comodules over the (finite-dimensional) CDG-coalgcbra C, since the algebra 
U'g is Noetherian and has a finite homological dimension (cf. B.5). 

6.7. Nonconilpotent duality for cobar-construction. Let C be a CDG-coalge- 
bra endowed with a homogeneous fc-linear section w : k — > C of the counit 
map £, and let i? be a CDG-algebra. Then there is a natural bijective correspon- 
dence between morphisms of CDG-algebras Cob,„(C) — > B and twisting cochains 
r: C — > B. A morphism of CDG-algebras Cobu,(C) — )■ B is strict if and only 
if one has tow = for the corresponding twisting cochain r. Whenever C is 
a DG-coalgebra, so that Cohw{C) is an augmented CDG-algebra, and B is also 
an augmented CDG-algebra with an augmentation v, a morphism of CDG-algebras 
Cob^(C) — > B preserves the augmentations if and only if one has i> o r = for the 
corresponding twisting cochain r. 

Given a CDG-coalgebra C with a /c-linear section w: k — > C, set B — Cob^(C) 
and r = tc^w '■ C — > B. 

Theorem, (a) The functors C®"^ — : Hot(i?-mod) — > Hot(C-comod) andB®'^ — : 
Hot(C-comod) — y Hot(i?-mod) induce functors D™(i?-mod) — )■ D'^°(C-comod) 
and D'^°(C-connod) — >■ D'^°{B-mo6), which are mutually inverse equivalences of 
triangulated categories. 

(b) The functors Y[om''{C,-): Hot(fi-mod) — )■ Hot(C-contra) anrf Hom^(fi, -) : 
Hot(C-contra) — y Hot(i?-mod) induce functors D'^*''(i?-mod) — > D'^*''(C-contra) 
and D'^*''(C-contra) — > D'^''(S-nnod), which are mutually inverse equivalences of 
triangulated categories. 

(c) The above equivalences of triangulated categories D^'^^(i?-mod) ^ D™(C-comod) 
and D^'^^(i?-mod) ~ D'^*''(C-contra) form a commutative diagram with the equivalence 
of triangulated categories D'^°(C-comod) ~ D'^''(C-contra) provided by the derived 
functors and R'^c of Theorem 5.2. 

Whenever C is an coaugmented CDG-coalgebra and accordingly S is a DG-algebra, 
the above equivalences of triangulated categories transform the trivial CDG-comodule 
k over C into the free DG-module B over B and the trivial CDG-contramodule k over 
C into the cofrcc DG-module Homfc(i?, k) over B. Whenever C is a DG-coalgebra and 
accordingly B is an augmented CDG-algebra, the same equivalences of triangulated 
categories transform the trivial CDG-module k over B into the cofree DG-comodule 
C over C and into the free DG-contramodule Homjt(C, k) over C. 

Proof. The assertions about existence of induced functors in (a) and (b) hold for any 
CDG-coalgebra C, CDG-algebra B, and twisting cochain r: C — )■ B. Indeed, the 
functors M \ — )■ C®'^M and N \ — )■ B^'^N send coacyclic objects to contractible ones, 
while the functors P i — > Hom^ (C,P) and Q i — > }iom^{B,Q) send contraacyclic 
objects to contractible ones, for the reasons explained in the proof of Theorem 6.3. 
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One also finds that the induced functors are adjoint to each other, as explained in 
the proof of Theorem 6.5. Now when B = Cob„,(C) and r = tc,w, the adjunction 
morphisms are isomorphisms, as it was shown in the proof of Theorem 6.4. Notice 
that D'=°(S-mod) = D^''^(S-mod) = D«''(S-mod) in this case by Theorem 3.6. The 
proof of part (c) is identical to that of Theorem 6.3(c). □ 

We continue to assume that B — Cob^(C) and r = tc,w Whenever C is a coaug- 
mented CDG-coalgebra, for any left CDG-comodule N over C the complex B N 
computes Cotor*" (A;, iV) ~ Fjxtcik, N) and for any left CDG-contramodulc Q over 
C the complex }iom^(B,Q) computes Coextc(A;, Q) ~ Ctrtor'"(A;, Q), as explained 
in 6.5. The DG- algebra B itself, considered as a complex, computes Cotor'^(A;, k) ~ 
Extc(A;, k). Whenever C is a DG-coalgebra, for any left CDG-module M over B the 
complex C ®^ Af computes Tor^'^^(A';, M) and for any left GDG- module P over B the 
complex Hom^(C, P) computes Ext§(A;,P). The DG-coalgebra C itself, considered 
as a complex, computes Tor^'^\k, k). 

Corollary. LetC be a conilpotent CDG-coalgebra, w: k — > C be its coaugmentation, 
and A = Cohw{C) be its cobar- construction. Then the derived category D(y4-mod) 
and the absolute derived category D^^^{A-mod) coincide; in other words, any acyclic 
DG-module over A is absolutely acyclic. 

Proof. Compare Theorem 6.4 and Theorem 6.7. □ 

For more general results of this kind, see 6.8 and 9.4. For a counterexample showing 
that the conilpotency condition is necessary in this Corollary, see Remark 6.10. 

Now let r: C — )■ B be any twisting cochain between a CDG-coalgebra C and a 
CDG-algebra B. Let us discuss the adjunction properties of our functors between 
the homotopy categories in some more detail. Notice that the functor M \ — )■ C & M 
is the composition of left adjoint functors M \ — )■ Hom'^(C, M) and Q i — )■ ^c{Q)- 
So the corresponding composition of right adjoint functors i — > Hom'^(i?, ^c'(iV)) 
is right adjoint to the functor M i — )■ C M . At the same time, the functor 

I — )■ B®'^ N is left adjoint to the functor M \ — )■ C ®'^M. Analogously, the functor 
M I — )■ Hom"^ (C,M) is the composition of right adjoint functors M i — >■ C & M 
and A'^ i — )■ \E'c(A^)- So the corresponding composition of left adjoint functors Q i — > 
B ®'^^c{Q) is left adjoint to the functor M i — )■ Hom^(C, M). At the same time, the 
functor Q i — )■ Hom'^(P, Q) is right adjoint to the functor M i — y Hom'^(C, M). 

6.8. Koszul cogenerators. Let C be a CDG-coalgebra over a field k. Suppose C is 
endowed with a decreasing filtration by graded subspaces C = G^C D G^C C G^G D 
• • • D G^G D G^'^^G — such that G is compatible with the comultiplication and 
the counit, dciG^'G) C G^-^C, and hc{G^G) = 0. Let gr^C = 0„ G^C/G^+iC be 
the associated quotient coalgebra; it is a bigraded coalgebra with a grading i induced 
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by the grading of C and a grading ^ n ^ iV coming from the filtration G. Assume 
that the coalgebra gr^^C is Koszul [47, 48] in its nonnegative grading n. 

The differential dc on C induces a differential dgrc on gr^C having the degrees i = \ 
and n — —1. The linear function he on C induces a linear function hg^c on g^QC 
having the degrees i — 2 and n — —2. This defines a structure of CDG-coalgebra 
(with respect to the grading i) on gr^C. The natural map k ~ C/G^G — )■ gr^C 
provides a coaugmentation w for gr^C. Consider the DG-algebra Cob„,.(grgC). The 
increasing filtration F on gr^^C coming from the grading n is compatible with the 
CDG-coalgebra structure and induces an increasing filtration F on Cob^(grg.C). 
Considering the associated graded DG-algebra gr^ Cob^(grQC), one can show [46, 
Section 7 of Chapter 5] that the cohomology algebra B of the DG-algebra Cobtt,(gr^C) 
is concentrated in degree with respect to the difference of the grading n induced 
by the grading n of gr^C and the grading m of Co\iu,{gT qC) by the tensor degrees. 
Moreover, the associated graded algebra gr^S is quadratic dual to the Koszul coalge- 
bra gr^jC. The component FiB is identified with the direct sum k®V oi the subspace 
k = FqB and a graded subspace V d B naturally isomorphic to {G^G / G'^C)[—1\. 

Now choose a homogeneous /c-linear section w : k — )■ G of the counit map of G. De- 
fine a graded algebra morphism Cob^(C) — > B by the rule that the map C+[— 1] — > 
B is the composition C+[-l] = G^G[-l] — > {G^G /G'^G)[-l\ — > B. Wc claim 
that the CDG-algebra structure on Cobu,(C) induces such a structure on B. Indeed, 
the graded algebra B is the quotient algebra of the graded algebra Cob^(C) by the 
ideal generated by G'^C[—l]+(icob(G^C[—l])- Furthermore, one has o?(F„_B) C -F„+i-B 
and h G F2B. The associated quotient algebra gVpB is Koszul with respect to the 
grading n coming from the filtration F. In addition, grpB has a finite homological 
dimension as a graded algebra with respect to the grading n, or equivalently, as a 
bigraded algebra. Conversely, given a CDG-algebra B with an increasing filtration 
F with the above properties one can recover a CDG-coalgebra G. One proves this 
using the dual version of the spectral sequence argument from [46], which works in 
the assumption of finite homological dimension. 

The graded algebra B has a finite (left and right) homological dimension, since 
one can compute the spaces Ext over it in terms of nonhomogeneous Koszul com- 
plexes. Let r: G — > B be the twisting cochain corresponding to the morphism of 
CDG-algebras Cob^(C) B. 

Theorem. The assertions (a-c) of Theorem 6.7 hold for the CDG-coalgebra G, the 
DG-algebra B, and the twisting cochain r. 

Proof. Let us check that the adjunction morphism N — > G ®'^B®'^N has a coacyclic 
cone for any CDG-comodule N over G. Introduce an increasing filtration F on this 
cone K by the rules F_2K = 0, F_iK = N[l], and F^K = cone{N G®kFnB®kN) 
for n ^ 0. The differential d on K does not preserve this filtration; still one has 



78 



d{FnK) C Fn+iK. Let d denote the induced differential on the associated quotient 
C-comodule gTpK. Then (gipK, d) is an exact complex of graded C-comodules; 
indeed, it is isomorphic to the nonhomogeneous Koszul resolution of the graded 
C-comodule N. Consider the filtration of the CDG-comodule K over C by the 
CDG-subcomodules F^K + d{FnK). Then the associated quotient CDG-comodules 
of this filtration are contractible, hence K is coacyclic. To check that the adjunction 
morphism B C M — > M has an absolutely acyclic cone for any CDG-module 
M over B, one argues in the analogous way. Introduce a decreasing filtration G on 
this cone K by the rules K/G'^K = 0, K/G'^K = M, and K/G^'+^K = cone(S ®^ 
C/G"+iC(g)^M M) for n ^ 0. Then the associated quotient CDG- modules of the 
finite filtration of K by the CDG-submodules G"^K + d{G"'K) are contractible. The 
rest is explained in the proof of Theorem 6.7 and the previous theorems. □ 

Whenever C is a coaugmented coalgebra and w is its coaugmentation, the 
CDG-algebra B is, in fact, a DG-algebra. In this case, for any left CDG-comodule N 
over C the complex B N computes Cotor'^(A;, N) ~ Extc(A;, N) and for any left 
CDG-contramodule Q over C the complex Hom^(£), Q) computes Coextc(fc, Q) ~ 
Ctrtor'"(A:, Q), as explained in 6.5. The DG-algebra B itself, considered as a com- 
plex, computes Cotor*" (A;, k) ~ Extc(A;, k). Whenever C is, actually, a DG-coalgebra, 
the CDG-algebra B is augmented. In this case, for any left CDG-module M over 
B the complex C (g)"" M computes Tor^'-^^(A;, M) and for any left CDG-module P 
over B the complex Hom'^(C, P) computes Ext^(fc,P). The DG-coalgebra C itself, 
considered clS cl complex, computes Toi^'^^k, k). 

Let Hot(i?-modfgp) denote the full triangulated subcategory of the homotopy cat- 
egory Hot(S-nnod) consisting of all CDG-modules that are projective and finitely 
generated as graded S-modules. The category Hot(i?-modfgp) can be also considered 
as a full triangulated subcategory of D'^°(P-mod) = D'^*^(P-mod) = D^''^(P-mod). 

Corollary 1. For a CDG-algebra B as above, the objects of the triangulated sub- 
category Hot(-B-modfgp) C □^''^(P-mod) are compact generators of the triangulated 
category D^'^^(i?-mod). 

Proof. It was shown in 5.5 (see also 4.6) that the objects of the full triangulated sub- 
category D^''^(C-comodfd) C D™(C-comod) are compact generators of the coderived 
category D'^°(C-comod). Obviously, the Koszul duality functor N i — > B <Si'^ M from 
the above Theorem maps D^'^^(C-comodfd) into Hot(S-modfgp) C D^'^^(i?-mod). On 
the other hand, by Theorem 3.6 the absolute derived category D^'^^(i?-mod) is equiv- 
alent to the homotopy category Hot(i?-modproj) of CDG-modules that are projective 
as graded P-modules. It is clear that the objects of Hot(i?-modfgp) are compact in 
Hot(5-modproj). The assertion of Corollary follows from that of Theorem, part (a) 
together with these observations. □ 
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For a discussion of questions and results related to Corollary 1, see Question 3.8. 

Corollary 2. In the above notation, suppose that C is a conilpotent CDG-coalgebra 

and w: k — )■ C is its coaugmentation. Then the derived category D(S-nnod) and 
the absolute derived category D^'^^(_B-mod) coincide; in other words, any acyclic 
DG-module over B is absolutely acyclic. 

Proof. It suffices to show that the CDG-comodule C&M over C is coacyclic whenever 
a DG-module M over B is acyclic. It was explained in the proof of Theorem 6.4 how 
to do so. □ 

For other results similar to that of Corollary 2, see 9.4. 

6.9. Cotor and Tor, Coext and Ext, Ctrtor and Tor; restriction and ex- 
tension of scalars. Let C be a conilpotent CDG-coalgebra, A be a DG-algebra, 

and r: C — )■ A be an acyclic twisting cochain. Notice that by the right version of 
Theorem 6.5 the functors Af i — y M C and i — > N A induce an equivalence 
of triangulated categories D(mod-74) ~ D'^°(comod-C). 

Theorem 1. (a) The equivalences of triangulated categories D'^°(comod-C) ~ 
D(mod-/l) and D™(C-comod) ~ D(/l-mod) transform the functor Cotor*^ into the 
functor Tor"^. 

(b) The equivalences of triangulated categories D"^°(C-comod) ~ D(A-mod) and 
D'^*''(C-contra) ~ D(A-mod) transform the functor Coext^ into the functor Ext^. 

(c) The equivalences of triangulated categories D'^°(comod-C) ~ D(mod-A) and 
D'^"'(C-contra) ~ D(A-mod) transform the functor Ctrtor*" into the functor Tor"^. 

Proof. To prove part (a), it suffices to use either of the natural isomorphisms of 
complexes N'Uc{C®^M") ~ (iV'®M)®^iH" or {M'&C)UcN" ~ M'®a{A®^N"). 
To check that one obtains the same isomorphism of functors in these two ways, 
notice that the two compositions N' Uc N" — > N' Uc {C (g)^ A (g)^ N") ~ (A^' 0^ 
A) ®A {A ®^ N") and A^' Dc A^" — > {N' ®^ A ®^ C) Dc A^" — y {N' ®^ A) ®^ 
[A N") coincide. To prove (b), use either of the isomorphisms Cohomc(C (8)'^ 
M, Q) ~ HomA(M,Hom^(A,g)) or Cohomc(Ar, Hom^(C, P)) ~ YiomA{A& N,P). 
Alternatively, use the result of 5.3 and Theorem 6.5. To check (c), use the natural 
isomorphism {N A) ®a P ^ N Qc Hom"" (C, P) . □ 

Let C and D be conilpotent CDG-coalgebras, A and B be DG-algebras, r : C — > A 
and a: D — > B be acyclic twisting cochains. Let /: A — > P be a morphism of 
DG-algebras and g = {g,a): C — > P be a morphism of CDG-coalgebras. Assume 
that the following commutativity equation holds: the difference ag — fr is equal to 
the composition of the map a: C — > k and the unit map k — > B. 
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Proposition, (a) The equivalences of triangulated categories D(A-mod) ~ 
D™(C-comod) and D(i?-mod) ~ D™(D-comod) transform the functor IRf 
into the functor M.Eg and the functor hEf into the functor IRg. 

(b) The equivalences of triangulated categories D(A-nnod) ~ D*^*''(C-contra) and 
D(S-nnod) ~ D'^*''(£)-contra) transform the functor IRf into the functor hE^ and 
the functor M.E^ into the functor lE^. 

Proof. To prove part (a), use the natural isomorphisms Eg{D M) ~ C 0^ Rf{M) 
and (g)^ A^) ~ 5 (g)'^ Rg{N) for a DG-module M over B and a CDG-comodule 

N over C. The proof of part (b) is similar. □ 

Now let C be a CDG-algebra endowed with a fc-linear section w: k — ^ C and 
B = Cob^(C) be its cobar-construction. More generally, one can assume that C and 
B are a CDG-coalgebra and a CDG-algebra related by the construction of 6.8. By the 
right version of Theorem 6.7 or 6.8, the functors M i — > M C and i — y N B 
induce an equivalence of triangulated categories D^'^^(nnod-S) ~ D'^°(comod-C). 

Theorem 2. (a) The equivalences of triangulated categories D™(comod-C) ~ 
D^'^^(mod-_B) and D'^°(C-comod) ~ D^'^^(S-mod) transform the functor Cotor*^ into 
the functor Tor^'^^ . 

(b) The equivalences of triangulated categories D'^°(C-comod) ~ □^''^(S-mod) and 
D'^*''(C-contra) ~ D^^{B-mod) transform the functor Coext^ into the functor Extg. 

(c) The equivalences of triangulated categories D™(comod-C) ~ D(mod-i?) and 
□'^'^''(C-contra) ~ D{B-mod) transform the functor Ctrtor*^ into the functor Tor^'^^. 

Proof. See the proof of Theorem 1. □ 

6.10. Bar duality between algebras and coalgebras. Graded tensor coalgebras 
are cofree objects in the category of conilpotent graded coalgebras. More precisely, 
for any conilpotent graded coalgebra C with the coaugmentation w : k — > C and any 
graded vector space U there is a bijective correspondence between graded coalgebra 
morphisms C — > 0^o ^^'^ homogeneous A;- linear maps C/w{k) — > U of 
degree zero. Notice that the graded tensor coalgebra conilpotent and 

any morphism of conilpotent graded coalgebras preserves the coaugmentations. Let 
us emphasize that the above assertion in not true when the graded coalgebra C is 
not conilpotent. 

Let S be a CDG-algebra and v: B — > k he a homogeneous A';-lincar retraction. 
Let C be a CDG-coalgebra that is conilpotent as a graded coalgebra; denote by 
w : k — y C the coaugmentation map (which does not have to be a coaugmentation 
of C as a CDG-algebra). Then there is a natural bijective correspondence between 
morphisms of CDG-coalgebras C — > Bar„(5) and twisting cochains r: C — > B 
such that T ow — 0. Whenever C is a DG-coalgebra and v is an augmentation of B, 
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a CDG-coalgebra morphism C — > Bar^(S) is actually a morphism of DG-coalgebras 
if and only if one has w o r = for the corresponding twisting cochain r. 

Let fc-coalg^^g '"^ denote the category of conilpotent CDG-coalgebras, fc-coalg^g"'''' 
denote the category of conilpotent DG-coalgebras, fc-algjg denote the category of 
DG-algebras with nonzero units, and k-z\g^^ denote the category of augmented 
DG-algebras (over the ground field k) . It follows from the above that the functor of 
conilpotent cobar-construction Cob^: /c-coalg^jg''' — > /c-alg^g is left adjoint to the 
functor of DG-algebra bar-construction Bar^: /c-alg^g — > /c-coalg^jg'''. Analogously, 
the functor of conilpotent DG-coalgebra cobar-construction Cohw'- /c--coalg^°"'''' — )■ 
/c-algjg^ is right adjoint to the functor of augmented DG-algebra bar-construction 
Bar„: /c-alg^g^ — )■ fc-coalg^g"''". 

A morphism of conilpotent CDG-coalgebras (/, a) : C — )■ D is called a filtered 
quasi-isomorphism if there exist increasing filtrations F on C and D satisfying the 
following conditions. The filtrations F must be compatible with the comultiplications 
and differentials on C and D; one must have FqC = wc{k) and FqD = tUD{k^. so that, 
in particular, the associated quotient objects gr^C and gr^L> are DG-coalgebras; 
and the induced morphism gr^/: gr^C — > gr^D must be a quasi-isomorphism 
of graded complexes of vector spaces. A morphism of conilpotent DG-coalgebras 
is a filtered quasi-isomorphism if it is a filtered quasi-isomorphism as a morphism 
of conilpotent CDG-coalgcbras. The classes of filtered quasi- isomorphisms will be 
denoted by FQuis C /c-coalg^^g'''^ and FQuis C A;-coalg^°"''''. Let us emphasize that 
there is no claim that the classes of filtered quasi-isomorphisms are closed under 
composition of morphisms. The classes of quasi-isomorphisms of DG-algebras and 
augmented DG-algebras will be denoted by Quis C /c-algjg and Quis C /c-alg^g^. 

Theorem, (a) The functors Cob^: /c-coalg^^g''^ — > /c-alg^g and Bar„: k-a\g^^ — > 
/c-coalg^^g''' induce functors between the localized categories A;-coalg^^g''''[FQuis~^] — > 

A;-algjg[Quis"^] and /c-alg^g[Quis~^] — > A;-coalg^^g''''[FQuis~^], which are mutually 

inverse equivalences of categories. 

(b) The functors Cob^: /t-coalg^g"''" — > k-a\g'^f and Bar^ : fc-alg^g^ — > 

/c-coalg^g"'''' induce functors between the localized categories A;-coalg^g"''''[FQuis^^] — > 

A;-algjg^[Quis~^] and A;-alg^g®[Quis~^] — > A;-coalg^g"''''[FQuis~^], which are mutually 
inverse equivalences of categories. 

Proof. We will prove part (a); the proof of part (b) is similar. For any filtered 
quasi-isomorphism of conilpotent CDG-coalgebras (/, a) : C — V D the induced 
morphism of cobar-constructions Cob^(/, a): Cob^(C) — )■ Cob.u,(Z}) is a quasi- 
isomorphism of DG-algebras. Indeed, let F denote the increasing filtrations on 
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the cobar-constructions induced by the filtrations F of C and D\ then the mor- 
phism of associated graded DG-algebras gi p Cohyj{f ^ a) is a quasi-isomorphism, 
since the tensor products and the cones of morphisms of complexes preserve quasi- 
isomorphisms. Conversely, for any quasi-isomorphism of DG-algebras g: A — )■ B 
the induced morphism of bar-constructions Bar„(g') : Bar„(A) — )■ Bar„(S) is a fil- 
tered quasi-isomorphism. Indeed, it suffices to consider the increasing filtrations 
of bar-constructions associated with their nonnegative gradings i by the number 
of factors in tensor powers. So the induced functors exist; it remains to check 
that they are mutually inverse equivalences. For any DG-algebra A, the adjunc- 
tion morphism Cob„,(Bar,,,(A)) — > A is a quasi-isomorphism. One can prove this 
by passing to the associated quotients with respect to the increasing filtration F 
on A defined by the rules FqA = k and FiA = A, and the induced filtration 
on Cob^(Bar„(A)). Finally, for any conilpotent CDG-coalgebra C, the adjunction 
morphism C — > Bar^(Cob^(C)) is a filtered quasi-isomorphism. Indeed, consider 
the natural increasing filtration F on C defined in 6.4 and the induced filtration 
F on Bart,(Cobtt,(C)). We have to prove that our adjunction morphism becomes 
a quasi-isomorphism after passing to the associated quotient objects, i. e., the mor- 
phism of graded DG-coalgebras gr^C — > Bar^(Cob^(gr^C)) is a quasi-isomorphism. 
Here it suffices to consider the decreasing filtration G on gr^C defined by the rules 
G^gr^C = gr^C, G^gr^C = kcT{e: gipC — )■ k), and G^gr^C = 0. The induced 
filtration on Bar^(Cob^(gr^G)) stabilizes at every degree of the nonnegative grading 
coming from the filtration F and the morphism gr^C — > Bar„(Cob^(grpG)) can be 
easily seen to become a quasi-isomorphism after passing to the associated quotient 
objects with respect to the filtration G. □ 

Remark. Notice that the notion of a filtered quasi-isomorphism makes sense for 
conilpotent CDG-coalgebras only, as any CDG-coalgebra admitting an increasing fil- 
tration F satisfying the conditions in the definition of a filtered quasi-isomorphism 
is conilpotent. And one cannot even speak about conventional (nonfiltered) quasi- 
isomorphisms of CDG-coalgebras, as the latter are not complexes. Furthermore, 
the assertions of Theorem do not hold with the filtered quasi-isomorphisms replaced 
with conventional quasi-isomorphisms of DG-coalgebras, or with the conilpotency 
condition dropped. Indeed, let A be any DG-algebra; consider it as a DG-algebra 
without unit and add a unit formally to it, obtaining an augmented DG-algebra 
k ® A with the augmentation v. Then the morphisms of augmented DG-algebras 
k — > k (B A — > k induce quasi-isomorphisms of bar-constructions Bai^{k) — > 
Bar^(A; © A) — > Bar„(/c); applying the cobar-construction, we find that the mor- 
phisms Cob^(Bart,(A;)) — y Cob^(Bar^(A; © A)) — y Cobtu(Bar^(A;)) are not quasi- 
isomorphisms, since the middle term is quasi-isomorphic to k®A. Analogously, let D 
be any DG-coalgebra; consider it as a DG-coalgebra without counit and add a counit 
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formally to it, obtaining a coaugmented DG-coalgcbra k © D with the coaugmcnta- 
tion w. Then the morphisms of augmented DG-algebras k — Cob^(A;©D) — > k are 
quasi-isomorphisms and it follows that the induced morphisms of bar-constructions 
Bar„(A;) — > Bar^(Cob^(/c © Z^)) — )■ Bar„(A;) are also quasi-isomorphisms, hence the 
cohomology of the DG-coalgebra Bar^(Cobi„(/c © D)) is different from that oi D. 
And there is even no natural morphism between C and BaXy{Cohyj{C)) for a non- 
conilpotcnt DG-coalgcbra C. Finally, let D be a DG-coalgebra and be a left 
DG-comodule over D. Consider iV as a DG-comodule over the above DG-coalgebra 
k®D] then the DG-module Cohyj{k © D) ®''k@D,w jy over Cob^(A; © D) is acyclic. It 
follows that the assertions of Theorem 6.4 and Corollary 6.7 do not hold without the 
conilpotency assumption on the coaugmented CDG-coalgebra C. 



7. Aoo-Algebras and Curved Aoo-Coalgebras 

7.1. Nonunital Aoo-algebras. Let A he a. graded vector space over a field k. Con- 
sider the graded tensor coalgebra (cofree conilpotent coassociative graded coalgebra) 
0^=0 ^[1]®" with its coaugmentation w: k — > 0„A[1]®". A nonuni- 
tal Aoo-algebra structure on A is, by the definition, a coaugmented DG-coalgebra 
structure on i- e., an odd coderivation d of degree 1 on 0„^[1]®" such 

that (P — and d o w — 0. Since a coderivation of ©^^fl]*^" is uniquely de- 
termined by its composition with the projection 0ji^[l]®"' — > A[l\'^^ ~ ^[1]; ^ 
nonunital Aoo-algebra structure on A can be considered as a sequence of linear maps 
m„: A'^'^ — > A, n = 1, 2, ... of degree 2 — n. More precisely, define the maps m„ 
by the rule that the image of the element d{ai © ■ ■ ■ © a„) under the projection to A 
equals (-l)''+^^=i^"~^^^l"^l+^^mn(ai © • • • © On) for aj e A. The sequence of maps m„ 
must satisfy a sequence of quadratic equations corresponding to the equation d/^ — 
on the coderivation d. We will not write down these equations explicitly. 

A morphism of nonunital Aoo-algebras /: A — > B over k is, by the definition, 
a morphism of (coaugmented) DG-coalgebras 0jj^[l]®"^ — > 0n-^[-'-]^"- Since a 
graded coalgebra morphism into a graded tensor coalgebra 0^ is determined 

by its composition with the projection 0„-B[l]®"^ — > B\i\®'^ ~ B[l\ and any mor- 
phism of conilpotent graded coalgebras preserves coaugmcntations, a morphism of 
nonunital Aoo-algebras / : A — )■ B can be considered as a sequence of linear maps 
/„: A®'^ — > B, n = 1, 2, ... of degree 1 — n. More precisely, define the maps /„ 
by the rule that the image of the element /(ai © • • • © a„) under the projection to B 
equals (-l)"~-^+^^=i("~-?)(l"jl+i)/„(ai © ■ ■ ■ © a„) for aj G A. The sequence of maps 
fn must satisfy a sequence of polynomial equations corresponding to the equation 
do f = f o d on the morphism /. 
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Let A be a nonunital Aoo-algebra over a field k and M be a graded vector space 
over k. A structure of nonunital left Aoo-module over A on M is, by the definition, 
a structure of DG-comodule over the DG-coalgebra on the cofree graded 

left comodule 0„ y4[l]®" 0^ M over the graded coalgebra 0^ y4[l]®"^. Analogously, a 
structure of nonunital right A^-module over A on a graded vector space N is defined 
as a structure of DG-comodule over 0„^[1]®" on the cofree graded right comodule 
N 0k 0„ ^[1]®"- Since a coderivation of a cofree graded comodule 0^^ 0^ M 

compatible with a given coderivation of the graded coalgebra 0^ is determined 

by its composition with the projection 0„^[1]®"' ®k M — > M induced by the 
counit map 0„^[1]®" — > k, a nonunital left Aoo-module structure on M can be 
considered as a sequence of linear maps /„ : A®" (8> M — > M, n = 0, 1, . . . of degree 
1 — n. More precisely, define the maps by the rule that the image of the element 
d{ai (g) • • • (8) a„ (g) x) under the projection to M equals (-l)''+^?=i^"~^')(l"^l+^)/„(ai (g) 
• • • (g) a„ (g) x) for ttj e A and x e M. The sequence of maps In must satisfy a system 
of nonhomogeneous quadratic equations corresponding to the equation rf^ = on 
the coderivation d on 0„^[1]®" 0k M. Analogously, a nonunital right Aoo-niodule 
structure on N can be considered as a sequence of linear maps Vn'- N A®" — y N 
defined by the rule that the image of the element d{y (g) ai (g) • • • (g) a„) under the 
projection iV®fe0^ — > N equals (-l)"l^l+^?=i("-^')(l"^l+^V„(y(g)ai(g)- • -(gja^) 
for Gj e A and y E N. 

The complex of morphisms between nonunital left Aoo-modules L and M over a 
nonunital Aoo-algebra A is, by the definition, the complex of morphisms between 
left DG-comodules 0„A[1]®" 0k L and 0„^[1]®" 0k M over the DG-coalgebra 
0„A[1]®". Analogously, the complex of morphisms between nonunital right 
Aoo-modules R and over A is, by the definition, the complex of morphisms between 
right DG-comodules R 0k 0„^[1]®" and 0k 0n^[l]®" over the DG-coalgebra 
0^74[1]®". A morphism of nonunital left Aoo-modules /: L — > M of degree i is 
the same that a sequence of linear maps /„: A®" 0k L — > M, n = 0, 1, . . . of 
degree i — n. More precisely, define the maps /„ by the rule that the image of the 
element f{ai0---0an0x) under the projection 0,^^ 0k M — > M equals 

(_l)«+E7=i("-^')(l%l+i)y^(^a^ . . . an x) loY ttj e A and x E L. Any sequence 
of linear maps /„ corresponds to a (not necessarily closed) morphism of nonunital 
Aoo-modules /. Analogously, a morphism of nonunital right Aoo-modules g : R — > N 
of degree i is the same that a sequence of linear maps (?„: A®" 0k R — > N of de- 
gree i — n. More precisely, define the maps gn by the rule that the image of the 
element g{y ai • ■ • an) under the projection N 0k 0„^[1]®"' — > N equals 
(_l)nbl+E"=i("-j)(l%l+i)^^(^ 0ai0---0an) for aj e A and y e R. 

For any CDG-coalgebra C, the functors and of 5.1-5.2 provide an equiv- 
alence between the DG-category of left CDG-comodules over C that are cofree as 
graded C-comodules and the DG-category of left CDG-contramodules over C that 
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are free as graded C-contramodules. So one can alternatively define a nonunital left 
Aoo-module M over a nonunital Aoo-algcbra A as a graded vector space for which a 
structure of DG-contramodule over the DG-coalgebra ©^^ll]*^" is given on the free 
graded contramodule Homfc(0^ M) over the graded coalgebra 0„^[1]®"- 

Since a contraderivation of a free graded contramodule Homjfc(0^ M) com- 

patible with a given coderivation of the graded coalgebra ©^^il]*^" is determined 
by its restriction to the graded subspace M C Homfc(0^ Af), a nonunital left 

Aoo-module structure on M can be considered as a sequence of linear maps Pn '■ M — > 
Homfe(74®"', M), n = 0, 1, . . . of degree 1 — n. More precisely, define the maps pn by 
the formula p„(a;)(ai(8)- • -^a^) = (-l)"+"l^l+^?=i("-^)(l»^l+^)d(x)(aig)- ■ -^a,,) for G 
A and x G M. Then the maps Pn are related to the above maps /„ : A®" 0^ M — > M 
by the rule Pn{x){ai ® • • • a„) = (-l)I^II^?=i l''^l/„(ai ® • • • (g) a„ x). 

Furthermore, one can alternatively define the complex of morphisms between 
nonunital left Aoo-modules L and M over a nonunital Aoo-algebra A as the 
complex of morphisms between left DG-contramodules Homfc(0„ L) and 

Homfc(0„A[l]®",M) over the DG-coalgebra 0„A[1]®". Thus a (not necessar- 
ily closed) morphism of nonunital left Aoo-modules /: L — > M of degree i is 
the same that a sequence of hnear maps L — > Homfe(A®",M), n — 0, 
1, ... of degree i — n. More precisely, define the maps /" by the formula 
r(a;)(ai ® ■ ■ ■ ® a„) = (-l)"+"l"l+^"=i("-^')(l"^l+i)/(2;)(ai ® ■ ■ ■ ® a„) for a,- G A 
and a; G L, where L is considered as a graded subspace in Hom/;(0^ L). 
Then the maps are related to the above maps /„ : ^4®"^ L — > M by the rule 
/"(x)(ai ® • • • (8) an) = (-l)WI^?=i l"^l/„(ai (g) • • • a„ (g) x). 

7.2. Strictly unital Aoo-algebras. Let A be a nonunital Aoo-algebra over a field k. 
An element 1 G >1 of degree is called a strict unit if one has m2(l<8)a) — a — m2(a(8)l) 

for all a G A and m„(ai (>>>■■■ ® Oj-i ® 1 ® aj+i ® ■ ■ ■ ® a„) = for all n ^ 2, 
^ ^ j ^ n, and at G A. Obviously, a strict unit is unique if it exists. A strictly unital 
Aoo-algebra is a nonunital Aoo-algebra that has a strict unit. A morphism of strictly 
unital Aoo-algebras /: A — > B is a morphism of nonunital Aoo-algebras such that 
/i(1a) = 1b and fn{,cii®- • •®aj-i®lA®a'j+i®- • -^cin) = for all n > 1 and at G A. 
Notice that for a strictly unital Aoo-algebra A with the unit 1a one has lyi = if and 
only if A = 0. We will assume our strictly unital Aoo-algebras to have nonzero units. 

A strictly unital left Aoo-module M over a strictly unital Aoo-algebra A is a nonuni- 
tal left Aoo-module such that li{l <^ x) — x and Inicti <^ ■ ■ • <S> %-i <8) 1 (8) %+i (8) • • • (8) 
a„ (8> a;) = for all n > 1, 1 ^ j ^ n, at & A, and x G M. Equivalently, one must 
have pi{x){l) = x and Pn{x){ai (g) • ■ ■ ® 1 8)%+! 8) ■ ■ ■ (8)a„) = 0. Analogously, a 
strictly unital right Aoo-module N over ^4 is a nonunital right Aoo-module such that 
ri{y <S> i) — y and r„(y (8) oi (8) • • • <8) %-i <8) 1 <8) %+i (8) • • • <8) %) = for all n > 1, 
at G A, and y E N. 
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The complex of morphisms between strictly unital left Aoo-modules L and M over a 
strictly unital Aoo-algebra A is the subcomplex of the complex of morphisms between 
L and M as nonunital Aoo-modules consisting of all morphisms / : L — )■ M such that 
/n(oi ® ■ • • ® aj_i ®1® ttj^i (8) • • • (8) On ® 3;) = for all n > 0, 1 ^ j ^ n, G A, and 
X & L. Equivalently, one must have /"(a;)(ai (8) • • • <8) a^-i (8) 1 <8) %+i (8) • • • <8) On) — 0. 
Analogously, the complex of morphisms between strictly unital right Ago-modules 
R and N over A is the subcomplex of the complex of morphisms between R and 
N as nonunital Aoo-modules consisting of all morphisms g: R — > N such that 
gn{y (8) oi (8) • • • <8) %-i (8) 1 <8) %+i (8) • • • <8) On) = for all n > 0, at & A, and y & R. 

Let A be a nonunital Aoo-algcbra and 1^ G A be a nonzero element of degree 0. Set 
A^ = A/k-lA- Then the graded tensor coalgebra is a quotient coalgebra 

of the tensor coalgebra 0^ Denote by the kernel of the natural surjection 

0^y4[l]®" — y 0„^+[l]®" and by ka- Ka — > k the homogeneous linear function 
of degree 1 sending 1a G Ka fl to 1 G /c and annihilating Ka n ^Ifl]®" for all 
n > 1. Let 6a'- — ^ k be any homogeneous linear function of degree 1 
extending the linear function k,a on Ka- Then the clement lyi G A is a strict unit if 
and only if the odd coderivation d'{c) = d{c) + 9a* c — (— l)l''lc * 9a of degree 1 on 
the tensor coalgebra 0„^[1]®" preserves the subspace Ka and the linear function 
h'{c) = 9A{d{c)) + 9\{c) of degree 2 on 0„ annihilates Ka- This condition 

does not depend on the choice of 9a- For strictly unital Aoo-algebras A and B, a 
morphism of nonunital Aoo-algebras /: A — > B is a morphism of strictly unital 
Aoo-algebras if and only if /{Ka) C Kb and kb o JIka = '^a- 

Let A be a strictly unital Aoo-algcbra and M be a nonunital left Aoo-module 
over A. Then M is a strictly unital Aoo-module if and only if the odd coderiva- 
tion d'{z) — d{z) -|- 6*^ * ^ of degree 1 on the cofree comodule ®k M 
compatible with the coderivation d' of the coalgebra 0„^[1]®" preserves the sub- 
space Ka <S>k M C. 0„^[1]®" (8)fc M. Equivalently, the odd contraderivation d'{q) = 
d{q) -|- * g of degree 1 on the free contramodulc Homfc(0^ ^[l]'^"', M) compatible 
with the coderivation d' of the coalgebra 0„^[1]®" must preserve the subspace 
Homfc(0^^+[1]®'^,M) C Homfc(0^/1[1]®",M). Analogously, a nonunital right 
Aoo-module N over A is a strictly unital Aoo-module if and only if the odd coderivation 
d'{z) = d{z) — {—ly^^z * 9a of degree 1 on the cofree comodule A^(8)fe 0„ com- 
patible with the coderivation d' of the coalgebra 0„^[1]®" preserves the subspace 
N (g,k Ka C N (g)k 0„ For strictly unital left Aoo-modules L and M over A, 
a (not necessarily closed) morphism of nonunital Aoo-modules / : L — > M is a mor- 
phism of strictly unital Aoo-modules if and only if one has /{Ka <8)fe L) C Ka <8)fc M, 
or equivalently, /(Homfc(0„ L)) C Homfe(0„ M). Analogously, 
for strictly unital right Aoo-modules R and N over A, a (not necessarily closed) 
morphism of nonunital Aoo-modules g: R — > N is a. morphism of strictly unital 
Aoo-modules if and only if one has g{R (8)fe Ka) C N ®k Ka- 



87 



Let A be a strictly unital Aoo-algebra. Identify k with the subspace A; • 1^ C A 
and choose a homogeneous fc-hnear retraction v: A — > k. Define the homogeneous 
hnear function 9a- — > k of degree 1 by the rules 9a{o,) = v{a) and 
® ■ ■ ■ ® On) = for n 7^ 1. Then the linear function 9a is an extension of 
the linear function ka' Ka — > k. Let d: 0„ — > 0^ be the map 

induced by the odd coderivation d' of 0„^[1]^" defined by the above formula, and 
let h: 0„^+[l]®" — > k be the linear function induced by the above linear func- 
tion h' . Then Bar^(A) = (0,^ ^+[1]®'^, (i, is a coaugmented (and consequenly, 
conilpotent) CDG-coalgebra with the coaugmentation k ~ A+fl]®^ — )• 0^ A+fl]®". 
The CDG-coalgebra Bar^(A) is called the har- construction of a strictly unital 
Aoo-algcbra A. 

Let / : A — )■ i? be a morphism of strictly unital A^o-algebras. Let v : A — )■ k and 
V : B — > k be homogeneous /c-linear retractions, and let 9a and 6*^ be the correspond- 
ing homogeneous linear functions of degree 1 on the graded tensor coalgebras. The 
morphism of tensor coalgebras / : 0^ — > 0„ maps Ka into Kb, so it 

induces a morphism of graded tensor coalgebras 0^ ^+[1]®" — > 0^ which 
we will denote also by /. The linear function 9B°f — 9A'- 0^^ — > k annihilates 
Ka, so it induces a hnear function 0^74+ [1]®" — )■ k, which we will denote by 77/. 
Then the pair {f.fjf) is a morphism of CDG-coalgebras Bart,(A) — )■ 'Baiy{B). Thus 
the bar-construction A 1 — y Bar^(A) is a functor from the category of strictly uni- 
tal Aoo-algebras with nonzero units to the category of coaugmented CDG-coalgebras 
whose underlying graded coalgebras are graded tensor coalgebras. One can easily see 
that this functor is an equivalence of categories. Alternatively, one can use any linear 
function 9a of degree 1 extending the linear function ka in the construction of this 
equivalence of categories. 

To obtain the inverse functor, assign to a conilpotent CDG-coalgebra {D, dn, ho) 
the conilpotent DG-coalgebra (C, dc) constructed as follows. First, adjoin to D a 
single cofree cogenerator of degree —1, obtaining a conilpotent graded coalgebra C 
endowed with a graded coalgebra morphism C — > D and a homogeneous linear 
function 9: C — )■ k of degree 1. Second, define the odd coderivation d'Q of degree 1 
on the graded coalgebra C by the conditions that d'^ must preserve the kernel of the 
graded coalgebra morphism C — > D and induce the differential do on D, and that 
the equation 9{d'(j{c)) = 9'^{c) + /i£i(c) must hold for all c G C, where hr) is considered 
as a linear function on C. Finally, set dc{c) = d'(~;{c) —9*c+ (— Ijl'^'c* 6* for all c e C. 

Let A be a strictly unital Aoo-algebra, v. A — > A; be a homogeneous A;-linear 
retraction, and 9a' 0n^[l]'^" — ^ ^ be the corresponding homogeneous linear 
function of degree 1. Let M be a strictly unital left Aoo-modulc over A. Set 
d: 0„A+[1]®'^ ®fe M — > 0„A+[1]®" ®fe M to be the map induced by the dif- 
ferential d' on 0„^[1]'^'^ ®k M defined by the above formula. Then Bar^(/1,M) = 
(0^A+[1]®" (g)fe M, d) is a left CDG-comodule over the CDG-coalgebra Bar^(A). 

88 



Furthermore, set d: Homfe(0„ M) — > Homfc(0„ M) to be the 

restriction of the differential d' on Homfc(0^ A[f]®", M) defined above. Then 
Cob^(A,M) = (Homfc(0„A+[f]®'^,M), d) is a left CDG-contramodule over the 
CDG-coalgebra Bar^(A). Analogously, for a strictly unital right Aoo-module TV over A 
set d: A^®fe0„^+[1]®" — > A^®fe0„ to be the map induced by the differen- 

tial d' on Ar®fc0^ defined above. Then Bar^(A^, A) = (AT 0^ A+fl]'^", d) 

is a right CDG-comodule over the CDG-coalgebra Bar,u(A). 

To a (not necessarily closed) morphism of strictly unital left AoQ-modules / : L — > 
M over A one can assign the induced maps 0^ ^+[1]®" (8)fc L — ^ 0^ ^+[1]®" M 
and Homfc(0^A+[l]®",L) — > Homfc(0^ M). These are a (not necessarily 

closed) morphism of CDG-comodules Bar^,(A,L) — > BaXy{A, M) and a (not neces- 
sarily closed) morphism of GDG-contramodules Gob^(74, L) — > Cob^(A, M) over the 
CDG-coalgebra Bar^(A). So we obtain the DG- functor M i — > Bar^(74,M), which 
is an equivalence between the DG-category of strictly unital left Aoo-modules over A 
and the DG-category of left CDG-comodules over Baiy{A) that are cofree as graded 
comodules, and the DG-functor M i — > Cob"(A, M), which is an equivalence between 
the DG-category of strictly unital left Aoo-modules over A and the DG-category of 
left CDG-contramodules over Bar^(74) that are free as graded contramodules. These 
two equivalences of DC-categories form a commutative diagram with the equivalence 
between the DG-category of CDG-comodules that are cofree as graded comodules 
and the DG-category of CDG-contramodules that are free as graded contramodules 
provided by the functors ^Bar„(A) and $Bar„(A)- Analogously, to a (not necessarily 
closed) morphism of strictly unital right Aoo-modules g : R — > N over A one can 
assign the induced map R 0^ 0„ — > N 0„ This is a (not 

necessarily closed) morphism of CDG-comodules Bar^(i?, ^4) — > Bai^^N, A). The 
DG-functor i — > Bar^(A", A) is an equivalence between the DG-category of strictly 
unital right Aoo-modules over A and the DG-category of right CDG-comodules over 
Bar^(74) that are cofree as graded comodules. 

Now let A be a DC-algebra with nonzero unit, M be a left DC-module over A, and 
A^ be a right DG-module over A. Let v : A — > k he a. homogeneous fc-linear retrac- 
tion. Define a strictly unital Aoo-algebra structure on A by the rules mi (a) = d{a), 
m2{ai (8) 02) = 0102, and nin = for n > 2. Define a structure of a strictly unital 
left Aoo-module over A on M by the rules lo{x) = d{x), li{a ^ x) = ax, and /„ = 
for i > 1, where a & A and x e M. Analogously, define a structure of a strictly 
unital right Aoo-module over A on A^ by the rules ro{y) — d{y), ri{y ® a) = ya, 
and r„ = for n > 1, where a e A and y E N. Then the CDG-coalgebra struc- 
ture Bart,(yl) on the graded tensor coalgebra 0„^+[l]®" that was defined in 6.1 
coincides with the CDG-coalgebra structure Baiy{A) constructed above, so our no- 
tation is consistent. The left CDG-comodule structure Bar„(/1) M on the 
cofree graded comodule 0„^+[l]®" ®fc M that was defined in 6.2 coincides with 
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the left CDG-comodule structure 'Baiy{A, M). The left CDG-contramodule structure 
Hom^'^'"'(Bar^(A), M) on the free graded contramodule Homfe(0^^ M) coin- 

cides with the CDG-contramodule structure Cob^(74, M). The right CDG-comodule 
structure N Bar„(A) on the cofree graded comodule N ®k 0„ ^+[1]'^"' coincides 
with the right CDG-comodule structure Bar„(A^, A). 

A morphism of strictly unital Aoo-algebras / : A — > B is called strict if /„ = for 
all n > 1. An augmented strictly unital Aoo-algebra A is a strictly unital Aoo-algebra 
endowed with a morphism of strictly unital Aoo-algebras A — > k, where the strictly 
unital Aoo-algebra structure on k comes from its structure of DG-algebra with zero 
differential. An augmented strictly unital Aoo-algebra is strictly augmented if the 
augmentation morphism is strict. A morphism of augmented or strictly augmented 
strictly unital Aoo-algebras is a morphism of strictly unital Aoo-algebras forming a 
commutative diagram with the augmentation morphisms. The categories of aug- 
mented strictly unital Aoo-algebras, strictly augmented strictly unital Aoo-algebras, 
and nonunital Aoo-algebras are equivalent. The equivalence of the latter two cat- 
egories is provided by the functor of formal adjoining of the strict unit, and the 
equivalence of the former two categories can be deduced from the equivalence be- 
tween the categories of DG-coalgebras C and CDG-coalgebras C endowed with a 
CDG-coalgebra morphism C — )■ k. The DG-category of strictly unital Aoo-modules 
over an augmented strictly unital Aoo-algebra A is equivalent to the DG-category of 
nonunital Aoo-modules over the corresponding nonunital Aoo-algebra. 

7.3. Derived category of Aoo-modules. Let A be a strictly unital Aoo-algebra 
over a field k. A (not necessarily closed) morphism of strictly unital left Aoo-modules 
/: L — y M over A is called strict if one has fn — and = for all n > 0, 

or eqTiivalcntly, = and (df)^ = for all n > 0. Strictly unital left Aoo-modules 
and strict morphisms between them form a DG-subcategory of the DG-category of 
strictly unital left Aoo-modules and their morphisms. 

A closed strict morphism of strictly unital Aoo-modules is called a strict homotopy 
equivalence if it is a homotopy equivalence in the DG-category of strictly unital 
Aoo-modules and strict morphisms between them. A triple K — )■ L — )■ M of 
strictly unital Aoo-modules with closed strict morphisms between them is said to be 
exact if K — > L — > M is an exact triple of graded vector spaces. The total strictly 
unital Aoo-module of such an exact triple is defined in the obvious way. 

Any strictly unital left Aoo-module M over A can be considered as a complex 
with the differential Iq = po'. M — > M, since one has /q = 0. A strictly unital left 
Aoo-module M is called acyclic if it is acyclic as a complex with the differential Iq. 
For any closed morphism of strictly unital left Aoo-modules /: L — > M the map 
fQ = p:L — )■ M is a morphism of complexes with respect to Iq. The morphism / 
is called a quasi-isomorphism if /o is a quasi-isomorphism of complexes. 
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Let v. A — > A; be a homogeneous fc-linear retraction and C = Bar„(A) be the 
corresponding CDG-coalgebra structure on the graded tensor coalgebra 0^ 

Theorem 1. The following five definitions of the derived category D(A-mod) of 
strictly unital left Aoo-modules over A are equivalent, i. e., lead to naturally isomor- 
phic (triangulated) categories: 

(a) the homotopy category of the DG-category of strictly unital left Aoo-modules 
over A and their morphisms; 

(b) the localization of the category of strictly unital left K^o-modules over A and 
their closed morphisms by the class of quasi-isomorphisms ; 

(c) the localization of the category of strictly unital left A^o-modules over A and 
their closed morphisms by the class of strict homotopy equivalences; 

(d) the quotient category of the homotopy category of the DG-category of strictly 
unital left A^o-modules over A and strict morphisms between them by the thick sub- 
category of acyclic Aoo-modules; 

(e) the localization of the category of strictly unital left Aoo-modules over A and 
their closed strict morphisms by the class of strict quasi-isomorphisms; 

(f) the quotient category of the homotopy category of the DG-category of strictly 
unital left Aoo-modules over A and strict morphisms between them by its minimal 
triangulated subcategory containing all the total strictly unital Aoo-modules of exact 
triples of strictly unital Aoo-modules with closed strict morphisms between them. 

The derived category D{A-mo6) is also naturally equivalent to the following trian- 
gulated categories: 

(g) the coderived category D'^°(C-comod) of left GDG-comodules over C ; 

(h) the contraderived category D'^'^''(C-contra) of left GDG-contramodules overC; 

(i) the absolute derived category D^''^(C-comod) of left GDG-comodules over C ; 
(j) the absolute derived category D^''^(C-contra) of left GDG-contramodules overC. 

Proof. The equivalence of (a-h) holds in the generality of CDG-comodules and 
CDG-contramodules over an arbitrary conilpotent CDG-coalgebra C. More pre- 
cisely, let us consider CDG-comodules over C that are cofree as graded comodules, 
or equivalently, CDG-contramodules over C that are free as graded contramodules, 
in place of strictly unital Aoc-modules. The equivalence of (a), (g), and (h) follows 
from (the proof of) Theorem 4.4. 

There is a natural increasing filtration F on a conilpotent CDG-coalgebra C 
that was defined in 6.4, and there are induced increasing filtrations FnK — 
\~^{FnC ®k K) on all CDG-comodules K over C and decreasing filtrations F^Q — 
7r(Homfc(C/i<'„_iC, Q)) on all CDG-contramodules Q over C . In particular, from any 
CDG-comodule C ®k M that is cofree as a graded comodule and the correspond- 
ing CDG-contramodule Hom^ (C,M) that is free as a graded contramodule one can 
recover the complex M as M ~ Fq{C ®k M) ~ Homfe(C, M)/F^ Homfc(C, M). A 
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closed morphism of CDG-comodules C ®k L — > C ®k M and the corresponding 
closed morphism of CDG-contramodules Homfc(C, L) — > Homfc(C, A/) are homo- 
topy equivalences if and only if the corresponding morphism of complexes L — > M 
is a quasi-isomorphism. Indeed, let us pass to the cones and check that a cofree 
CDG-comodule C ®fe M is contractible if and only if the complex M is acyclic. The 
"only if" is clear, and "if" follows from the fact that C ®fc M is coacyclic when- 
ever M is acyclic. To check the latter, notice that the quotient CDG-comodules 
Fn{C ®fe M)/F„_i(C ®fe M) are just the tensor products of complexes of vector 
spaces FnC/Fn-iC ®k M with the trivial CDG-comodule structures. 

This proves the equivalence of (a) and (b), since for any DC-category DG with 
shifts and cones the homotopy category i/°(DG) can be also obtained by inverting 
homotopy equivalences in the category of closed morphisms Z^{DG). The equivalence 
of (d) and (e) also follows from the latter result about DG-categories; and to prove the 
equivalence of (a) and (c) the following slightly stronger formulation of that result 
is sufficient. For any DC-category DG with shifts and cones consider the class of 
morphisms of the form (idx, 0) : X © cone(idx) — > X. Then by formally inverting 
all the morphisms in this class one obtains the homotopy category H^{DG). 

A morphism of CDG-comodules /' : C ®k L — )■ C ®k M and the corresponding 
morphism of CDG-contramodules /": Homfc(C, L) — > Homjt(C, Af ) can be called 
strict if both /' and df are as maps of graded vector spaces can be obtained by ap- 
plying the functor C ® — io certain maps L — )■ M, or equivalently, both /" and df" 
as maps of graded vector spaces can be obtained by applying the functor Homfc(C, — ) 
to (the same) maps L — > M. Let w: k — > C be the coaugmentation map; con- 
sider the DC-algebra U = Cob^(C). When C = Bar„(yl) is the bar-construction 
of a strictly unital Aoo-algebra A, the DC-algebra U is called the enveloping 
DG-algebra of A. For any conilpotent CDG-coalgebra C, consider the DG-functors 
C (gj'^c- '" — and Hom'^'^''"(C, — ) assigning CDG-comodules and CDG-contramodules 
over C to DC-modules over U. These two DC-functors are equivalences between 
the DC-categories of left DC-modules over A, left CDG-comodules over C that 
are cofree as graded comodules with strict morphisms between them, and left 
CDG-contramodules over C that are free as graded contramodules with strict mor- 
phisms between them. So the equivalence of (a) and (d) follows from Theorem 6.4, 
and the equivalence of (d) and (f) follows from Corollary 6.7. 

Finally, the equivalences (g)«^=^(i) and (h)«^=^(j) for C = BaYy^A) are provided 
by Theorem 4.5. □ 

Let A be a DG-algebra over k; it can be considered as a strictly unital A(x,-algebra 
and left DC-modules over it can be considered as strictly unital Aoo-modules as 
expained in 7.2. It follows from Theorem 6.3 that the derived category of left 
DC-modules over A is equivalent to the derived category of left Aoo-modules, so 
our notation D(74-mod) is consistent. 
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Any strictly unital Aoo-algebra A can be considered as a complex with the differ- 
ential mi : A — > A, since mf = 0. For any morphism of strictly unital Aoo-algebras 
/ : A — > B the map /i : A — )■ B is a, morphism of complexes with respect 
to mi- A morphism / of strictly unital A(x,-algebras is called a quasi-isomorphism if 
/i : A — > B is a quasi-isomorphism of complexes, or equivalently, : — > 5+ 
is a quasi-isomorphism of complexes. 

Let /: A — > B he a morphism of strictly unital Aoo-algebras and g: Baiy{A) — > 
Bar^(i?) be the corresponding morphism of CDG-coalgebras. Any strictly unital 
left Aoo-module M over B can be considered as a strictly unital left Aoo-module 
over A; this corresponds to the extension-of-scalarars functors Eg on the level 
of CDG-comodules that arc cofree as graded comodules and on the level of 
CDG-contramodules that are free as graded contramodules. Denote the induced 
functor on derived categories by IRf'. D(i?-mod) — > D(74-mod). The functor IRf 
has left and right adjoint functors hEf and ME^ : D(A-mod) — ^ D(5-mod) that 
can be constructed as the functors IRg and IR^ on the level of coderived categories 
of CDG-comodules and contraderived categories of CDG-contramodules (see 5.4). 

Theorem 2. The functor Rf is an equivalence of triangulated categories if and only 
if a morphism f of strictly unital A^-algebras is a quasi-isomorphism. 

Proof. The "if" part follows easily from Theorem 4.8. Both "if" and "only if" can be 
deduced from Theorem 1.7 in the following way. For any strictly unital Aoo-algebra 
A and the corresponding CDG-coalgebra C = Bar^(A) with its coaugmentation w, 
the adjunction morphism C — > Barj,(Cob^(C)) corresponds to a morphism of strict 
Aoo-algebras u: A — > U{A) from A to its the enveloping DG-algebra U{A) (see 
the proof of Theorem 1). The morphism ti is a quasi-isomorphism, as one can see 
by considering the increasing filtration F on A defined by the rules FqA — k and 
FiA — A, and the induced filtration on U{A). The functor is an equivalence 
of triangulated categories, as it follows from Theorems 6.3 and 6.4, or as we have 
just proved. It remains to apply Theorem 1.7 to the morphism of DG-algebras 
U{f):UiA)-^U{B). □ 

Let A be a strictly unital Aoo-algebra and C = BaYy^A) be the corresponding 
CDG-coalgebra. All the above results about strictly unital left Aoo-modules over 
A apply to strictly unital right Aoo-modules as well, since one can pass to the op- 
posite CDG-coalgebra C°p as defined in 4.7. In particular, the derived category of 
strictly unital right Aoo-modules D(mod-yl) is defined and naturally equivalent to 
the coderived category D™(comod-C). 

The functor Tor"^: D(mod-74) x D(74-nnod) — y /c-vect^'' can be constructed 
either by restricting the functor of cotensor product Oq'- Hot(comod-C) x 
Hot(C-comod) — )■ Hot(A;-vect) to the Cartesian product of the homotopy categories 
of CDG-comodules that are cofree as graded comodules, or by restricting the functor 
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of contratcnsor product 0c: Hot(comod-C) x Hot(C-contra) — > Hot(A;-vect) to the 
Cartesian product of the homotopy categories of CDG-comodules that are cofree as 
graded comodules and CDG-contramodules that are free as graded contramodules. 
The functors one obtains in these two ways are naturaUy isomorphic by the result 
of 5.3. This definition of the functor Tor"^ agrees with the definition of functor Tor"^ 
for DG-algebras A by Theorem 6.9.1. 

The functor Ext^ = HomD(yi-mod) : D(A-mod)°P x D(A-mod) — t- fc-vect^'' can be 
computed in three ways. One can either restrict the functor Home : Hot(C-comod)°P x 
Hot(C-comod) — > Hot(A;-vect) to the Cartesian product of the homotopy cate- 
gories of CDG-comodules that are cofree as graded comodules, or restrict the functor 
Hom'^: Hot(C-contra)°P x Hot(C-contra) — > Hot(A;-vect) to the Cartesian prod- 
uct of the homotopy categories of CDG-contramodules that are free as graded con- 
tramodules, or restrict the functor Cohom^: Hot(C-comod)°'' x Hot(C-contra) — > 
Hot(/c-vect) to the Cartesian product of the homotopy categories of CDG-comodules 
that are cofree as graded comodules and CDG-contramodules that are free as graded 
contramodules. The functors one obtains in these three ways are naturally isomorphic 
by the result of 5.3, are isomorphic to the functor HomD(A-mod) by Theorem 1 above, 
and agree with the functor Ext^ for DG-algebras A by Theorem 6.3 or Theorem 6.9.1. 

Remark. One can define a nonunital curved Aoo-algebra ^4 as a structure of not 
necessarily coaugmented DG-coalgebra on ©^^il]*^"; such a structure is given by a 
sequence of linear maps m„: A*^" — > A, n = 0, 1, . . . , where mg: k — > A may 
be a nonzero map (corresponding to the curvature element of ^4). Any morphism 
of DG-coalgebras /: ©^^fl]®" — > i?[l]®'* preserves the coaugmentations of the 
graded tensor coalgebras, though, so a morphism of nonunital curved Aoo-algebras 
/ : A — > B is given by a sequence of linear maps /„ : — )■ B, n = 1, 2, . . . All 
the definitions of 7.1-7.2 can be generalized straightforwardly to the curved situation, 
and all the results of 7.2 hold in this case. However, this theory is largely trivial. For 
any strictly unital curved Aoo-algebra A with mo 7^ 0, every object of the DG-category 
of strictly unital curved Aoo-modules over A is contractible. In particular, the same 
applies to nonunital curved Aoo-modules over a nonunital curved Aoo-algebra. Two 
cases have to be considered separately, the case when the image of mo coincides 
with k ■ 1a A, and the case when mo(l) and 1a are linearly independent. The 
former case cannot occur in the Z-graded situation for dimension reasons, but in the 
Z/2-graded situation it is possible. In this case the differential on the CDG-coalgebra 
C = 0„ A+[l]®" is compatible with the coaugmentation w: k c::^ A+[l]®° — > C, but 
the curvature linear function h: C — > k is not, i. e., h o w ^ 0. Let C 0^ M be 
a left CDG-comodule over C that is cofree as a graded comodule and F„C M 
be its natural increasing filtration induced by the natural increasing filtration F of 
the conilpotcnt graded coalgebra C. Then the filtrations F on both C and C M 
are preserved by the differentials, since the differential on C is compatible with the 
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coaugmentation. The induced differential Iq: M — )■ M on M = FqC ®k M has the 
square equal to a nonzero constant from k times the identity endomorphism of M. 
The CDG-comodule (M, /q) over the CDG-coalgebra FqC is clearly contractible; let 
to be its contracting homotopy. Set t — id^to: C (g)^ M — > C ®k M; then t 
is a nonclosed endomorphism of M of degree —1 and the endomorphism d{t) — 
dt + td is invertible, hence C ®fc M is contractible. This argument is applicable to 
any conilpotent graded coalgebra C. In the case when mo(l) and 1a are linearly 
independent, the theory trivializes even further. The author learned the idea of 
the following arguments from M. Kontsevich. All strictly unital curved Aoo-algebra 
structures with mo(l) and 1^ linearly independent on a given graded vector space A 
are isomorphic, and all structures of a strictly unital curved Aoo-niodule over A on a 
given graded vector space M are isomorphic. Indeed, consider the component of the 
tensor degree n = 1 of the differential on C = 0„^+[l]®"; it is determined by niQ. 
This differential makes into a complex, and this complex is acyclic. 

Taking this fact into account, one can first find a CDG-coalgebra isomorphism of the 
form (id, a), a: C — > k between a given CDG-coalgebra structure on C and a certain 
CDG-coalgebra structure with /i = 0, i. e., a DG-coalgebra structure. One proceeds 
step by step, killing the component hn '■ Af^ — > k of the linear function h using a 
linear function a with the only component a„+i : A^""*"^ — > k. Having obtained a 
DG-coalgebra structure on C, one subsequently kills all the components m„ : AT 
A of the differential d with n > using graded tensor coalgebra automorphisms f of C 
with the only nonzero components /i = idA+ and fn+i- A^"^^ — > A+. Analogously 
one shows that any DG-comodule over C that is cofree as a graded comodule is 
isomorphic to a direct sum of shifts of the DG-comodule C. Since C is acyclic, 
such DG-comodules are clearly contractible. Consequently, the coderived category 
D™(C-comod) vanishes. Alternatively, one could consider the DG-category of strictly 
unital curved Aoo-modules over a strictly unital curved Aoo-algebra A with strict 
morphisms between the curved Aoo-modules. This DG-category is equivalent to the 
DG-category of CDG-modules over the CDG-coalgebra U = Cob^j,(C). Its homotopy 
category Hot(?7-mod) can well be nonzero, but the corresponding absolute derived 
category D^'^^(?7-mod) is zero by Theorem 6.7. So in the category of (strictly unital or 
nonunital) curved Aoo-algebras over a field there are too few and too many morphisms 
at the same time: there are no "change-of-connection" morphisms, and in particular 
no morphisms corresponding to nonstrict morphisms of CDG-algebras, and still there 
are enough morphisms to trivialize the theory in almost all cases. One way out of this 
predicament is to restrict oneself to the curved Aoo-algebras (modules, morphisms) 
for each of which the structme maps m„. In, fn vanish for n large enough. For such 
curved Aoo-algebras A, it actually makes sense to consider morphisms /: A — > B 
with nonvanishing change-of-connection components /o : k — )■ B. This theory can be 
interpreted in terms of the topological tensor coalgebras (cf. Remark 7.6). 
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Another solution would be to consider curved Aoo-algebras over the ring of formal 
power series k[[t]] and require the curvature and change-of-connection elements to be 
divisible by t. 

7.4. Noncounital curved Aoo-coalgebras. Let C be a graded vector space over 
a field k. Consider the graded tensor algebra (free associative graded algebra) 
0^0 ^["-'■l'^" generated by the graded vector space C[— 1]. A noncounital curved 
Aoo- coalgebra structure on C is, by the definition, a DG- algebra structure on 
0^C[— 1]®"^, i. e., an odd derivation d of degree 1 on 0„C'[— 1]®" such that 
d^ = 0. Since a derivation of ©nC*!— 1]®" is uniquely determined by its restric- 
tion to C[-l] ~ C 0„C[-1]®", a noncounital curved Aoo-coalgebra 
structure on C can be considered as a sequence of linear maps C — > C®"^, 
n = 0, 1, ... of degree 2 — n. More precisely, define the maps /i„ by the for- 
mula d{c) = Er=o(-l)"^^^='^''"^^^'''"''^'^'^^Vn,i(c) ® • • ■ ® )Un,n(c), where c e C and 
A*n(c) = yWn,i(c) (8> ■ ■ ■ (8 fJ^n,n{c) is a Symbolic notation for the tensor /^^(c) G C®". A 
convergence condition must be satisfied: for any c & C one must have //n(c) = for 
all but a finite number of the degrees n. Furthermore, the sequence of maps /i„ must 
satisfy a sequence of quadratic equations corresponding to the equation on 
the derivation d. 

A morphism of noncounital curved Aoo-coalgebras /: C — > D over a field k is, 
by the definition, a morphism of DG-algebras C[— 1]®" — > 0n-^[~-'^]^" ^• 
Since the graded algebra morphism from a graded tensor algebra 0„C'[— 1]®" is 
determined by its restriction to C[— 1] ~ C[— 1]®^ C 0„C'[— 1]®", a morphism of 
noncounital curved Aoo-coalgebras / : C — > D can be considered as a sequence of 
linear maps /„ : C — > £)®", n — 0, 1, ... of degree 1 — n. More precisely, define the 
maps fn by the formula /(c) = E"=o(-l)""'^^^^^^""'^^'^""^'^'^'Vn,i(c)®- • •«)/n,n(c), 
where c G C and /n(c) = /n,i(c) ® ■ ■ ■ fn,n{c) £ -D®". A convergence condition must 
be satisfied: for any c G C one must have /n(c) = for all but a finite number 
of the degrees n. Furthermore, the sequence of maps /„ must satisfy a sequence of 
polynomial equations corresponding to the equation dof = fodon the morphism /. 

Let C be a noncounital curved Aoo-coalgebra over a field k and M be a graded 
vector space over k. A structure of noncounital left curved A^-comodule over C on M 
is, by the definition, a structure of DG-module over the DG-algebra 0^ C[— 1]®" on 
the free graded left module 0„ C[-l]®" ®k M over the graded algebra 0„ C[-l]®". 
Analogously, a structure of noncounital right curved Aoo-comodule over C on a graded 
vector space N is defined as a structure of DG-module over 0^ C[— 1]®" on the 
free graded right module N ®k 0n^[~l]^'^- Since a derivation of a free graded 
module 0„C'[— l]'^" ®k M compatible with a given derivation of the graded al- 
gebra 0„C'[— 1]®"^ is determined by its restriction to the subspace of generators 
M ^ C[-l]®° ®kM C 0„C[-1]®" ®k M, a noncounital left curved Aoo-comodule 
structure on M can be considered as a sequence of linear maps A„ : M — > C®"®fcM, 
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n — 0, 1, ... of degree 1 — n. More precisely, define the maps A„ by tlie formula 

d(x) = Er=o(-l)"^^^^'-"^'^'^^"""^"^'^'^^",-"('^) ® ••• ® V-i(a^) ® Vo(a:), where 
X e M and A„(a;) = A„ (g) ■ ■ ■ (g) A„ (g A„^o(a^) ^ C®" 0^ M. A conver- 

gence condition must be satisfied: for any x E M one must have A„(a;) = for 
all but a finite number of the degrees n. Furthermore, the sequence of maps A„ 
must satisfy a sequence of nonhomogeneous quadratic equations corresponding to 
the equation c?^ = on the derivation d on ©^C*!— 1]®" (8^ M. Analogously, 
a noncounital right curved Aoo-comodule structure on N can be considered as a 
sequence of hnear maps p„ : N — > N C*®" defined by the formula d{y) — 
Er=o(-l)"'''"'°^'^'^^^=^^""''^^'''""^'^'^'Vn,o(z/) ® Pn,i{y) ® • • • ® PnAy), where yeN 

and Pn{y) = Pn,o{y) ® Pn,l{y) ® ■ ■ ■ ® Pn,n{y) ^ ®fc C®". 

The complex of morphisms between noncounital left curved Aoo-comodules L and 
M over a noncounital curved Aoo-coalgebra C is, by the definition, the complex 
of morphisms between left DG-modules 0„C[-1]®'* ®fc L and ®^C[-lf (8)fc M 
over the DG-algebra ©„C[— 1]®"'- Analogously, the complex of morphisms be- 
tween noncounital right curved A^o-comodulcs R and A^ over C is, by the defini- 
tion, the complex of morphisms between right DG-modules R 0^ ©„C*[— 1]®" and 
N ®fc SnC^I-l]®" over the DG-algebra 0„C[-1]®'*. A morphism of noncounital 
left curved Aoo-comodules / : L — y M of degree i is the same that a sequence of 
linear maps /„: L — > C®" (gfc Af, n = 0, 1, . . . of degree i ~ n satisfying the 
convergence condition: for any x E L one must have fn{x) = for all but a fi- 
nite number of the degrees n. More precisely, define the maps by the formula 

/(^) = En=o(-l)"^^^=-"^'''''^^'^-^'^'^'^'Vn,-n(a;) ® ••• ® fn,-n{^) ® fn,o{^), where 

X e L and fn{x) = fn-n{x) (8) • • • (8) /n (H) /n,o(a^) e C*®" (8)^ M. Any sequence of 
linear maps satisfying the convergence condition corresponds to a (not necessarily 
closed) morphism of noncounital curved Aoo-comodules /. Analogously, a morphism 
of noncounital right curved Aoo-comodules / : R — f N of degree i is the same that 
a sequence of linear maps /„ : R — )■ N ®k C*®", n = 0, 1, ... of degree i — n satis- 
fying the convergence condition. More precisely, define the maps /„ by the formula 
f\y) = Er=o(-l)"'^"'"^'^'^^-^^""'^^'^"'^'^'^'^'Vn,o(y) ® fuAy) ® • • • ® /„,n(z/), where 

ye Rand fM = fnM ® /n,i(y) ® ■ ■ ■ ® fnAy) ^N®k c®"- 

Let C be a noncounital curved Aoo-coalgebra over a field k and P be a graded vec- 
tor space over k. A structure of noncounital left curved A^-contramodule over C on 
P is, by the definition, a structure of DG-module over the DG-algebra C[— 1]®" 
on the cofrcc graded left module Homfc(0^ C[— 1]®", P) over the graded algebra 
0^C[-1]®". The action of 0„C[-1]®'* in Homfc(0^ C[-l]®", P) is induced by the 
right action of 0„C'[— 1]®" in itself as explained in 1.5 and 1.7. Since a derivation of 
a cofrcc graded module Hom,fc(0^ C[— 1]®", P) compatible with a given derivation of 
the graded algebra 0„ C"!— 1]®" is determined by its composition with the projection 
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Homfc(0^C[-l]®",P) — > P induced by the unit map k — > 0„C'[-1]®", a non- 
counital left curved Aoo-contramodule structure on P can be considered as a linear 
map TT : Homfc(C®'^, P) [n — 1] — > P of degree 0. More precisely, define the map 

TT by the rule that the image of the element d{g) under the projection to P equals 
7r((5'n)^o)' where a map g : 0^ C[— 1]®" — )• P and a sequence of maps gn C®" — > 
P are related by the formula g{ci(g)- ■ -(8)0^) = (-l)''l^"l+^?=i(""-'')^l'^^'+^)gi„(ci(8)- • -^Cn) 
for Cj G C. The map tt must satisfy a system of nonhomogeneous quadratic equations 
corresponding to the equation = on the derivation d on Homfc(0^ C[— 1]®", P). 

The complex of morphisms between noncounital left curved Aoo-contramodules 
P and Q over a noncounital curved Aoo-coalgebra C is, by the definition, the 
complex of morphisms between left DG-modules Homfc(0^ C[— 1]®", P) and 
Homfc(0^C[-l]®",g) over the DG-algebra 0„C[-1]®". A morphism of non- 
counital left curved Aoo-contramodules /: P — > Q of degree i is the same that a 
linear map Y['^=o^^^k{C'^^ , P)[n] — > Q of degree i. More precisely, define 
the map /□ by the rule that the image of the element f{g) under the projection to 
Q equals /n((5'n)^o)' where a map g: 0„C'[— 1]®" — > P and a sequence of maps 
gn '■ C®"^ — )■ P are related by the above formula. Any linear map /□ corresponds to 
a (not necessarily closed) morphism of noncounital curved Aoo-contramodules /. 

7.5. Strictly counital curved Aoo-coalgebras. Let C be a noncounital curved 
Aoo-coalgebra over a field k. A homogeneous linear function e: C — )■ k of de- 
gree is called a strict counit if one has £(/U2,i(c))/Li2,2(c) = c = £(/i2,2(c))/i2,i(c) 
and £(/i„j(c))yU„_i(c) ® ■ ■ ■ ® /i„j_i(c) ® ^n,j+i{c) ® ■ ■ ■ ® fin,n{c) = for all c G C, 
^ ^ j ^ n, and n 7^ 2. A strict counit is unique if it exists. A strictly couni- 
tal curved A^-coalgebra is a noncounital curved Aoo-coalgebra that admits a strict 
counit. A morphism of strictly counital curved Aoo-coalgebras /: C — > D is 
a morphism of noncounital curved Aoo-coalgebras such that ° /i = and 
^(/n,i(c))/n,i(fO0- ■ ■®/„j-i(c)(g)/„j+i(c)(g)- ■ ■0/„,„(c) = for all c G C, 1 ^ j ^ n, 
and n > 1. Notice that for a strictly counital curved Aoo-coalgebra C one has £(7 = 
if and only if C = 0. We will assume our strictly counital curved Aoo-coalgebras to 
have nonzero counits. 

A strictly counital left curved Aoo- comodule M over a strictly counital curved 
Aoo-coalgebra C is a noncounital left curved Aoo-comodule such that e(Ai _i(a;))Ai^o(^) 

= X and s{Xnj{x))Xn-n{x) <S) ■ ■ ■ <S) \n,j-l{x) <8 Xn,j+l{x) ■ ■ ■ <S) Xn,-l{x) ^ \nfl{x) = 

for all X G M, —n ^ j ^ —1, and n > 1. Analogously, a strictly counital 
right curved Aoo-comodule N over C is a noncounital right curved Aoo-comodule 
such that £(pi,i(i/))pi,o(y) = V and e{pn,j{y)) pn,o{y) ® Pn,i{y) ® ■■■ ® Pn,j-i{y) 8) 
Pn,j+i{y) ® ■ ■ ■ ® Pn,n{y) = for all y E N , 1 ^ J ^ n, and n > 1. Finally, a 
strictly counital left curved Aoo-contramodule P over C is a noncounital left curved 
Aoo-contramodule satisfying the following condition. For any sequence of linear 
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maps Qn'- C®" — > P, n = 0, 1, ... of degree s + n — 1 for which there ex- 
ists a double sequence of Unear maps g'l^ j : C^"'~^ — > P, 1 ^ j ^ n such that 
fi'n(ci (S) ■ ■ ■ (8) c„) = Y.]=i ^{cj)g[^ j{ci Cj_i ® Cj+i ® • • • ® Cn) for all n and Ct e C 

the equation 7r(((7„)5^Q) = must hold in P^. 

The complex of morphisms between strictly counital left curved Aoo-comodules L 
and M over a strictly counital left curved Aoo-coalgebra C is the subcomplex of the 
complex of morphisms between L and M as noncounital Aoo-comodules consisting of 
all morphisms /: L — > M such that s{fnj{x))fn-n{x) ■ ■ ■ ® fn,j-i{x) ^ fnj+i{x) ® 
• • • ® fn,-i{x) ® fn,o{x) — for all X e L, — n ^ j ^ —1, and n > 0. Analogously, 
the complex of morphisms between strictly counital right curved Aoo-comodules R 
and over C is the subcomplex of the complex of morphisms between R and 
as noncounital Aoo-comodules consisting of all morphisms /: R — > N such that 

£{fn,j{y))fnfi{y)®fn,l{y)®---®fn,3-l{y)®fn,3+l{y)®---®fn,n{y) = ^ aU y G R, 

i ^ j ^ n, and n > 0. Finally, the complex of morphisms between strictly counital 
left curved Aoo-contramodules P and Q over C is the subcomplex of the complex 
of morphisms between P and Q as noncounital Aoo-contramodules consisting of all 
morphisms /: P — > Q satisfying the following condition. For any sequence of 
linear maps gn- C®" — > P, n — 0, 1, . . . oi degree s + n — i for which there 
exists a double sequence of linear maps g'^j : C®^~^ — > P, 1 ^ j ^ n such that 
5'n(ci ® • ■ • ® c„) = Yl]=i ^{cj)g'nj{ci ® - ■ ■® Cj^i (g) Cj+i (g) • • ■ ® c„) for all n and Ct E C 
the equation /n((5'n)5^o) ~ must hold in Q"^, where i is the degree of /. 

Let C be a noncounital curved Aoo-coalgebra and ec- C — > k he a. homoge- 
neous linear function of degree 0. Set C+ — here. Then the graded tensor algebra 
0^C+[— 1]®" is a subalgcbra of the tensor algebra C[— 1]*^". Denote by Kq the 
cokernel of the embedding 0^ C+[— 1]®" — > 0,^^ C[— 1]®"^' and by Kc E Kc the ele- 
ment of C/C+l-1] C Kc for which s{kc) = 1. Let 9c e 0„ C[-l]®" be any element 
of degree 1 whose image in Kc is equal to kc- Then the linear function ec ■ C — > k 
is a strict counit if and only if the odd derivation d'{a) — d{a) + [9c, a] of degree 1 
on the tensor algebra 0„C'[— 1]®" preserves the subalgebra 0„C+[— 1]®"^ and the 
element h = d{9c) + 9'c belongs to 0„C+[— 1]®". This condition does not depend 
on the choice of 9c- For strictly counital curved Aoo-coalgebras C and a mor- 
phism of noncounital curved Aoo-coalgebras /: C — > is a morphism of strictly 
counital curved Aoo-coalgebras if and only if /(0„ C+[-l]®") C 0„£>+[-l]®" and 

Let C be a strictly counital curved Aoo-coalgebra and M be a noncounital left 
curved Aoo-comodule over C. Then M is a strictly counital curved Aoo-comodule 
if and only if the odd derivation d'{z) — d{z) -\- 9cz of degree 1 on the free mod- 
ule 0^^ C[— 1]®" M compatible with the derivation d' of the algebra 0^ C[— 1]®" 
preserves the subspace 0„C+[-l]®" ®k M C 0„C[-1]®" Ofc M. Analogously, 
a noncounital right curved Aoo-comodule over C is a strictly counital curved 
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Aoo-comodule if and only if the odd derivation d'{z) = d{z) — {—ly^^zOc of degree 1 
on the free module A^(8)fc©„ C[— 1]®" compatible with the derivation d' of the algebra 
0„ C [- 1] ®" preserves the subspace AT®;- 0^ 6"+ [-1]®" C W®fc0„ C'[-l]®'*. Finally, 
a noncounital left curved Aoo-contramodule P over C is a strictly counital curved 
Aoo-contramodule if and only if the odd derivation d'{q) — d{q) + 9cq of degree 1 
on the cofree module Homjfc(0^^ C[— 1]®", P) compatible with the derivation d' of the 
algebra 0^^ C[— 1]®" preserves the subspace B.omk{Kc, P) C Homfc(0^ C[— 1]®", P). 

For strictly counital left curved Aoo-comodules L and M over a strictly couni- 
tal curved Aoo-coalgebra C, a (not necessarily closed) morphism of noncounital 
Aoo-comodules / : L — > M is a morphism of strictly counital Aoo-comodulcs if and 
only if one has /(0„ C 0„ C+[-l]®"®fcM. Analogously, for strictly 

counital right curved Aoo-comodules R and A^ over C, a (not necessarily closed) mor- 
phism of noncounital Aoo-comodules / : R — > N is a. morphism of strictly counital 
Aoo-comodules if and only if one has f{R ®fe 0„ C+[-l]®") C AT (g)fc 0„ C+[-l]®". 
Finally, for strictly counital left curved Aoo-contramodules P and Q over C, a (not 
necessarily closed) morphism of noncounital Aoo-contramodulcs / : P — > Q is a mor- 
phism of strictly counital Aoo-contramodules if and only if one has /(Honik^Kc, P)) C 
RouikiKcQ). 

Let C be a strictly counital cTirvcd Aoc-coalgebra. Choose a homogeneous fc-linear 
section w: k — > C of the strict counit map e: C — > k. Define the element 
Oc e 0„C[-1]®" as Be = w{l) e C[-l] C 0„C[-1]®". Then 9c is an element of 
degree 1 whose image in Kc is equal to kc- Let d: 0„C+[— 1]®" — 0„C'+[— 1]®" 
be the restriction of the odd derivation d' of 0„C'[~1]®" defined by the above for- 
mula, and let h G 0C+[— 1]®" be the element defined above. Then Cohyu(C) = 
(0^C+[-l]®", d, h) is a CDG-algebra. The CDG-algebra Cob^(C) is called the 
cohar- construction of a strictly counital curved Aoo-coalgebra C. 

Let /: C — )■ D he B, morphism of strictly counital curved Aoo-coalgebras. Let 
w: k — > C and w: k — > D be homogeneous A;- linear sections, and let 9c and 9d be 
the corresponding elements of degree 1 in the graded tensor algebras. The morphism 
of tensor algebras /: 0jiC'[— 1]®" — > 0„-D[— 1]®" induces a morphism of graded 
tensor algebras 0„ C'+f— l]'^" — > 0n -^+["1]*^"^' which we will denote also by /. 
The element Tjf = f{9c) — G 0^^ Z}[— 1]®" has a zero image in K^, so it belongs to 
0,^^ Z}+[— 1]®". Then the pair {f,rif) is a morphism of CDG-algebras Cob^(C) — > 
Cobu,(D). Thus the cobar-construction C i — > Cob„,(C) is a functor from the category 
of strictly counital curved Aoo-coalgebras with nonzero counits to the category of 
CDG-algebras whose underlying graded algebras are graded tensor algebras. One 
can easily see that this functor is an equivalence of categories. Alternatively, one can 
use any element 9c of degree 1 whose image in Kc is equal to kc in the construction 
of this equivalence of categories. 
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Let C be a strictly counital curved Aoo-coalgebra, w : k — > C be a homogeneous 
/c-linear section, and 6c € l]*^" be the corresponding element of degree 1. 

Let M be a strictly counital curved Aoo-comodule over C. Set d: C+[— l]*^"" <S)k 
M — ^ 0^ C+[-l]®" ®fc M to be the restriction of the differential d' on 0^ C[-l]®" 
defined by the above formula. Then Cob^(C, M) = (0^ C+[-l]®'^ ®k M, d) is a left 
CDG-module over the CDG-algebra Cob^(C). Analogously, for a strictly counital 
curved Aoo-comodule over C set d: N (E)k 0nC'+[-l]®" — > N ®k 0„C'+[-l]^" 
to be the restriction of the differential d' on A^ ®k 0^ C[— 1]®" defined above. Then 
Cob^(A^, C) = {N®k®n C+[-l]®", d) is a right CDG-module over the CDG-algebra 
Cohw{C). Finally, let P be a strictly counital curved Aoo-contramodule over C. 
Set d: Homfc(0„C+[-l]®",P) — > Homfc(0„ P) to be the map induced 

by the differential d' on Homfc(0^ C[-l]®", P) defined above. Then Bar"'(C,P) = 
(Homfc(0„C+[-l]®",P), d) is a left CDG-module over the CDG-algebra Cob^(C). 

To a (not necessarily closed) morphism of strictly counital left curved Aoo-comod- 
ules /: L — )■ M over C one can assign the induced map 0„C'+[— 1]^" ®fc L — V 
0„C+[-l]®" ®k M. So we obtain the DG-functor M i — > Cob„,(C. M), which is an 
equivalence between the DG-category of strictly counital left curved Aoo-comodules 
over C and the DG-category of left CDG-modules over Cob,„(C) that are free as 
graded modules. Analogously, to a (not necessarily closed) morphism of strictly 
counital right curved Aoo-comodules / : R — A^ over C one can assign the induced 
map P®fc0„ C+[-l]®" — > N®k®n So we obtain the DG-functor N i — > 

Cohyj{N,C), which is an equivalence between the DG-categories of strictly counital 
right curved Aoo-comodules over C and right CDG-modules over Cobu,(C) that are 
free as graded modules. Finally, to a (not necessarily closed) morphism of strictly 
counital left curved Aoo-contramodules / : P — )■ Q over C one can assign the induced 
map Homfc(0^ Cf", P) — > Homfc(0^ Cf\ Q). So we obtain the DG-functor P ^ 
Bar"'(C, P), which is an equivalence between the DG-category of strictly counital left 
curved Aoo-contramodules over C and the DG-category of left CDG-modules over 
Cohw{C) that are cofree as graded modules. 

Now let C be a CDG-coalgebra with a nonzero counit, M be a left CDG-comodule 
over C, A^ be a right CDG-comodule over C, and P be a left CDG-contramodule 
over C. Let w : k — )■ C be a homogeneous fc-linear section. Define a strictly counital 
curved Aoo-coalgebra structure on C by the rules /io(c) = /i(c), ^i{c) = d{c), ^2{c) = 
C(i) ® C(2), and Unic) = for n > 2. Define a structure of strictly counital left curved 
Aoo-comodule over C on M by the rules Ao(a;) = d{x), \i{x) = ® a;(o), and 
Xn{x) = for n > 1, where x E M. Define a structure of strictly counital right 
curved Aoo-comodule over C on A^ by the rules po{y) = d{y), pi{y) = y(o) ® y{i), 
and Pn{x) = for n > 1, where y & N. Finally, define a structure of strictly 
counital left curved Aoo-contramodule over C on P by the rule 'K{{gn)'^=o) = d{go) + 
'^p{gi): where d: P — > P is the differential on P and ttp : Homfe(C, P) — > P is the 
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contraaction map. Then the CDG-algebra structure Cobw{C) on the graded tensor 
algebra C[— 1]®" that was defined in 6.1 coincides with the CDG-algebra structure 
Cobu,(C) constructed above, so our notation is consistent. The left CDG-module 
structure Cob^(C) (g)''^.- M on the free graded module 0„ C[-l]®" 0^ M that was 
defined in 6.2 coincides with the left CDG-module structure Cob^(C, M). The right 
CDG-module structure iV(g)^^'-Cob^(C) on the free graded module A^®fe0„ 
coincides with the right CDG-module structure Cobu,(A^, C). The left CDG-module 
structure Hom'^^'"' (Cob^(C), P) on the cofree graded module Homfe(0^ C[— 1]®", P) 
coincides with the left CDG-module structure Bar"'(C, P). 

A morphism of strictly counital curved Aoo-coalgebras / : C — > D is called strict 
if /„ = for all n 7^ 1. A coaugmented strictly counital curved Aoo-coalgebra C is 
a strictly counital curved Aoo-coalgebra endowed with a morphism of strictly couni- 
tal curved Aoo-coalgebras k — > C, where the strictly counital curved Aoo-coalgebra 
structure on k comes from its structure of CDG-coalgebra with zero differential and 
curvature linear function. A coaugmented strictly counital curved Aoo-coalgebra 
is strictly coaugmented if the coaugmentation morphism is strict. A morphism of 
coaugmented or strictly coaugmented strictly counital curved Aoo-coalgebras is a 
morphism of strictly counital curved Aoo-coalgebras forming a commutative diagram 
with the coaugmentation morphisms. The categories of coaugmented strictly counital 
curved Aoo-coalgebras, strictly coaugmented strictly counital curved Aoo-coalgebras, 
and noncounital curved Aoo-coalgebras are equivalent. The DG-category of strictly 
counital curved Aoo-comodules or Aoo-contramodules over a coaugmented strictly 
counital curved Aoo-coalgebra C is equivalent to the DG-category of noncouni- 
tal curved Aoc-comodules or Aoo-contramodules over the corresponding noncouni- 
tal curved Aoo-coalgebra C. If C is a strictly coaugmented strictly counital curved 
Aoo-coalgebra and w: k — > C is the coaugmentation map, then the CDG-algebra 
Cob^(C) is in fact a DG-algebra. 

7.6. Coderived category of curved Aoo-comodules and contraderived cate- 
gory of curved Aoo-contramodules. Let C be a strictly counital curved Aoo-coal- 
gebra over a field k. Let w: k — > C be a homogeneous fc-linear section and 
B = Cob^(C) be the corresponding CDG-algebra structure on 0„ C*_|_[— 1]®"™. 

The coderived category D'^°(C-comod) of strictly counital left curved Aoo-comodules 
over C is defined as the homotopy category of the DG-category of strictly counital 
left curved Aoo-comodules over C. The coderived category D'^°(comod-C) of strictly 
counital right curved Aoo-comodules over C is defined in the analogous way. The con- 
traderived category D'^*''(C-contra) of strictly counital right curved A^-contramodules 
over C is defined as the homotopy category of the DG-category of strictly counital 
left curved Aoo-contramodules over C. 

Theorem. The following five triangulated categories are naturally equivalent: 
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(a) the coderived category D™(C-comod); 

(b) the contraderived category D'^*''(C-contra); 

(c) the coderived category D™(i?-mod); 

(d) the contraderived category D'^*''(i3-mod); 

(e) the absolute derived category D^''^(S-mod). 

Proof. The isomorphism of triangulated categories (c-e) is provided by Theo- 
rem 3.6(a), and the equivalence of triangulated categories (a), (b), and (e) is the 
assertion of Theorem 3.6(b) with projective and injective graded modules replaced 
by free and cofree ones. It suffices to find for any left CDG-module M over B a 
closed injection from M to a CDG-module J such that both J and J/M are cofree as 
graded S-modules, and a closed surjection onto M from a CDG-module F such that 
both CDG-modules M and ker(F M) are free as graded 5-modules. This can be 
easily accomplished with either of the constructions of Theorem 3.6 or Theorem 4.4. 
One only has to notice that for any graded module M over a graded tensor algebra 
B the kernel of the map B ®kM — > M is a free graded S-module and the cokernel 
of the map M — )■ Homfe(S, M) is a cofree graded S-module. □ 

Let C be a CDG-coalgebra over k; it can be considered as a strictly counital 

curved Aoo-coalgcbra, and CDG-comodulcs and CDG-contramodulcs over it can be 
considered as strictly counital curved Aoo-comodules and Aoo-contramodules as ex- 
plained in 7.5. It follows from Theorem 6.7 that the coderived category of left 
CDG-comodules over C is equivalent to the coderived category of strictly counital 
left curved Aoo-comodules and the contraderived category of left CDG-contramodules 
over C is equivalent to the contraderived category of strictly counital left curved 
Aoo-contramodules, so our notation is consistent. Thus the above Theorem provides 
the comodule-contramodule correspondence for strictly counital curved Aoo-coalgebras. 
By Theorem 6.7(c), the comodule-contramodule correspondence functors in the 
CDG-coalgebra case agree with the comodule-contramodule correspondence functors 
we have construced in the strictly counital curved Aoo-coalgcbra case. 

For the definition of a conilpotent curved Aoo-coalgebra and the curved Aoo-coal- 
gebra analogues of some assertions of Theorem 7.3, see Remark 9.4. 

The functor Cotor*^: D™(comod-C) x D™(C-comod) — > fc-vect^'' is constructed 
by restricting the functor of tensor product Hot(mod-i?) x Hot(i?-mod) — > 
Hot(/c-vect) to the Cartesian product of the homotopy categories of CDG-mod- 
ules that are free as graded modules. The functor Coextc: D'^°(C-comod)°P x 
□'^'^''(C-contra) — > /c-vect^'' is constructed by restricting the functor of homomor- 
phisms Hom^ : Hot(i?-mod)°P x Hot(i?-mod) — > Hot(A;-vect) to the Cartesian prod- 
uct of the homotopy category of CDG-modules that are free as graded modules and 
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the homotopy category of CDG-modules that are cofree as graded modules. The func- 
tor Ctrtor*" : D™(comod-C) x D"^*''(C-contra) — /c-vect^'' is constructed by restrict- 
ing the functor of tensor product Hot(mod-i?) x Hot(i?-mod) — > Hot(A;-vect) 
to the Cartesian product of the homotopy category of CDG-modules that are free 
as graded modules and the homotopy category of CDG-modules that are cofree as 
graded modules. These definitions of Cotor*", Cocxtf, and Ctrtor*" agree with the 
definitions of the functors Cotor*", Coextc, and Ctrtor*" for CDG-coalgebras C by 
Theorem 6.9.2. 

Remark. For any graded vector space C, consider the topological graded tensor 
algebra Iln^I"-'-]'^" ^ ^„ ©j=o ^ ["-*-] (^®® Remark 4.4 for the relevant general 
definitions) . One can define a noncounital ( "uncurved" ) Aoo-coalgebra C as a struc- 
ture of augmented DG-algebra with a continuous differential on Iln^f"-'-]^"- Such 
a structure is given by a sequence of linear maps C — > C"^", n = 1, 2, . . . 
without any convergence condition imposed on them (but satisfying a sequence of 
quadratic equations corresponding to the equation (P — 0). A morphism of non- 
counital Aoc-coalgebras is a continuous morphism of the corresponding topological 
DG-algebras (which always preserves the augmentations). The notion of a non- 
counital Aoo-coalgebra is neither more nor less general than that of a noncounital 
curved Aoo-coalgebra. Still, any noncounital curved Aoo-coalgebra C with /iq — 
can be considered as a noncounital Aoo-coalgebra. A morphism / of noncounital 
curved Aoo-coalgebras with = can be considered as a morphism of noncouni- 
tal Aoo-coalgebras provided that /o = 0. A noncounital left Aoo-comodule M over 
C is a structure of DG-module with a continuous differential over the topological 
DG-algebra n„C'[-l]®" on the free topological graded module n„C'[-l]®" ®fc M. 
Such a structure is given by a sequence of linear maps A„: M — > C®" ®fc M, 
n = 0, 1, ... without any convergence conditions imposed. A noncounital left 
Aoo-contramodule P over C is a structure of DG-module over Hn^I"-'-]^" the 
cofree discrete graded module 0^ Homfe(C[— 1]*^", P) of continuous homogeneous lin- 
ear maps rin^l"-'-]'^" — ^ where P is discrete. Such a structure is given by a 
sequence of linear maps 7r„: Homfc(C®", P) — > P, n = 0, 1, . . . All the definitions 
of 7.4-7.5 are applicable in this situation, and all the results of 7.5 hold in this case. 
For a (strictly counital or noncounital) curved Aoo-coalgebra C with /xq = there are 
forgetful functors from the DG-categories of (strictly counital or noncounital) curved 
Aoc-comodules and Aoo-contramodules to the corresponding DG-categories of un- 
curved Aoo-comodules and Aoo-contramodules. Furthermore, let C be an (uncurved) 
strictly counital Aoo-coalgebra. Define the derived categories of strictly counital 
Aoo-comodules and Aoo-contramodules as the quotient categories of the homotopy 
categories corresponding to the DG-catcgorics of strictly counital Aoo-comodules and 
Aoo-contramodules by the thick subcategories formed by all the Aoo-comodules and 
Aoo-contramodules that are acyclic with respect to Aq and ttq. Then one can define the 
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functors Cotor*"'^, Coext^, Ctrtor'^'''^, Ext^, and Ext*"'^ on the Cartesian products of 
the derived categories of strictly counital Aoo-comodules and Aoo-contramodulcs by 
applying the functors of topological tensor product and continuous homomorphisms 
over Iln^+I"!]^" corresponding (topological or discrete) CDG-modules over 

n„C'+[— 1]®"- These functors are even preserved by the restrictions of scalars corre- 
sponding to quasi- isomorphisms of strictly counital Aoo-coalgebras (i. e., morphisms 
/ such that /i is a quasi-isomorphism of complexes with respect to Hi). All these 
assertions follow from the result of [14], just as in the proof of Theorem 2.5. In the 
case of a strictly counital Aoo-coalgebra coming from a DG-coalgebra C, the above 
functors agree with the derived functors Cotor^'^, Coext^, etc., defined in 2.5. 

8. Model Categories of DG-Modules, 
cdg-comodules, and cdg-contramodules 

By a model category we mean a model category in the sense of Hovey [23] . 

8.1. Two DG-module model category structures. Let A = {A, d) be a DC-ring 
and Z°DG(A-mod) be the abelian category of left DC-modules over A and closed 
morphisms between them. Denote by Z°DG(74-nnod)proj and Z^DQ{A-mo6pro]) the 
two full subcategories of Z°DG(yl-mod) consisting of all the projective DC-modules 
in the sense of 1.4 and all the DC-modules that are projective as graded A- modules, 
respectively. Analogously, denote by Z''DG(/l-mod)inj and Z°DG(y4-modinj) the two 
full subcategories of Z°DG(74-mod) consisting of all the injective DG-modules in the 
sense of 1.5 and all the DC- modules that are injective as graded A- modules. 

It follows from the constructions in the proofs of Theorems 1.4-1.5 that every 
object of Z°DG(A-mod)proj is homotopy equivalent to an object of Z°DG(yl-mod)projn 
Z°DG(A-modproj) and every object of Z°DG(A-mod)inj is homotopy equivalent to an 
object of Z°DG(A-mod)inj n Z°DG(A-modinj). 

Theorem, (a) There exists a model category structure on the category Z^DQ{A-mod) 
with the following properties. A morphism is a weak equivalence if and only if it is a 

quasi-isomorphism. A morphism is a cofibration if and only if it is injective and its 
cokernel belongs to Z°DG(A-mod)p|.oj H Z^DG{A-modpfoj) ■ A morphism is a fibration 
if and only if it is surjective. An object is cofibrant if and only if it belongs to 
Z°DG(A-mod)proj n Z°DG(A-modproj). All objects are fibrant. 

(b) There exists a model category structure on the category Z°DG(A-mod) with the 
following properties. A morphism is a weak equivalence if and only if it is a quasi- 
isomorphism. A morphism is a cofibration if and only if it is injective. A morphism 
is a fibration if and only if it is surjective and its kernel belongs to Z°DG(A-nnod)inj n 
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Z°DG(A-modinj). All objects are cofibrant. An object is fibrant if and only if it belongs 
to Z°DG(A-mod)inj n Z°DG(^-modinj). 

We will call the model structure of part (a) of Theorem the projective model struc- 
ture and the model structure of part (b) the injective model structure on the category 
of DG-modules Z^DQ{A-mod). 

Proof. We will prove part (a); the proof of (b) is dual. It is clear that all limits and 
colimits exist in the abelian category Z^DQ{A~moA). The two-out-of-three axiom 
for weak equivalences is obvious, as is the retraction axiom for weak equivalences 
and fibrations. The retraction axiom for cofibrations holds since the subcategory 
Z°DG(A-mod)proj n Z°DG(A-modproj) C Z°DG(A-mod) is closed under direct sum- 
mands. To prove the lifting properties, use [48, Lemma 9.1.1]. One has to check 
that the group Ext^(i?, K) computed in the abelian category Z^DQ{A-r(\o6) vanishes 
whenever K G Z''DG(A-mod)proj H Z°DG(A-modproj) and either of the DG-modules 
E and K is acyclic. Indeed, let E — > M — > K be such an extension. Since 
K e Z°DG(74-modproj), the extension of graded A-modules E — )■ M — )■ K splits. 
So our extension of DG-modules is given by a closed morphism K — )■ E. Since 
K e Z°DG(A-mod)proj and one of the DG-modules E and K is acyclic, this closed 
morphism is homotopic to zero. It remains to construct the functorial factorizations. 
For any complex of abelian groups A^, let A^' — )■ iV be a functorial closed surjec- 
tive map of complexes of abelian groups such that the induced map of cohomology 
groups is surjective and A^' is a complex of free abelian groups with free cohomology 
groups. E. g., one can take N' to be the direct sum of "Lx over all nonzero homo- 
geneous elements x of N. Let /: L — )■ Af be a closed morphism of DG-modules 
over A. Then L — )■ L® A (g)^ M' — )■ M is a decomposition of / into a cofibration 
followed by a fibration and L — )■ L©cone(idA)[— 1] ^zM' — > M is a decomposition 
of / into a trivial cofibration followed by a fibration. To construct a decomposition 
of / into a cofibration followed by a trivial fibration, start with its decomposition 
L — > E — > M into a cofibration followed by a fibration. Let Mi be the kernel of 
the closed morphism of DG-modules E — > M; set Ei = A ®z M[. Denote by M2 
the kernel of the closed morphism Ei — > E, etc. Let K be the total DG-module 
of the complex of DG-modules • • ■ — > E2 — > Ei — > E formed by taking infinite 
direct sums. Then L — > K is a cofibration and K — > M is a trivial fibration for 
the reasons explained in the proof of Theorem 1.4. □ 

8.2. CDG-comoduIe and CDG-contramodule model category structures. 

Let C be a CDG-coalgebra over a field k. Let Z°DG(C-comod) and Z°DG(C-contra) 
be the abelian categories of left CDG-comodules and left CDG-contramodules 
over C with closed morphisms between them. Denote by Z°DG(C-comodinj) and 
Z°DG(C-contrap,oj) the fuU subcategories of Z°DG(C-comod) and Z°DG(C-contra) 
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formed by all the CDG-comodules that are injectivc as graded C-comodules and all 
the CDG-contramodules that are projective as graded C-contramodules. 

Theorem, (a) There exists a model category structure on the category 
Z°DG(C-comod) with the following properties. A morphism is a weak equiva- 
lence if and only if its cone is a coacyclic CDG-comodule over C . A morphism is a 
cofibration if and only if it is injective. A morphism is a fibration if and only if it is 
surjective and its kernel belongs to Z*'DG(C-comodinj). All objects are cofibrant. An 
object is fibrant if and only if it belongs to Z°DG(C-comodinj). 

(b) There exists a model category structure on the category Z°DG(C-contra) with 
the following properties. A morphism is a weak equivalence if and only if its cone is 
a contraacyclic CDG-contramodule over C . A morphism is a cofibration if and only 
if it is injective and its cokernel belongs to Z°DG(C-contrap|.oj). A morphism is a 
fibration if and only if it is surjective. An object is cofibrant if and only if it belongs 
to Z°DG(C-contraproj). All objects are fibrant. 

Proof. Wc will prove part (a). All limits and colimits exist in the category 
Z'^DG(C-comod), since it is an abelian category with infinite direct sums and 
products. The two-out-of-three axiom for weak equivalences holds since coacyclic 
CDG-comodules form a triangulated subcategory of Hot(C-comod). The retraction 
axiom for weak equivalences and cofibrations is clear, and for fibrations it follows 
from the fact that the subcategory Z°DG(C-comodinj) C Z°DG(C-comod) is closed 
under direct summands. To check the lifting properties, we use the same Lemma 
that in the previous proof together with Theorem 4.4(a). Finally, let us construct 
the functorial factorizations. To decompose a closed morphism /: L — )■ M into a 
cofibration followed by a fibration, find an injective closed morphism from L into an 
a CDG-comodule J that is injective as a graded C-comodule. This can be done by 
using either the comodule version of the functor G~ from the proof of Theorem 3.6, 
or the construction from the proof of Theorem 4.4. Then the morphism / can be 
presented as the composition L — )■ J ® M — > M. To obtain a decomposition of 
/ into a cofibration followed by a trivial fibration, one needs to make sure that the 
CDG-comodule J is contractible. If one uses the functor G~ , it suffices to notice 
that its image consists entirely of contractible CDG-comodules, and if one uses the 
construction from the proof of Theorem 4.4, one has to replace J with cone(idj). To 
construct a decomposition of / into a trivial cofibration followed by a fibration, start 
with its decomposition L — )■ E — )■ M into a cofibration followed by a fibration. 
Let L_i be the cokernel of the morphism L — )■ E and L_i — )■ E_i be a closed mor- 
phism with a coacyclic cone from L_i to a CDG-comodule E^i G Z''DG(C-comodinj), 
which can be constructed in the way of either Theorem 3.7 or Theorem 4.4. Set 
K = cone{E — > E_i)[—1]] then the morphism L — > is a trivial cofibration and 
the morphism K — > M is a fibration. □ 
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Remark. Let C be a DG-coalgebra. The model category structure of the first 
kind on the abehan category of DG-comodules over C is defined as follows. Let 
Z°DG(C-comoci)inj C Z°DG(C-comod) be the full subcategory consisting of all in- 
jective DG-comodules over C in the sense of 2.4. Since any coacychc DG-comodule 
is acyclic, every object of Z°DG(C-comod)inj is homotopy equivalent to an object of 
Z°DG(C-comod)inj fl Z'^DG(C-comodjnj). Let weak equivalences in Z''DG(C-comod) 
be quasi-isomorphisms, cofibrations be injective morphisms, and fibrations be sur- 
jective morphisms whose kernels belong to Z''DG(C-comod)inj n Z°DG(C-comodinj). 
One proves that this is a model category structure in the same way as in the 
above Theorem, using the facts that Acycl(C-connod) and Z°DG(C-comod)inj fl 
Z°DG(C-comod|nj) form a semiorthogonal decomposition of Hot(C-comod), any in- 
jective closed morphism from an object of Z°DG(C-comodinj) into an object of 
Z°DG(C-connod) splits as an injective morphism of graded comodules over C, 
and any object of Z°DG(C-connod) admits a closed injection into an object of 
Z°DG(C-comodinj). The model category structure of the first kind on the abelian 
category of DG-contramodulcs Z''DG(C-contra) over C is defined in the dual way. 

8.3. Finite homological dimension CDG-module case. Let B he a, CDG-ring 
and Z°DG(5-mod) be the abelian category of CDG-modules over B and closed mor- 
phisms between them. Denote by Z°DG(5-modproj) and Z°DG(S-modinj) the full 
subcategories of Z°DG(S-mod) formed by all the CDG-modules that are projective 

as graded S-modulcs and injective as graded S-modules. 

Assume that the graded ring 5* has a finite left homological dimension. 

Theorem, (a) There exists a model category structure on the category Z°DG(i?-mod) 
with the following properties. A morphism is a weak equivalence if and only if its cone 
is absolutely acyclic. A morphism is a cofibration if and only if it is injective and its 
cokernel belongs to Z°DG(S-modproj). A morphism is a fibration if and only if it is 
surjective. An object is cofibrant if and only if it belongs to Z°DG(S-modproj). All 
objects are fibrant. 

(b) There exists a model category structure on the category Z^DG{B-vnod) with the 
following properties. A morphism is a weak equivalence if and only if its cone is abso- 
lutely acyclic. A morphism is a cofihration if and only if it is injective. A morphism is 
a fibration if and only if it is surjective and its kernel belongs to Z°DG(i?-modinj). All 
objects are cofibrant. An object is fibrant if and only if it belongs to Z''DG(i?-modinj). 

We will call the model structure of part (a) of Theorem the projective model struc- 
ture of the second kind and the model structure of part (b) the injective model struc- 
ture of the second kind on the category of CDG-modules Z°DG(S-mod). 

Proof. Analogous to the proof of Theorem 8.2. Let us spell out some details for 
part (a). To check the hfting properties, use the same Lemma from [48] together with 
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Theorem 3.5. To construct the functorial factorizations, choose any functor assigning 
to a graded left i?*-module N a surjcctivc morphism onto it from a projective graded 
left i?*-module F{N). E. g., one can take F[N) to be the direct sum on B'^x over 
all homogeneous elements a; e A^. To decompose a closed morphism / : L — > M into 
a trivial cofibration followed by a fibration, consider the surjective closed morphism 
onto M from the CDG-module P = G+{F{M*)). The CDG-module P is projective 
as a graded 5-modulc and contractible, so L — )■ L (B P — > M is the desired 
factorization. To obtain a decomposition of / into a cofibration followed by a trivial 
fibration, start with a decomposition L — > E — )■ M of / into a cofibration followed 
by a fibration. Set Mi = ker(£' — )■ M) and choose a closed morphism Ei — > Mi 
with an absolutely acyclic cone from a CDG-module Ei G Z''DG(i?-modproj) into Mi. 
Such a morphism exists by Theorem 3.6(b). Set K = cone(i?i — > E); then L — > K 
is a cofibration and K — )■ M is a trivial fibration. □ 

Remark. For a CDG-ring B such that the graded ring 5* satisfies the condition (*) 
of 3.7, one can define the injective model structure of the second kind on the cat- 
egory of CDG-modules Z°DG(S-mod). In this model structure, weak equivalences 
are morphisms with coacyclic cones. Cofibrations are injective morphisms, and fi- 
brations are surjective morphisms whose kernels belong to Z''DG(5-modinj). Analo- 
gously, for a CDG-ring B such that the graded ring 5# satisfies the condition (**) 
of 3.8, one can define the projective model structure of the second kind on the cate- 
gory Z''DG(i?-mod). In this model structure, weak equivalences are morphisms with 
contraacyclic cones. Cofibrations are injective morphisms whose cokernels belong to 
Z'^DG(i?-modproj), and fibrations are surjective morphisms. The proofs are analogous 
to the above and based on Theorems 3.7-3.8. 

8.4. Quillen equivalences. For a definition of Quillen adjunctions and equiva- 
lences, see [23]. Below we list the important Quillen equivalences and adjunctions 
arising from the constructions of Sections 1-6. In order to convey the information 
about the directions of the adjoint pairs, we will always mention the left adjoint func- 
tor first and the right adjoint functor second. Also we will mention the category that 
is the source of the left adjoint functor first, and the category that is the source of the 
right adjoint functor second. No proofs are given, as they are all very straightforward. 

For any DG-ring A, the projective and injective model category structures on the 
category of DG-modules Z^DG[A-mo6) are Quillen equivalent. The equivalence is 
provided by the adjoint pair of identity functors between Z°DG(A-mod) and itself, 
where the identity functor from Z°DG(A-mod) with its projective model structure 
to Z'°DG(A-mod) with its injective model structure is considered as the left adjoint 
functor, and the identity functor in the other direction is considered as the right 
adjoint functor. 
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Analogously, for any CDG-ring B such that the graded ring has finite left 
homological dimension, the projective and injective model category structures on 
the category of CDG-modules Z°DG(i?-mod) are Quillen equivalent. The equiva- 
lence is provided by the adjoint pair of identity functors, where the identity func- 
tor from Z°DG(S-mod) with its projective model structure of the second kind to 
Z°DG(i?-mod) with its injective model structure of the second kind is considered as 
the left adjoint functor, and the identity functor in the other direction is considered 
as the right adjoint functor. 

The comodule-contramodule correspondence for a CDG-coalgebra C over a field k 
can also be understood as a Quillen equivalence. The pair of adjoint func- 
tors $c: ^°DG(C-contra) — > ZODG(C-comod) and ZODG(C-contra) — > 
Z°DG(C-comod) is a Quillen equivalence between the model category of left 
CDG-contramodules over C and the model category of left CDG-comodules over C. 

Let r: C — > A be an acyclic twisting cochain between a conilpotent CDG-coal- 
gebra C and a DG-algebra A. Then the adjoint pair of Koszul duality functors 
N I — > A N and M i — > C (g)^ M is a Quillen equivalence between the model 
category Z°DG(C-comod) of left CDG-comodules over C and the model category 
Z'^DG{A-mod) of left DG-modules over A, with the projective model structure 
on the latter. The adjoint pair of Koszul duality functors P i — > Hom^ (C,P) 
and Q i — > Hom^(A, Q) is a Quillen equivalnce between the model category 
Z'^DG{A-mod) of left DG-modules over A and the model category Z''DG(C-contra) 
of left CDG-contramodules over C, with the injective model structure on the former. 

Analogously, let C be a CDG-coalgebra and r = tc,w- C — > Cob^(C) be 
the natural twisting cochain. Then the adjoint pair of Koszul duality functors 
N I — y B N and M i — > C 0^ M is a Quillen equivalence between the model 
category Z°DG(C-comod) of left CDG-comodules over C and the model category 
Z°DG(A-mod) of left CDG-modules over B, with the projective model structure 
on the latter. The adjoint pair of Koszul duality functors P i — > Hom'^(C, P) 
and Q i — > Hom^ {B,Q) is a Quillen equivalnce between the model category 
Z''DG(i?-mod) of left DG-modules over B and the model category Z'^DG(C-contra) 
of left CDG-contramodules over C, with the injective model structure on the former. 

Notice that in each of the two Koszul duality situations above, the conilpotent 
and the nonconilpotent one, we have four model categories, two of them on the 
DG-algebra or CDG-algebra side and two on the CDG-coalgebra side. The four 
Quillen equivalences between these four model categories form a circular diagram: 
if one looks at the direction of, e. g., the left adjoint functor in each of the adjoint 
pairs, one finds that these functors map Z°DG(A-mod) or Z^DG{B-mod) with the 
projective model structure to the same category with the injective model structure to 
ZODG(C-contra) to Z0DG((:7-comod) and back to Z°DG{A-mod) or Z'^DG{B-mod) 
with the projective model structure. 
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Let /: A — > B he a morphism of DG-algebras (see 1.7). Then the pair of ad- 
joint functors Ef. Z°DG(A-mod) — > Z°DG(fi-mod) and Rf. Z°DG(fi-mod) — > 
Z°DG(yl-mod) is a Quillen adjunction between the model categories Z°DG(A-mod) 
and Z°DG(S-mod) with the projective model structures. The pair of adjoint 
functors Rf. Z'^DG{B-mod) — > Z°DG(^-mod) and E^ : ZODG(A-mod) — > 
Z°DG(i?-mod) is a Quillen adjunction between the model categories Z°DG(S-mod) 
and Z°DG(A-mod) with the injective model structures. 

Let /: C — > D be a morphism of CDG-coalgebras (see 4.8). Then the pair 
of adjoint functors Rf. Z°DG(C-comod) — > Z°DG(D-comod) and Ef. Z°DG 
(D-comod) — y Z°DG(C-comod) is a Quillen adjunction between the model 
categories of CDG-comodules over C and CDG-comodules over D. The pair 
of adjoint functors E^ : ZODG(L'-contra) — > Z°DG(C-contra) and Rf : Z°DG 
(C-contra) — > Z°DG(£)-contra) is a Quillen adjunction between the model cate- 
gories of CDG-contramodules over D and CDG-contramodules over C. 



9. Model Categories of DG-Algebras and CDG-Coalgebras 

9.1. Model category of DG-algebrcis. Let A; be a commutative ring. Denote by 
/c-algdg the category of DG-algebras over k and by /c-alg^g^ the category of augmented 
DG-algebras over k, i. e., DG-algebras endowed with a DG- algebra morphism onto k. 

Given a DG-algebra A, we will consider DG-algebras of the special form A{xn,a)- 
These are DG-algebras that, as graded algebras, are obtained by adjoining to A a. 
double-indexes family of free homogeneous generators Xn,a, where n — 1, 2, . . . and 
a belongs to some index set. The differential on A{xn^a) must satisfy the conditions 
that A is a DG-subalgebra of A{xn^a) and for any adjoined free generator Xn^a the 
element d{xn^a) belongs to the subalgebra generated by A and Xm,/3 with m < n. 

We will also consider DG-algebras of the even more special form A{xi^, dx^). These 
are DG-algebras that, as graded algebras, are obtained by adjoining to A the free 
homogeneous generators Xco and dx^j] the differential on A{x^, dxj) is defined in the 
way that the notation suggests. So A{x^, dx^) can be also defined as the DG-algebra 
freely generated by a DG-algebra A and the elements x^^. 

The same notation apphes to augmented DG-algebras, with the following obvious 
changes. When working with augmented DG-algebras, one adjoins free homogeneous 
generators ,x„ „ or annihilated by the augmentation morphism, and requires that 
their differentials be also annihilated by the augmentation morphism. 

The following result is due to Hinich and Jardine [21, 26]. 

Theorem, (a) There exists a model category structure on /c-alg^g with the following 
properties. A morphism is a weak equivalence if and only if it is a quasi-isomorphism. 
A morphism is a fibration if and only if it is surjective. A morphism is a cofibration 
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if and only if it is a retract of a morphism of the form A — > A{xn,a)- A morphism 
is a trivial cofibration if and only if it is a retract of a morphism of the form A — ¥ 
A{xi^,dxi^) . All DG-algebras are fibrant. A DG-algebra is cofibrant if and only if it 
is a retract of a DG-algebra of the form k{xn,a)- 

(b) The same assertion applies to the category of augmented DG-algebras k-a\g^'^. 

Proof. It is easy to see that all limits and colimits exist in /c-alg^g. All of them are 
preserved by the forgetful functor to the category of graded algebras; all limits and 
filtered colimits are even preserved by the forgetful functor to the category of com- 
plexes of vector spaces. The two-out-of-three axiom for weak equivalences and the 
retraction axiom for all three classes of morphisms are obvious. It is straightforward 
to check that any morphism of the form A — > A{xi_j, dxj) is a quasi- isomorphism. To 
decompose a morphism of DG-algcbras A — )■ B as A — > ^(a;^^, dxj) — > B with a 
surjective morphism A{xi^, dxj) — )■ B, it suffices to have generators x^ correspond- 
ing to all the homogeneous elements oi B. To decompose a morphism A — > B as 
A — > A{xn,a) — > B with a surjective quasi-isomorphism A{xn,a) — > B, the follow- 
ing inductive process is used. Let xi^a correspond to all the homogeneous elements of 
B annihilated by the differential, and ,X2,/3 correspond to all the homogeneous elements 
of B. Then the morphism A{xi^a, ^2,^) — > B is surjective and the induced morphism 
on the cohomology is also surjective. Furthermore, let X3 ,y correspond to all homoge- 
neous cocycles in A{xi^a-i ^2,^) whose images are coboundaries in B, let x^^s correspond 
to all homogeneous cocycles in A{xi^a,X2,i3,X3^-y) whose images are coboundaries in 
B, etc. The lifting property of the morphisms A — > A{x^, dxj) with respect to 
surjective morphisms of DG-algebras is obvious, and the lifting property of the mor- 
phisms A — v A{xn,a) with respect to surjective quasi-isomorphisms is verified by 
induction on n and a straightforward diagram chase. It remains to check that all the 
quasi-isomorphisms of DG-algebras that are retracts of morphisms E — > E{xn,a) are 
actually retracts of morphisms A — )■ A{xi^,dxi^). Let /: A — )■ B be such a quasi- 
isomorphism; decompose it as A — > A{xt^,dxJ) — V B, where A{xi^,dXi^) — > B 
is a surjective morphism. Then the latter morphism is also a quasi-isomorphism by 
the two-out-of-three property of quasi-isomorphisms. Therefore, the morphism /, 
being a retract of a morphism E — > E{xn^a)-, has the lifting property with respect 
to the morphism A{Xi^.idxJ) — )■ B. It follows that / is a retract of the morphism 
A — > A{x^, dxoj). □ 

Let A; be a field. For the purposes of nonaugmented Koszul duality one needs 
to consider the full subcategory /c-alg^g of k-a\g^^ formed by all the DG-algebras 
with nonzero units. This full subcategory is obtained from the category fc-alg^g by 
excluding its final object A = 0. There are no morphisms from this final object to 
any objects in /c-alg^g that are not final. The category /c-algjg is a model category 
without limits, i. e., the classes of morphisms in /c-algjg that are weak equivalences, 
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cofibrations, and fibrations in fc-alg^g satisfy all the axioms of model category except 
for the existence of limits and colimits. In fact, limits of all nonempty diagrams, all 
coproducts, and all filtered colimits exist in /c-alg^g. At the same time, fc-algjg has 
no final object, and fibered coproducts sometimes do not exist in it. 

9.2. Limits and colimits of CDG-coalgebras. Let k he a field. We will use the 
notation and terminology of 6.10. The forgetful functor from the category of conilpo- 
tent or coaugmented coalgebras to the category of graded vector spaces assigns to 
a coaugmented DG-coalgebra {C,w) the graded vector space C/w{k). The forget- 
ful functor from the category of conilpotent or coaugmented DG-coalgebras to the 
category of complexes of vector spaces is defined in the analogous way. 

Lemma, (a) Limits of all nonempty diagrams, all coproducts, and all filtered col- 
imits exist in the category of conilpotent CDG-coalgebras A;-coalg^^g''''. All limits of 
diagrams with a final vertex, and consequently all filtered limits, are preserved by the 
forgetful functor to the category of conilpotent graded coalgebras. All coproducts and 
filtered colimits are preserved by the forgetful functors to the categories of conilpotent 
graded coalgebras, coaugmented graded coalgebras, and graded vector spaces. 

(b) All limits and colimits exist in the category of conilpotent DG-coalgebras 
/c-coalgjg"''''. All of them are preserved by the forgetful functor to the category of 
conilpotent graded coalgebras. All colimits are preserved by the forgetful functor to 
the categories of coagmented graded coalgebras and complexes of vector spaces. 

Proof. Let us start with considering limits and colimits in the category of coaug- 
mented graded coalgebras /c-coalg™^"^. It is easy to see that colimits exist in 
A;-coalg'^°^"^ and commute with the forgetful functor to the category of graded vec- 
tor spaces. To construct limits in /c-coalg*^°^"^, it suffices to obtain finite products, 
ffitered limits, and equalizers. Finite products in fc-coalg™^"^ are coaugmented coal- 
gebras cofreely cogenerated by the coaugmented coalgebras being multiplied [1] . Fil- 
tered limits and equalizers in /c-coalg'^°^"^ are graded vector subspaces of the filtered 
limits and equalizers in the category of graded vector spaces. In particular, the 
filtered limit of a diagram of coalgebras Ca is the subspace of its limit as a dia- 
gram of graded vector spaces ^im Ca equal to the full preimage of the tensor prod- 
uct lim Ca ®fe ^imCa C ^mCc Ca under the limit of the comultiplication maps 
^mCa — > ^mCa ®fc Co;. The same applies to limits and colimits in the category of 
graded coalgebras /c-coalg (with its different forgetful functor). Cohmits in the cate- 
gory of conilpotent coalgebras /c-coalg'^°"'''' are compatible with those in fc-coalg'^°^"^, 
and limits in fc-coalg™"'''^ are the maximal conilpotent subcoalgebras of the limits in 
A;~coalg™^"^. A simpler approach is to construct directly finite products in A;-coalg'^°"'''' 
as the cofreely cogenerated conilpotent coalgebras. 
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This suffices to clarify part (b), so let us turn to (a). Any diagram with a final 
vertex in fc-coalg^^g''^ is isomorphic to a diagram coming from A;-coalgj°"'''', and the 
limit in /c-coalg^°"'''' is also the limit in A;-coalg^jg Products of pairs of objects 

and equalizers in /c-coalg^^g''' have to be constructed explicitly. Here it is instructive 
to start with the dual case of coproducts of pairs and coequalizers in the category 
of CDG-algebras k-a\g^^^. Given two morphisms {f',a') and {f",a"): B — )■ A in 
A;-algcjjg, one constructs their coequalizer as the quotient algebra of A by the two-sided 
ideal generated by all the elements f'{h) — f"{b) and a' — a" G A, where b E B. This 
is a certain graded quotient algebra of the coequalizer of /' and /" in the category 
of graded algebras /c-alg. Given two CDG-algebras A and B, one constructs their 
coproduct ^4 U S as the graded algebra freely generated by ^4, B, and an element c 
of degree 1 . The restriction of the differential in A U B to A coincides with and 
its restriction to B is given by the formula b i — > dsib) — [c,b] for b E B. The 
action of the differential in A U 5 on the element c is obtained from the equation 
hA + dc + — Hb- The constructions in /c-coalg^^g''^ are dual. 

Any diagram of a filtered inductive limit in /c-coalg^^g''' is isomorphic to a diagram 
of strict morphisms, i. e., morphisms of the form (/, 0). This follows from the van- 
ishing of the first derived functor of filtered colimit in fc-vect computed in terms of 
the standard bar-construction. Colimits of all diagrams of strict morphisms exist in 
/c-coalg^^g''^ and are preserved by the three forgetful functors. □ 

The category /c-coalg^jg''' has no final object, and fibered coproducts sometimes 
do not exist in it. The closest candidate for a final object in /c-coalg^^g'''' is the 
following CDG-coalgebra {D,d,h). The coalgebra D is cofreely cogenerated by the 
linear function h, i. e., it is the graded tensor coalgebra of a one-dimensional vector 
space concentrated in degree —2. The differential d is zero. For any CDG-coalgebra 
D there is a morphism of CDG-coalgebras C — > D; however, such a morphism is not 
unique. The CDG-coalgebra D is Koszul dual to a DG-algebra with zero cohomology. 

Notice also that {D, d, h) is the final object in the category of conilpotent 
CDG-coalgebras and strict morphisms between them. It follows from the above 
proof that all limits and colimits exist in the latter category. 

9.3. Model category of CDG-coalgebras. In this subsection we presume all coal- 

gebras to be conilpotent. In particular, by the graded coalgebra cofreely cogenerated 
by a graded vector space, or the graded coalgebra cofreely cogenerated by another 
graded coalgebra and a graded vector space, we mean the corresponding universal 
objects in the category of conilpotent graded coalgebras. These in general differ from 
the analogous universal objects in the categories of arbitrary (or coaugmented) graded 
coalgebras. The same applies to the DG-coalgebra cofreely cogenerated by another 



114 



DG-coalgebra and a complex of vector spaces. Notice that the latter construction 
transforms quasi- isomorphisms in either of its arguments to quasi-isomorphisms. 

All increasing filtrations below are presumed to be cocomplete. 

For any category C, denote by Cfin the category obtained by formal adjoining of a 
final object * to C. By the definition, there is one morphism into * from any object 
of Cfin, and there are no morphisms from * into any object of C but * itself. We refer 
to the category Cfin as the finalized category C. 

Theorem, (a) There is a m,odel category structure on the finalized category of conilpo- 
tent CDG-coalgehras ^^coalg^^gf^^^ with the following properties. A morphism of 
CDG-coalgehras is a weak equivalence if and only if it belongs to the minimal class 
of morphisms containing the filtered quasi-isomorphisms and satisfying the two-out- 
of-three axiom. Also a morphism of CDG-coalgebras is a weak equivalence if and 
only if it is a composition of retracts of filtered quasi-isomorphisms . A morphism 
of CDG-coalgebras is a cofibration if and only if the underlying morphism of graded 
coalgebras is injective. A morphism of CDG-coalgebras C — >■ D is a fibration if and 
only if the graded coalgebra C* is cofreely cogenerated by the graded coalgebra 
and a graded vector space. A morphism of CDG-coalgebras is a trivial cofibration if 
and only if it belongs to the minimal class of morphisms which contains the injective 
filtered quasi-isomorphisms strictly compatible with the filtrations, is closed under the 
composition, and contains a morphism g whenever it contains morphisms f and fg. 
Also a morphism of CDG-coalgebras is a trivial cofibration if and only if it is a retract 
of an injective filtered quasi-isomorphism strictly compatible with the filtrations. A 
morphism of CDG-coalgebras is a trivial fibration if and only if it is a retract of a mor- 
phism of CDG-coalgebras C — > D such that C and D admit increasing filtrations F 
compatible with the comultiplications and differentials such that FqC = w{k) = FqD 
and the DG-coalgebra gipC is cofreely cogenerated by the DG-coalgebra gipD and an 
acyclic complex of vector spaces. The only morphism from any CDG-coalgebra to the 
object * is a cofibration, but not a weak equivalence. All objects 0/ /c-coalg^^g'f^'^ are 
cofibrant. A CDG-coalgebra is fibrant if and only if its underlying graded coalgebra is 
a cofree conilpotent coalgebra (graded tensor coalgebra). 

(b) There is a model category structure of the category of conilpotent DG-coalgebras 
fc-coalgj°"' with the following properties. A morphism of DG-coalgebras is a weak 
equivalence if and only if it belongs to the minimal class of morphisms containing 
the filtered quasi-isomorphisms and satisfying the two- out- of -three axiom. Also a 
morphism of DG-coalgebras is a weak equivalence if and only if it is a composition of 
retracts of filtered quasi-isomorphisms. A morphism of DG-coalgebras is a cofibration 
if and only if it is injective. A morphism of DG-coalgebras C — > D is a fibration 
if and only if the graded coalgebra C* is cofreely cogenerated by the graded coalgebra 
and a graded vector space. A morphism of DG-coalgebras is a trivial cofibration if 
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and only if it belongs to the minimal class of morphisms which contains the injective 
filtered quasi-isomorphisms strictly compatible with the filtrations, is closed under the 
composition, and contains a morphism g whenever it contains morphisms f and fg. 
Also a morphism of DG-coalgebras is a trivial cofibration if and only if it is a retract 
of an injective filtered quasi-isomorphism strictly compatible with the filtrations. A 
morphism of DG-coalgebras is a trivial fibration if and only if it is a retract of a 
morphism of DG-coalgebras C — > D such that C and D admit increasing filtrations 
F compatible with the comultiplications and differentials such that FqC = w{k) = 
FqD and the DG-coalgebra gr^C is cofreely cogenerated by the DG-coalgebra grpD 
and an acyclic complex of vector spaces. All objects of A;-coalg^°"'''' are cofibrant. 
A DG-coalgebra is fibrant if and only if its underlying graded coalgebra is a cofree 
conilpotent coalgebra (graded tensor coalgebra). 

Proof. Wc will prove part (a). Existence of limits and colimits in ^^coalg^^gf^^ follows 

from Lemma 9.2. It suffices to check that coequalizers exist in A:-coalg^jg f^'^. 

In the rest of the proof we use the Koszul duality functors Bar^ and Cob^ to- 
gether with Theorem 9.1. It will follow from our argument that the weak equiva- 
lences, fibrations, and trivial fibrations of CDG-coalgebras can be also characterized 
in the following ways. A morphism of CDG-coalgebras is a weak equivalence if and 
only if the functor Cohyj transforms it into a quasi-isomorphism. A morphism of 
CDG-coalgebras is a fibration if and only if it is a retract of a morphism obtained by 
a base change from a morphism obtained by applying the functor Bar^ to a fibration 
of DC-algebras. A morphism of CDG-coalgebras is a trivial fibration if and only if 
it is a retract of a morphism obtained by a base change from a morphism obtained 
by applying the functor Bar^ to a trivial fibration of DG-algebras. 

The proof is based on several Lemmas. 

Lemma 1. (i) Any morphism of CDG-coalgebras C — >■ D can be decomposed into 

an injective morphism of GDG-coalgebras C — > E followed by a morphism E — > D 
obtained by a base change from a morphism obtained by applying the functor Bar^ to 
a surjective quasi-isomorphism of DG-algebras. Furthermore, the GDG-coalgebras E 
and D admit increasing filtrations F compatible with the comultiplications and differ- 
entials such that FqE — k — FqD and the DG-coalgebra gr^E is cofreely cogenerated 
by the DG-coalgebra gipD and an acyclic complex of vector spaces. 

(ii) Any morphism of CDG-coalgebras C — > D can be can be decomposed into an 
injective filtered quasi-isomorphism C — )■ E strictly compatible with the filtrations 
and a morphism E — >■ D obtained by a base change from a morphism obtained by 
applying the functor Bar^ to a surjective morphism of DG-algebras. 

Proof. This Lemma is based on a construction of Hinich [22]. To prove (i), decom- 
pose the morphism of DG-algebras Cob^(C) — > Cob^(D) into an injective mor- 
phism Cob„,(C) — > A followed by a surjective quasi-isomorphism A — )■ Cob^(D). 
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Consider the induced morphism Bar^,(A) — > Bar-y Cob^(D) and set E to be the 
fibered product of the CDG-coalgebras Bart,(A) and D over Bar^, Cobtj,(Z}). Then 
C — > E — > D is the desired decomposition. Now let E — > D be the morphism 
of CDG-coalgebras obtained from the morphism Bar^(74) — y Bar„(i?) induced by a 
morphism of DG-algebras A — > B by the base change with respect to a morphism of 
CDC-coalgebras D — > Bar„(i?). Define an increasing filtration F on the DC-algebra 
A by the rules FqA = k, FiA = k® kcr(A B), and F2A = A. Denote also by F 
the induced filtrations on the quotient DG-algebra B of A and the bar-constructions 
BaXv{A) and Bar^(S). Define an increasing filtration F on the CDG-coalgebra D by 
the rules F2nD = F2n+iF> = GnD, where G is the natural increasing filtration defined 
in 6.4 (where it is denoted by F). Denote by F the induced filtration on the fibered 
product E. Then the DG-coalgebra gr^^^^ is the fibered product of the DG-coalgebras 
Bar^, gipA and gipD over Bar^ gr^-B, and the DG-coalgebra Bar„ gTpA is cofreely co- 
generated by Bar^ gr^-^ an acyclic complex of vector spaces, hence the morphism 
of DG-algebras gipE — )■ gipD has the same property. 

Let us prove part (ii). Let A be the DG-algebra freely generated by the DG-algebra 
Cobu,(C) and the acychc complex of vector spaces idcobu,(D)[~l]- Then the mor- 
phism of DG-algebras Cohw{C) — > Cob^(£)) factorizes into a trivial cofibration 
Cob^(C) — )■ A followed by a fibration A — > Coh,uj{C). Let F denote the natural 
increasing filtrations on the conilpotent CDG-coalgebras C and D and the induced fil- 
trations on Cob^(C), Cob^(£'), and A. Then the morphism Cob^(grj;.C) — )■ gipA 
is an injective quasi-isomorphism and the morphism gr^A — >■ Cohw{gi pD) is sur- 
jective. Set E to be the fibered product of the CDG-coalgebras Bar^,(A) and D over 
Bar^, Cobu,(D). Let us show that the decomposition C — )■ E — )• D has the de- 
sired properties. Denote by F the induced filtration on £^ as a CDG-subcoalgebra of 
Bar^(74). The morphism gr^C — > Bar^(grpA) is an injective quasi-isomorphism, 
and it only remains to check that the morphism gr^£^ — )■ Bar„(grj;.74) is a 
quasi-isomorphism. Notice that the DG-coalgebra gVpE is the fibered product of 
B8iYy{gTpA) and gipD over Bar.^ Cob^(gr^D). 

Let n denote the nonnegative grading induced from the indexing of the filtra- 
tion F. Introduce a decreasing filtration G on gipA by the rules that G^gXpA — g^pA 
and G^gipA is the sum of the components of the ideal ker(gr^A — )■ Cob^(grp£))) 
situated in the grading n ^ j. This filtration is locally finite with respect to 
the grading n. Let G denote the induced decreasing filtration on gVpE as a 
DG-subcoalgebra of Bar^(gr^74). Then the DG-coalgebra gr^gr^E^ is the fibered 
product of Bar^(grQgrj,A) and g^pD over Bar^ Cob^(gr^£)). The DG-algebra 
giQgipA and the DG-coalgebra gr^^gr^D have two nonnegative gradings n and j. 
Introduce an increasing filtration H on the DG-algebra gr^^gr^A for which the 
component iff is the sum of all the components {giQgipA)^^ with j = and 
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t ^ n or j > and t ^ 1. Once again, denote by H the induced increas- 
ing filtration on gr^gr^ E DG-subcoalgebra of Bai^^giQgTpA). Then the 
DG-coalgebra gr^i^gr^gr^E' is the fibered product of Bar^,(grj:^gr(5gr^74) and gipD 
over Bar^ Cobu,(grpD). The DG-coalgebra Bar^(grj:^gr(jgrpA) is cofreely cogener- 
ated by Bar^ Cob^(grp£)) and a complex of vector spaces, and the DG-coalgebra 
gTjjgTQgTpE is cofreely cogenerated by gVpD and the same complex of vector spaces. 
Since the morphism gipD — > Bar^, Cobu,(grp^D) is a quasi-isomorphism, so is the 
morphism grji^gr^gr^^i!; — > Bar^(grj:^gr(jgr^A). □ 

Lemma 2. (i) Injective filtered quasi-isomorphism,s of CDG-coalgebras strictly com- 
patible with the filtrations have the lifting property with respect to the morphisms of 
CDG-coalgebras C — > D such that the graded coalgebra is cofreely cogenerated 
by the graded coalgebra and a graded vector space. 

(ii) The class of morphisms of conilpotent graded coalgebras C — )■ D such that C 
is cofreely generated by D and a graded vector space is closed under retracts. If the 
associated quotient morphism of a morphism f with respect to an increasing filtration 
belongs to this class, then the morphism f itself does. 

Proof. Part (i): let g: X — > Y be an injective morphism of CDG-coalgebras en- 
dowed with increasing filtrations F making / a filtered quasi-isomorphism strictly 
compatible with the filtrations, i. c., FnX = g^^{FnY). Clearly, we can restrict 
ourselves to diagrams of strict morphisms of CDG-coalgebras, i. e., morphisms of 
the form (/, 0). Suppose that a morphism Y — > D has been lifted to morphisms 
X — > C and F„,-iY — > C in compatible ways; we need to extend the second mor- 
phism to FnY in a compatible way. The quotient space F^Y/ {Fn_iY -\- g{FnX)) is an 
acyclic complex of vector spaces. Choose a graded subspace V in this complex such 
that the restriction of the differential to V is injective and the complex coincides 
with V -\- d{V'). Let V be any graded subspace in FnY which projects isomorphi- 
cally onto V. By the assumption about the morphism C — )■ D, one can extend 
the morphism Fn-iY — > C to a graded coalgebra morphism Fn-iY + V — > C 
in a way compatible with the morphisms into D. Then the condition of compat- 
ibility with the differentials allows to extend this morphism in the unique way to 
a strict CDG-coalgebra morphism Fn-iY -\- V + dV — > C. Finally, one combines 
this morphism with the morphism F^X — > C to obtain the desired CDG-coalgebra 
morphism F^Y — )■ C. 

Part (ii) : This class of morphisms of conilpotent graded coalgebras is characterized 
by the conditions that the induced morphism Ext^(/c, k) — )■ Ext})(A;, k) is surjective 
and the morphism Ext^,(A';, A;) — )■ Ext|,(A;, A;) is an isomorphism. Notice also the 
natural isomorphism Ext^.(A;, A;) ~ Cotor^j(A;, k) for a coaugmented coalgebra E. □ 

Lemma 3. (i) The functor Coh^ maps injective morphisms of CDG-coalgebras to 
cofibrations of DG-algebras. 
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(ii) Injective morphisms of CDG-coalgebras have the lifting property with respect 
to morphisms obtained by a base change from morphisms obtained by applying the 
functor BaTy to surjective quasi-isomorphisms of DG-algebras. 

(iii) Injective morphisms of CDG-coalgebras that are transformed into quasi- 
isomorphisms by the functor Cob^ have the lifting property with respect to morphisms 
obtained by a base change from morphisms obtained by applying the functor Bar^ to 
surjective morphisms of DG-algebras. 

Proof. Parts (ii) and (iii) follow immediately from part (i) and the adjunction of func- 
tors Bar„ and Cobty. To check (i), notice that for an injective morphism of conilpotent 
CDG-coalgebras X — > Y, the DG-algebra Bar^(F) has the form Bar^(X)(a;„^a)- In- 
deed, let F denote the natural increasing filtration on Y. Then the DG-algebra 
Bar^(X -\- FnY) has the form BaXy{X -\- Fn_iY){xi^oc^ X2,/3)- D 

Now we can finish the proof of Theorem. 

It follows from (the proof of) Theorem 6.10 that the minimal class of morphisms of 
CDG-algebras containing the filtered quasi-isomorphisms and satisfying the two-out- 
of-three axiom coincides with the class of morphisms that are transformed into quasi- 
isomorphisms by the functor Cob^. Analogously, the minimal class of morphisms 
that contains the injective filtered quasi-isomorphisms strictly compatible with the 
filtrations, is closed under the composition, and contains a morphism g whenever it 
contains morphisms / and fg coincides with the class of injective morphisms that 
are transformed into quasi-isomorphisms by the functor Cob^^. 

Let X — > y be a morphism of the latter class. Using Lemma l(ii), decom- 
pose it into an injective filtered quasi-isomorphisms X — > E strictly compatible 
with the filtrations, followed by a morphism E — > Y obtained by a base change 
from a morphism obtained by applying the functor Bar^, to a surjective morphism of 
DG-algebras. By Lemma 3(iii), the morphism X — > Y has the hfting property with 
respect to the morphism E — > Y, hence the morphism X — > y is a retract of the 
morphism X — > E. 

Let C — > -D be a morphism which is transformed into a quasi-isomorphism by the 
functor Cob^y and such that C* is cofreely cogenerated by and a graded vector 
space. Using Lemma l(i), decompose it into an injective morphism C — > E followed 
by a morphism E — > D obtained by a base change from a morphism obtained by 
applying the functor Bar^ to a surjective quasi-isomorphism of DG-algebras. The 
latter morphism is also a filtered quasi-isomorphism, and even admits increasing 
filtrations F on E and D such that the DG-coalgebra grpE is cofreely cogenerated 
by gTpD and an acyclic complex of vector spaces. Hence the injective morphism 
C — > E is also transformed into a quasi-isomorphism by the functor Cohw, and 
therefore is a retract of an injective filtered quasi-isomorphism strictly compatible 
with the filtrations. By Lemma 2(i), the morphism C — > E has the lifting property 
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with respect to the morphism C — )■ D, so the morphism C — > D is a retract of the 
morphism E — > D. 

Let C — > D he a. morphism that is transformed into a quasi-isomorphism by 
the functor Cob^o. Using Lemma l(i) or (ii), one can decompose it into an injective 
morphism C — > E and a morphism E — > D such that is cofreely cogenerated 
by and a graded vector space, and both morphisms C — )■ E and E — > D 
are transformed into quasi-isomorphisms by the functor Cohw Thus the morphism 
C — )■ D is the composition of two retracts of filtered quasi-isomorphisms. 

The rest of the proof is straightforward. In addition to the above Lemmas, one has 
to use the analogue of Lemma 2 designed to imply the lifting and retraction properties 
of the morphisms C — > *, where C* is a cofree conilpotent graded coalgebra. □ 

Consider the finalized category of DG-algebras with nonzero units A;-algjgf|^. It 
has a model category structure in which a morphism of DG-algcbras is a weak equiv- 
alence, cofibration, or fibration if and only if it belongs to the corresponding class of 
morphisms in fc-alg^g, and for any DG-algebra A the morphism A — v * is a fibration 
and a cofibration, but not a weak equivalence. It follows from the above that the 
functors Cob^ and Bar^, define a Quillen equivalence between the model categories 
/c-coalg^jg'f^'j^ and A:-alg^gf|^. Let us point out that the natural Quillen adjunction 
between the categories /c-alg^jg and /c-alg^gfj^ is not a Quillen equivalence. Analo- 
gously, the functors Cohw and Bar^ define a Quillen equivalence between the model 
categories A;-coalg^°"'''' and /c-alg^g^. 

9.4. Coflbrant DG-algebras. The following result demonstrates the importance of 
DG-algebras that arc cofibrant in the model category structure of Theorem 9.1(a). 
Let A; be a commutative ring of finite homological dimension. 

Theorem. Let A he a cofibrant DG-algebra over k. Then all the four trian- 
gulated subcategories Acycl^'^^(A-mod), Acycl'^°(A-mod), Acycl'^*''(A-mod), and 
Acycl(/l-mod) C Hot(/l-mod) coincide. Consequently, the derived categories of the 
first and the second kind D(A-mod) and D^''^(A-mod) are isomorphic. 

Proof. The graded ring A* has the homological dimension exceeding the homological 
dimension of k by at most 1, being a retract of a free graded algebra over k. Hence 
Acycr°(A-mod) = Acycl'''=(A-mod) = Acycr*'(A-mod) by Theorem 3.6(a). Let us 
prove that Acycl^'^^(A) = Acycl(A) for a DG-algebra A of the form A = k{xn,a)] this 
is clearly sufficient. Let C+[— 1] denote the free graded A;- module spanned by Xn^a] 
then C — k ® Cj^ can be considered as a (strictly coaugmented strictly counital) 
curved Aoo-coalgebra over k (see 7.5). Set F„C to be the linear span of k and x^,/? 
for m ^ n. Let M be a left DG-module over A. Consider the surjective closed 
morphism of DG-modulcs A®k M — > M. Its kernel can be naturally identified with 
A (S>k C+[—l] ®fc M, so there is the induced DG-module structure on this triple tensor 
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product. The cone of the morphism of DG- modules A (8>fc C+[— 1] M — > A(^k M 
can be naturally identified with A C M, so on the latter triple tensor product 
there is also a natural DG-module structure. Consider the filtration F on A^kC^kM 
induced by the filtration F on C. This filtration is compatible with the differential 
and the quotient DG-modules {A (8)^ F^C (8)^ M) / (A (8)^ F^-iC ®k M) are isomorphic 
to the DG-modules A ®fc FnC / Fn-iC ®k M with the differentials induced by the 
differentials on A and M. It follows that the DG-module A (g)^ C ^fc M is projective 
in the sense of 1.4 whenever M is a projective complex of /c-modules. Furthermore, 
this DG-module is coacychc whenever M is coacyclic as a complex of /c-modules. 
Since the cone of the morphism A^^C <S>kM — > M is always absolutely acyclic and 
the ring k has a finite homological dimension, it follows that M is absolutely acyclic 
whenever it is acyclic. □ 

Let A be a DG-ring for which the underlying graded ring A* has a finite left 
homological dimension. When do the triangulated subcategories Acycl(A) and 
Acyc\^^^{A) coincide? This cannot happen too often, as the absolute derived categories 
D^'°^{A-mod) and D^'^^(i?-mod) are isomorphic for any two DG-rings A and B that 
are isomorphic as CDG-rings. At the same time, the derived category D(A-mod) 
only depends on the quasi-isomorphism class of A. These are two very different 
and hardly ever compatible kinds of functoriality. The quasi-isomorphism classes 
of CDG-isomorphic DG-rings A and B can be entirely unrelated to each other; see 
Examples below. 

Nevertheless, there arc the following cases, in addition to the above Theorem and 
GoroUary 6.8.2. When either A* = for all i > 0, or A* = for all i < 0, the 
ring ^4° is semisimple, and A^ — 0, one has Acycl(A) = Acycl^''^(A). This follows 
from Theorems 3.4.1(d)- 3.4.2(d) and 3.6(a). Besides, using Theorem 3.6(b) one can 
check [32] that Acycl(A) = Acycl^'^^(A) whenever A has a zero differential. All of this 
assumes that A^ has a finite left homological dimension; without this assumption, 
there are only some partial results obtained in 3.4. 

Examples. Let V be a (totally) finite-dimensional complex of A;- vector spaces and A 
be the graded algebra of endomorphisms of V endowed with the induced differential d. 
Then the DG-algcbra {A, d) is isomorphic to the DG-algebra {A, 0) in the category 
of CDG-algebras over k. In particular, when V is acyclic but nonzero, {A, d) is also 
acyclic, while (A, 0) is not. So the derived category ^{{A, d)-mod) vanishes, while the 
derived category D((74, O)~mod) is equivalent to D(A;-vect). At the same time, the 
absolute derived categories D^^^{{A,d)-mo6) and D^^^{{A,Qi)-moA) are isomorphic. 
Furthermore, let {D' , d', h') and {D" , d", h") be two coaugmented GDG-coalgebras 
with coaugmentations w\ then the GDG-coalgebra {D' © D" ^ d' + d'\ h' + h") has 
two induced coaugmentations w' and w" . The DG-algebra Gob^/(£'' © D") is quasi- 
isomorphic to Cohw{D') and the DG-algebra Gob^"(D' © D") is quasi-isomorphic to 
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CoK{D"). At the same time, the DG-algebras CoK>{D'®D") and CoK"{D'®D") 
are isomorphic as CDG-algebras over k. 

Remark. One can call a strictly coaugmented strictly counital curved Aoc-coalgebra 
C over a field k conilpotent if the DG-algebra A = 0^ C-|-[— 1]®" is cofibrant. Unlike 
comodules over a conilpotent coalgebra, which are all conilpotent in the appropri- 
ate sense, not every strictly counital curved Aoo-comodule over a conilpotent curved 
Aoo-coalgebra is conilpotent. For any strictly counital curved Aoo-coalgebra C, con- 
sider the CDG-coalgebra U = Bary(A); it can be called the conilpotent coenvelop- 
ing GDG-coalgebra of C. The DG-category of conilpotent curved Aoo-comodules 
over C and strict morphisms between them can be defined as the DG-category of 
CDG-comodules over U. The faithful DG-functor N i — > A (g)"^-*,,, jsi provides an 
embedding of the DG-category of conilpotent curved Aoo-comodules over C and 
strict morphisms between them into the DG-category of strictly counital curved 
Aoo-comodules over C. Analogously, the DG-category of contranilpotent curved 
Aoo-contramodules over C and strict morphisms between them can be defined as the 
DG-category of CDG-contramodulcs over U. The DG-functor Q \ — > }iom'^^-'^'{A,Q) 
maps the DG-catcgory of contranilpotent curved Aoo-contramodules over C and strict 
morphisms between them to the DG-category of strictly counital curved Aoo-contra- 
modules. By Theorem 6.3 and the above Theorem, for any conilpotent curved 
Aoo-coalgebra C the coderived category of conilpotent curved Aoo-comodules and 
strict morphisms between them is equivalent to the coderived category of strictly 
counital curved Aoo-comodules, and the contradcrivcd category of contranilpotent 
curved Aoo-contramodules and strict morphisms between them is equivalent to the 
contraderived category of strictly counital curved Aoo-contramodules. 



Appendix A. Homogeneous Koszul Duality 

A.l. Covariant homogeneous duality. We will consider DG-algebras, DG-coal- 
gebras, DG-modulcs, DG-comodules, DG-contramodules endowed with an additional 
Z-valued grading, which will be called the internal grading and denoted by lower 
indices. The internal grading is always assumed to be preserved by the differentials, 
d{Xn) C Xn- All morphisms of internally graded objects arc presumed to preserve 
the internal gradings. The other grading, raised by 1 by the differentials, is also 
always present; it is called the cohomological grading and denoted by upper indices, 
as above in this paper. We will always use the cohomological grading only in all the 
sign rules, so the notation \z\ is understood to refer to the cohomological grading. 
The same applies to the notation V i — )■ V[l\^ which is interpreted as shifting the 
cohomological grading and leaving the internal grading unchanged. 
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Let k be a field, and let A be a DG-algebra and C be a DG-coalgebra over k 
endowed with internal gradings. Assume that the bigraded vector spaces = A/k 
and C+ = ker(C — > k) are concentrated in the positive internal grading, i. e., A^ = 
®n>o^n and C+ = ®n>o^n, where An and C„ are complexes of vector spaces. 
Then A admits a unique augmentation v : A — > k preserving the internal grading 
and C admits a unique coaugmentation w : k — > C with the same property. Notice 
that any positively internally graded DG-coalgebra C is conilpotent. The bar and 
cobar-constructions Bar„(y4) and Cob^(C) from 6.1 produce a DG-coalgebra and a 
DG-algebra endowed with internal and cohomological gradings. 

We will presume twisting cochains r: C — > A (see 6.2) to have the internal 
degree and the cohomological degree 1; besides, r is assumed to satisfy the 
equations for = row = 0. These conditions hold for the natural twisting 
cochains ta,v'- Bar„(A) — > A and tq^w'- C — > Cob^(C). There are natural bi- 
jective correspondences between the three sets: the set of all morphisms of internally 
graded DG-algebras Cohw{C) — > A, the set of all morphisms of internally graded 
DG-coalgebras C — > Bart, (A), and the set of all twisting cochains r: C — > A as 
above. So the functor Cob^ is left adjoint to the functor Bar^,. 

Theorem 1. Let t be a twisting cochain between a (positively internally graded) 
DG-coalgebra C and DG-algebra A. Then the following conditions are equivalent: 

(a) the morphism of DG-algebras Cob^(C) — >■ A is a quasi-isomorphism; 

(b) the morphism of DG-coalgebras C — > Baiy{A) is a quasi-isomorphism; 

(c) the complex A^'^ C is quasi-is amorphic to k; 

(d) the complex C <^'^ A is quasi-isomorphic to k. 

Besides, the functors Bar^ and Cohw transform quasi-isomorphisms of 
DG-algebras to quasi-isomorphisms of DG-coalgebras and vice versa. Conse- 
quently, these functors induce an equivalence between the categories of DG-algebras 
and DG-coalgebras with inverted quasi-isomorphisms. 

Proof. The complex A 'Bai,^[A) is the reduced bar resolution of the left 

DG-module k over A, so the standard contracting homotopy induced by the unit 
element of A proves its acyclicity. The same argument applies to the complexes 
Bar^(A)(g)^^.''A, C®^c,«,Cob«,(C), and Cob^(C)0^c.'"C. If (C, A', r') {C",A\t") 
is a morphism of twisting cochains for which the morphism of DG-coalgebras C — )■ 
C" and the morphism of DG-algebras A' — )■ A" are quasi-isomorphisms, then the 
induced morphisms of complexes A' C — > A" C" and C A' — > C" A" 
are quasi-isomorphisms. Indeed, every internal degree component oi A C and 
C (S>^ A is obtained from the tensor products of the internal degree components of A 
and C by a finite number of shifts and cones, and the operations of tensor product, 
shift, and cone preserve quasi-isomorphisms of complexes of vector spaces. A sim- 
ilar argument proves that the functors Bar^ and Cob^ map quasi-isomorphisms to 
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quasi- isomorphisms, since the internal degree components of Bai^lA) and Cob^j,(C) 
are obtained from the internal degree components of A and C by finite iterations of 
tensor products, shifts, and cones. Finally, one shows by induction in the internal 
degree that if a morphism of twisting cochains (C, A', t') — > (C, A" , t") induces a 
quasi-isomorphism of complexes A' C — )■ A" 0^ C or C 0^ A' — )■ C A" then 
the morphism of A' — > A" is a quasi-isomorphism, and analogously for morphisms 
of twisting cochains (C, A, r') — > (C", A, t") . □ 

As in 6.5, a twisting cochain r satisfying the equivalent conditions of Theorem 1 is 
said to be acyclic. Any twisting cochain r induces two pairs of adjoint functors be- 
tween the homotopy categories of internally graded DG-modules, DG-comodules, 
and DG-contramodules Hot(A-mod), Hot(C-comod), and Hot(C-contra). The 
functor M i — )■ C & M : Hot(A-mod) — > Hot(C-comod) is right adjoint to 
the functor N i — > A i^'^ N : Hot(C-comod) — )■ Hot(yl-mod) and the functor 
P I — > Hom^(C, P): Hot(A-mod) — > Hot(C-contra) is left adjoint to the functor 
Q I — > Rom'{A,Q): Hot(C-contra) — > Hot(^-mod). 

Let Hot(A-mod^) and Hot(74-mod~'') denote the homotopy categories of (inter- 
nally graded) left DG-modules over A concentrated in nonnegative and nonposi- 
tive internal degrees, respectively. Let Hot(C-comod^) denote the homotopy cat- 
egory of left DG-comodules over C concentrated in nonnegative internal degrees 
and Hot(C-contra~'') denote the homotopy category of left DG-contramodules over 
C concentrated in nonpositive internal degrees. Let D(^-mod^), D(A-mod^), 
D(C-comod^), and D(C-contra^) denote the corresponding derived categories, i. e., 
the triangulated categories obtained from the respective homotopy categories by in- 
verting the quasi-isomorphisms. 

Theorem 2. Let r: C — > A be an acyclic twisting cochain. Then 

(a) The functors C & - : Hot(A-mod^) — )■ Hot(C-connod'^) and A®'' -: 
Hot(C-connod^) — > Hot(A-nnod^) induce mutually inverse equivalences between the 
derived categories D(A-mod^) and D(C-comod^). 

(b) The functors Hom^(C, — ): Hot(A-mod~'') — > Hot(C-contra^) and Hom"^ 
{A, — ) : Hot(C-contra^) — )■ Hot(74-mod~'') induce mutually inverse equivalences be- 
tween the derived categories D(A-mod^) and D(C-contra-'-). 

Proof. One can deduce this Theorem from Theorem 6.5, using the facts that any 
acyclic DG-comodule from Hot(C-comod^) is coacychc and any acychc DG-contra- 
module from Hot(C-contra~'') is contraacyclic. Indeed, any nonnegatively internally 
graded DG-comodule N over C is the inductive limit of DG-comodules obtained by 
shifts and cones from the internal degree components Nn considered as DG-comodules 
with the trivial comodule structure. Analogously, any nonpositively internally 



124 



graded DG-contramodule Q over C is the projective limit of DG-contramodules ob- 
tained by shifts and cones from the internal degree components Qn considered as 
DG-contramodules with the trivial contramodule structure. (Similarly one can show 
that any nonnegatively internally graded DG-module over A that is projective as a 
bigraded A*-module is projective in the sense of 1.4 and any nonpositively internally 
graded DG-module over A that is injective as a bigraded 74*-module is injective in 
the sense of 1.5.) Alternatively, here is a direct proof. 

The functors M \ — )■ C®'^M and i — y A®'^N map acyclic DG-modules to acyclic 
DG-comodules and vice versa, since the internal degree components ol C M and 
A®'^ N are obtained from the internal degree components of Af and by tensoring 
them with the internal degree components of C and A and taking shifts and cones a 
finite number of times for each of the components oi C M and A (g)"^ A^. To check 
that the adjunction morphism A (g)"^ C (8)"^ M — )■ M is a quasi-isomorphism, notice 
that the integral degree components of its kernel can be obtained from the positive 
internal degree components oi A®'^ C by tensoring them with the internal degree 
components of M and taking shifts and cones a finite number of times. Analogously 
one shows that the adjunction morphism A^ — )■ C A®'^ N is a. quasi-isomorphism. 
The proof of part (b) is similar, with the only difference that one has to use exactness 
of the functor Homfe instead of (8)^. □ 

The mutually inverse functors C ®^ — and A®'^ — between the derived categories 
D(A-mod^) and D(C-comod^) transform DG-modules with the trivial action of A 
into cofree DG-comodules over C, free DG-modules over A into DG-comodules with 
the trivial action of C . The mutually inverse functors Hom'^(C, — ) and Hom''(A, — ) 
between the derived categories D(74-nnod~'') and D(C-contra~'') transform DG-modules 
with the trivial action of A into free DG-contramodules over C, cofree DG-modules 
over A into DG-contramodules with the trivial action of C . 

As explained in 6.5, for any DG-module M e D(74-mod^) the complex C M 
computes Tor^(/c,M) and for any DG-comodule A^ e D(C-comod^) the complex 
A&N computes Cotor'^(^, A^) ~ Extc(A;, A^). For any DG-module P e □(^-mod-'-) 
the complex Hom'^(C, P) computes ExtA{k, P) and for any DG-contramodule Q e 
D(C-contra-'') the complex Hom'^(yl, Q) computes Coextc{k,Q) ^ Ctrtor*"(A;, Q). 
The DG-coalgebra C itself, considered as a complex, computes Tor'^(A;, A;), and the 
DG-algebra A, considered as a complex, computes Cotor*^(A;, k) ~ Extc{k, k). 

Corollary. Let /: A' — > A" be a morphism of DG-algehras and g: C — > 
C" he a morphism of DG-coalgebras. Then the functor IRf- D(A"-mo6^) — >■ 
D(A'-mod^) is an equivalence of triangulated categories if and only if the func- 
tor IRf-. D(A"-mod^) — > D(A'-mod^) is an equivalence of triangulated categories 
and if and only if f is a quasi-isomorphism. The functor IRg-. D(C"-comod^) — > 
D(C"-comod^) is an equivalence of triangulated categories if and only if the functor 
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IR^ : D(C"-contra~'-) — > D(C"-contra~'-) is an equivalence of triangulated categories 
and if and only if g is a quasi-isomorphism. 

Proof. The facts that whenever / or is a quasi-isomorphism the related restriction- 
of-scalars functors are equivalences of triangulated categories can be deduced from 
Theorems 1.7 and 4.8, since any quasi-isomorphism of positively internally graded 
DG-coalgebras is a filtered quasi-isomorphism. To prove the inverse implications, it 
suffices to apply the adjoint functors I^Ef, M.E^ , M.Eg, and L,E^ to the DG-modules 
A and Homfc(A, k), the DG-comodule C, and the DG-contramodule Homfc(C, k). All 
assertions of Corollary also follow from Theorems 1 and 2. □ 

Let A = 01^0 ^^'^ ^ ~ ®'n=o ^ Koszul graded algebra and a Koszul 

graded coalgebra quadratic dual to each other [47]. Let C be the internally graded 
DG-coalgebra with the components — for all j 7^ and C° = C^, and let A 
be the internally graded DG-algebra with the components ^4^ = for j ^ n and 
A^^ = An, the multiplication in A and the comultiplication in C being given by the 
multiplication in A and the comultiplication in C, and the differentials in A and C 
being zero. Let r: C — > A be the twisting cochain that is given by the isomorphism 
Ci ~ in the internal degree 1 and vanishes in all the other internal degrees. By 
the definition of quadratic duality and Koszulity, r is acyclic. 

The homotopy category Hot(C-comod) and the derived category D(C-comod) can 
be identified in an obvious way with the homotopy category Hot(C-comod) and the 
derived category D(C-connod) of the abelian category of graded C-comodules. Anal- 
ogously, the homotopy category Hot(C-contra) and the derived category D(C-contra) 
can be identified with the homotopy category Hot(C-contra) and the derived category 
D(C-contra) of the abelian category of graded C-contramodules. Finally, an obvious 
transformation of the bigrading allows to identify the homotopy category Hot(a4-mod) 
and the derived category D(A-mod) with the homotopy category Hot(A-mod) and 
the derived category D(74-nnod) of the abelian category of graded 74-modules. 

Hence we obtain the equivalences of derived categories D(A-mod^) ~ D(C-comod^) 
and D(a4-mod^) ^ D(C-contra^), where A-mod^, A-mod^, C-comod^, and 
C-contra^ denote the abelian categories of nonnegatively graded A-modules, non- 
positively graded A-modules, nonnegatively graded C-comodules, and nonpositively 
graded C-contramodules, respectively. Notice that these are unbounded derived cat- 
egories of the abelian categories of the categories of graded modules, comodules, and 
contramodules satisfying no finiteness conditions. The only restriction imposed on 
the complexes of modules, comodules, and contramodules is that of the nonpositivity 
or nonnegativity of the internal grading. 

Remark. The results of Theorems 1-2 can be generalized to the following situa- 
tion. Let E be an (associative, noncommutative) tensor DG-category (with shifts 
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and cones) and A C H^{^) be a full triangulated subcategory that is a two-sided 
tensor ideal. Consider graded algebra objects A and graded coalgebra objects C over 
E such that An = = Cn ior n < and both Aq and Co are the unit object of E. Let 
us call a morphism of algebras A' — > A" or a morphism of coalgebras C — > C" 
a quasi-isomorphism if its cone belongs to A in every degree. Then the analogue of 
Theorem 1 holds for such graded algebras and coalgebras. Furthermore, let M be a 
left module DG-category (with shifts and cones) over the tensor DG-category E and 
let B C if°(M) be a full triangulated subcategory such that -ff°(E) ® B C B and 
A (g) i?°(M) C B. Consider nonnegatively graded module objects M and comodule 
objects in M over the graded algebras A and graded coalgebras C. Let us call a 
morphism of modules M' — )■ M" or a morphism of comodules A^' — > N" a quasi- 
isomorphism if its cone belongs to B in every degree. Then the analogue of Theorem 2 
holds for such graded modules and comodules. In particular, one can take E to be 
the tensor DG-category of DG-bimodules over a DG-ring R that are flat as right 
DC-modules, M to be the left module DG-category of left DC-modules over i?, and 
A and B to be the triangulated subcategories of acyclic DG-(bi)modules. One can 
also take E to be the tensor DG-category of CDG-bicomodules over a CDG-coalgebra 
C that are injective as right graded comodules, M to be the left module DG-category 
of left CDC-comodules over C, and A and B to be the triangulated subcategories of 
coacyclic CDG-(bi)comodules. One can also use right module DC-categories opposite 
to the DG-categories of left DC-modules or left CDG-contramodules with respect to 
the action functors Hom^^ or Cohom^, assuming DG-bimodules to be projective as 
left DG-modules or CDG-bicomodules to be injective as left graded comodules. 

A. 2. Contravariant duality. Let i? be a (noncommutative) ring and let A and B 

be two internally graded DC-rings such that A^ = = for n < 0, Aq — Q — Bq 
for j 7^ 0, and A^ = R = Bq. Assume further that all the internal degree compo- 
nents An are bounded complexes of finitely generated projective left i?-modules and 
all the components B^ are bounded complexes of finitely generated projective right 
i?-modules. We will consider nonnegatively internally graded left DG-modules M 
over A and nonpositively internally graded right DG-modules A^ over B, and we will 
assume all their internal degree components M„ and Nn to be bounded complexes 
of finitely generated projective /^-modules. Let Hot(74-mod^) and Hot(mod^-i?) de- 
note the homotopy categories of such DG-modules, and D(74-mod^) and D{mo(i^-B) 
denote the corresponding derived categories. 

Given two internally graded DC-rings A and B as above, construct two op- 
posite DC-rings and T*" in the following way. Let = T''' be the sub- 
complex in B_n ®i? An consisting of all the elements t satisfying the equa- 
tion rt — tr for all r E R. Define the multiplication in T' by the formula 
{b' (g) a'){b" (g) a") = (-l)W\(\b"\+W'\}b'b" (g) a"a' and the multiphcation in T'' by the 
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formula {h' ® a'){h" ® a") = (-l)l''"l(l'''l+l'=''l)6"6' (g) a'a". It is easy to see that these 
multiphcations are well-defined, associative and compatible with the differential, and 
that T' and T'" are two opposite DG- rings in the sense of 3.12. 

By a twisting cochain for the DG-rings A and B we mean an element r e 
Y[^=i B-n ®R An of (cohomological) degree 1 satisfying the equation r"^ + dr — 
in T', or equivalently, the equation — dr = in T^. 

For a DG-ring A, consider the internally and cohomologically graded i?-i?-bimodule 
Hom/i;(A+, 1], where A^ = A/R. There in a natural "trace" element ta G 
Y[^^iiiomji{An, R) An- Consider the ring B — Cob'(A) freely generated by 
the bimodule HomR(>l+, 1] over R. Then ta is an element of degree 1 in the 
cohomologically graded ring TK Endow B = Cob' (A) with the unique differential 
for which + rfr^ = in T'. Then B is an internally graded DG-ring and Ta is a 
twisting cochain for A and B. Analogously, for a DG-ring B consider the internally 
and cohomologically graded bimodule Homijop(5_,_, 1], where B_^_ — B/R. 
There is a natural "trace" element tb G -S-n®_RHomi?°p(^-n; R)- Consider the 
ring A = CoW (B) freely generated by the bimodule B.omf>op[B^, R) over R. Then tb 
is an element of degree 1 in the cohomologically graded ring T'. Endow A = CoW (B) 
with the unique differential for which r| -|- drs — in TK Then A is an internally 
graded DG-ring and ta is a twisting cochain for A and B. 

There are natural bijective correspodences between three sets: the set of morphisms 
of internally graded DG-rings Cob' (A) — > B, the set of morphisms of internally 
graded DG-rings Cob'^(i?) — > A, and the set of all twisting cochains r for A and B. 
So the contravariant functors Cob' and Cob^ are left adjoint to each other. 

Let r be a twisting cochain for A and B. Given a DG- module M over A, construct 
a DG-module Hom^(M, 5) over B in the following way. As an internally and coho- 
mologically graded right i?-module, Hom^(M, B) coincides with Homi^(M, B), where 
the action of B is given by the formula {fh){x) = (— l)l''ll^l/(a;)6. On the complex 
HomR(M, B) there is a structure of left DG-module over the DG-ring T' given by 
the formula {h ® a){f){x) = (-l)l"ll-^l6/(aa;) for x G M and / G HomR(M,5). The 
left action of T' on Homj:j(M, B) commutes with the right action of B. Thus one can 
twist the differential d on HomR(M, B) by replacing it with d + t, where r acts on 
HomR(M, B) as an element of TK So we obtain the DG-module HomT-(M, B) over B. 

Given a DG-module over B, construct a DG-module Hom(A^, A)r over A as 
follows. As an internally and cohomologically graded left A-module, Hom(A^, A)r 
coincides with Homi^op ( A^, ^4) . On the complex Homi^op ( A^, A) there is a struc- 
ture of left DG-module over the DG-ring T' given by the formula {b ^ a) (g) (y) = 

for y e A^ and g e HomRop(A^, The left action of T' 
on B.omRop[N, A) supercommutes with the left action of A. Thus one can twist the 
differential d on Hom/jop (A^, A) by replacing it with d + r, where r acts as an element 
of TK So we obtain the DG-module Hom(A^, A)^ over A. 

128 



Theorem 1. Let r be a twisting cochain between internally graded DG-rings A and B. 

Then the following conditions are equivalent: 

(a) the morphism of DG-rings Cob' (A) B is a quasi-isomorphism; 

(b) the morphism of DG-rings CoV{B) — > A is a quasi-isomorphism; 

(c) the complex Romri A, B) is quasi-isomorphic to R; 

(d) the complex Hom(i?, A)t- is quasi-isomorphic to R. 

Besides, the functors Cob' and Coh^ transform quasi- isomorphisms of inter- 
nally graded DG-rings to quasi-isomorphisms. Consequently, they induce an anti- 
equivalence between the categories of DG-rings of the A and B kind with inverted 
quasi-isomorphisms. 

Proof. The complex Y{om-,-^{A,Coh^{A)) is the reduced cobar-resolution of the left 
DC-modulc R over A relative to R, and the complex Hom(Cob'(A), A)^-^ is the 
reduced bar-resolution of the left DG-modulc R over A relative to R. So these 
complexes are quasi-isomorphic to R. The rest of the proof is analogous to that of 
Theorem A. 1.1. It uses the exactness and refiexivity properties of the tensor product, 
Hom, and duality for bounded complexes of finitely generated projective modules. □ 

A twisting cochain r satisfying the equivalent conditions of Theorem 1 is said 
to be acyclic. Any twisting cochain r induces a pair of left adjoint contravari- 
ant functors M i — )■ Hom^(M, fi): Hot(A-mod'^)°P — )■ Hot(mod-''-5) and i — > 
Hom(A^,A)^: Hot(mod^-B)°P — > Hot(A-mod^). 

Theorem 2. Let t be an acyclic twisting cochain for internally graded DG-rings A 
and B. Then the functors Hom^(— ,5) and Hom(— jA),- induce mutually inverse 
anti- equivalences between the derived categories Hot(A-mod^) and Hot(mod~''-S). 

Proof. The functor Yiom.T{—,B) preserves acyclicity of DG-modules, since the in- 
ternal degree components of Homi- (M,i?) are obtained from the internal degree 
components of M by applying the functor Hom^j into the internal degree compo- 
nents of B and taking shifts and cones. To check that the adjunction morphism 
Hom(HomT-(M, B),A)^ — > M is a quasi-isomorphism, notice that the internal degree 
components of its kernel can be obtained from the positive internal degree compo- 
nents of Hom^(74, B) by applying the functor ®r with the internal degree components 
of M and taking shifts and cones. 

In fact, stronger assertions hold: every DC-module in Hot(A-mod^) that is pro- 
jective as a graded A-module is projective in the sense of 1.4, and consequently the 
functor Hom^(— , B) maps acychc DG-modules to contractible ones. □ 

The mutually inverse functors Hom^(— , B) and Hom(— , A)t- transform the trivial 
DG-module R over A into the free DG-module B over B and the free DG-module A 
over A into the trivial DG-module it! over B. 
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For any DG-modulc M over A, the complex Honv(Af, S) computes ExtA{M, R). 
Indeed, Hom(HomT-(M, 5), A),- is a projective DG-module over A quasi-isomorphic 
to M, and Hom^(M, 5) ~ HomA(Hom(Hom^(M, 5), A)^, i?). Analogously, for 
any DG-module N over B, the complex Hom(iV, A)^- computes ExtBop(A'", i?). The 
DG-ring B itself computes the Yoneda Ext-ring ExtA(-R, and the DG-ring A 
computes ExtB(-R, -R). 

Corollary. Let f: A' — > A" be a morphism of nonnegatively internally graded 
DG-rings as above. Then the functor IRj: D(A"-mod^) — > D(A'-mod^) is an equiv- 
alence of triangulated categories if and only if f is a quasi-isomorphism. 

Proof. This can be deduced either from Theorem 1.7, or from Theorems 1 and 2. □ 

Remark. In the case when R has a finite (left and right) homological dimension there 
are several other versions of the above duality. E. g., one can consider DG-rings A and 
B whose internal degree components A^, and Bn are bounded complexes of finitely 
generated projective i?-modules, and DG-modules M and N whose components M„ 
and Nn are unbounded complexes of finitely generated projective i?-modules. One 
can also consider DG-rings A and DG-modules M whose components are complexes 
of finitely generated projective left i?- modules bounded from above, and DG-rings B 
and DG-modules whose components are complexes of finitely generated projective 
right i?-modules bounded from below. The above Theorems 1 and 2 hold in these 
situations. Assuming additionally that R is (left and right) Noetherian one can even 
drop the projectivity assumption on the bigrading components of the modules in all of 
these results. This is so because the derived categories of modules whose components 
Mn and Nn are (appropriately bounded) complexes of finitely generated i?-modules 
are equivalent to the derived categories of modules whose components are (accord- 
ingly bounded) complexes of finitely generated projective i?- modules. (Cf . [38] .) 



Appendix B. V-Q Duality 

B.l. Duality functors. Let X be a scheme; denote by Ox its structure sheaf. A 
quasi- coherent CDG-algebra B over X is a graded quasi-coherent O^-algebra B — 
B^ endowed with the following structure. For each affine open subscheme U (Z X 
there is a structure of CDG-ring on the graded ring B{U), i. e., a (not necessarily 
Ox-linear) odd derivation d: B{U) — > B{U) of degree 1 and an element h e B'^iU) 
satisfying the usual equations are given. For each pair of embedded affine subschemes 
U a V <Z X an element auv £ B^{U) is fixed such that the pair {puviCbuv) is a 
morphism of CDG-rings BiV) — )■ B{U), where puv is the restriction map in the 
sheaf B. For any three embedded affine subschemes U G V G W G X , the morphism 
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{puw, duw) is equal to the composition of the morphisms {pvw, (ivw) and {puv, duv), 
i. e., the equation auw = ciuv + Puv{civw) holds. 

A morphism of quasi-coherent CDG-algebras B — > A over X is a morphism of 
graded quasi-coherent C^-algebras together with a family of morphisms of CDG-rings 
B{U) — > A{U) defined for all affine open subschemes U C X and satisfying the obvi- 
ous compatibility conditions. A quasi- coherent (left or right) CDG-module M over a 
quasi-coherent CDG-algebra B is an Ox-quasi-coherent sheaf of graded modules over 
B together with a family of differentials d: ^{U) — )■ MiU) of degree 1 on the graded 
B(C/)-modules M{U) defined for all affine open subschemes U C X which make M{U) 
into CDG-modulcs over the CDG-rings B{U) and satisfy the obvious compatibilities 
with respect to the restriction morphisms MiV) — )■ M{U) and BiV) — > B{U). 

Quasi-coherent left CDG-modules over a fixed quasi-coherent CDG-algebra B form 
a DG-category denoted by DG(i3-mod) and quasi-coherent right CDG-modules form 
the DG-category DG(mod-S); the corresponding homotopy categories are denoted 
by Hot(i5-mod) and Hot(mod-i3). When X is affine, the category of quasi- coherent 
CDG-algebras B over X is equivalent to the category of CDG-rings (B, d, h) for which 
the graded ring B is an 0(X)-algebra; the categories DG(i3-mod) and DG(mod-i3) 
are equivalent to the DG-categories DG(S-mod) and DG(mod-S). 

The coderived categories D*^°(B-mod) and D'^°(mod-S) are defined in the usual 
way as the quotient categories of the homotopy categories Hot(i3-mod) and 
Hot(mod-i3) by their minimal triangulated subcategories containing the total quasi- 
coherent CDG-modules of the exact triples in the abelian category of quasi-coherent 
CDG-modules (with closed morphisms between them) and closed under infinite 
direct sums. Notice that we do not define contraderived categories of quasi-coherent 
CDG-modules, because infinite products of quasi-coherent sheaves are not well- 
behaved. A reader who finds the above definitions too sketchy may wish to consult 
Section 3 for a detailed discussion of the affine case. 

Prom now on, let X be a smooth algebraic variety (a smooth separated scheme of 
finite type) over a field k. Let 8 be an algebraic vector bundle (locally free sheaf) 
over X . We denote by 'Dx^e the sheaf of differential operators on X acting in the 
sections of £. These words have a unique meaning in the case of a field k of charac- 
teristic 0, and in the finite characteristic case we are interested in the "chrystaUine" 
differential operators. More precisely, let £nd{£) be the sheaf of endomorphisms of £ 
and F{Dx^£ be the sheaf of differential operators of order at most 1 acting in the 
sections of £. Then we define Vx,e as the sheaf of rings on X generated by the bi- 
module FiVx,£ D £nd{£) over the quasi-coherent sheaf of Ox-algebras £nd{£) with 
the relations uv — vu — [it, v] for any two local sections u and v of F{Dx,£ such that 
the image of at least one of them in FiVx,E/£nd{£) ~ £nd{£) <^Ox 'Tx belongs to 
Tx C £nd{£) <S)Ox 7x, where Tx denotes the sheaf of vector fields on X. 
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Assume that X is affine. Then there exists a global connection Vf' in the vec- 
tor bundle £. Denote by End(£^) and Dx,£ the global section rings of the sheaves 
of rings 8nd{£) and Vx,s on X. Let ^{X, End(£)) = n{X) ®o{x) End(^) denote 
the graded ring of global differential forms on X with coefficients in End(£^). The 
connection Vg induces a connection V £nd{e) in the vector bundle £nd{S), so there 
is the de Rham differential d on Q{X,End{S)) related to the connection Vsnd{£)- 
Let h G Q^{X,End{S)) be the curvature of the connection Vg. Then the differen- 
tial d and the curvature element h define a structure of CDG-ring on the graded 
ring Q{X,End{£)). The de Rham differential on the graded End(£^))-module 
K{X,£) = Q{X,End{S)) ^End{£) Dx,s ^ ^{X) ®oix) Dx,e makes it a left 
CDG-module over i7(X, End(£^)) with a commuting structure of a right Dx,£-module. 

Now let X be an arbitrary smooth algebraic variety. Denote by Vtx{Snd{£)) ~ 
®Ox £nd{£) the sheaf of differential forms on X with coefficients in the vec- 
tor bundle £nd{£); it is a graded quasi-coherent C^-algebra. Choosing connec- 
tions V^Ij, on the restrictions of S on all the affine open subschemes U G X, one 
can define a structure of quasi-coherent CDG-algebra on Qxi^n^d^S)). The graded 
Qx{^nd{S))-module )C{X,S) = VLx{Snd{S)) ®£nd{£) 1^x,£ - ^x ®Ox '^x,£ becomes 
a quasi-coherent left CDG-module over D,x{Snd{£)) with a commuting structure of 
a (quasi-coherent) right Px.f-niodule. 

To any complex of right Px.s-niodules Ai one can assign the quasi- coherent 
right CDG-module Homjy^v ^{K,{X , £) , M) ~ 'Ho'm£nd{£)°p{^x{£nd{£)), M) over 
Vtx{£nd{£)). Conversely, to any quasi-coherent right CDG-module M over flx{£nd 
{£)) one can assign the complex of right I>x f -modules M ®nxi£nd{£)) K,{X,£) ~ 
nd{£) T^x,£- This defines a pair of adjoint functors between the homotopy 
categories Hot{mod-ilx {£nd{E))) — > Hot(mod-Px,£) and Hot(mod-Px,f ) — >■ 
Hot{modi-Qx{Snd{£))). 

Whenever X is affine, there is also a pair of adjoint functors between the left 
module categories. To any complex of left D^.f-niodules P one can assign the left 
CDG-module K{X,S) ®Dx.e P - ^{X,End{£)) ®End(^) P over fi(X,End(^)). Con- 
versely, to any left CDG-module Q over f2(X, End(£^)) one can assign the complex 
of left Dx.f-modules Y{omQf^x,End{£)){K{X,8),Q) ~ HomEnd(£:)(-Dx,£, Q)- This de- 
fines a pair of adjoint functors between the homotopy categories Hot(£)x,£-'Tiod) — > 
Hot(Q(X, End(£:))-mod) and Hot(Q(X, End(£:))-mod) Hot(Dx,f-mod). 

B.2. Duality theorem. Let X be a smooth algebraic variety over a field k and E 

be an algebraic vector bundle over X. Denote by Hot(mod-Px,£') and D(mod-Px,£:) 
the (unbounded) homotopy and derived categories of the abelian category of (quasi- 
coherent) right I?x,f-niodules. 

Theorem, (a) The adjoint functors 'Hom£nd{£)°pi^x{End{S)), —) : Hot(mod-'Dx,£) 
— > Hot{mod~^x{End{£))) and — ®£nd{£) T^x,£'- \^ot{mod-Vtx{Snd{8))) — > 
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Hot(mod-I>x,£) induce functors D(mod-I>x,£-) — > D'^°{mod-Qx{^nd{£))) and 
D'^°{mod-Qx{£n.d{S))) — > D{mod-'Dx,£), which are mutually inverse equivalences 
of triangulated categories. 

(b) Assume that X is affine. Then the adjoint functors End(£)) (E>End(£') 

-: Hot(Dx,£:-rnod) — )■ Hot(Q(X, End(£^))-mod) and HomEnd(f)(-Dx,£:, -): 
Hot(f2(X, End((£'))-mod) — > Hot(Dx,f^mod) induce functors D{Dx.£-'rnod) — > 
D"*^(fi(X,End(£'))-mod) and D^^'{Q{X,End{£j)-mod) — > D{Dx,£-mod), which are 
mutually inverse equivalences of triangulated categories. 

Proof. We will prove part (a); the proof of part (b) is analogous up to duality. 
For simplicity of notation, denote by Vx,£ the graded £^n(i(£^)-£^n(i(£^)-bimodule 
^■Snd{£) <SiOx ^^Tx of polyvector fields on X with coefficients in Snd{S); then 

Homerid{£)op{D,x{Snd{£)) , A4) ~ ^A ®£nd(£) 'Px,£ for any right £'nd((£')-module Ai. 
We will make use of the decreasing filtration F of Qx{£nd{S)) defined by the 
rule F'^flx{£nd{S)) = 0^-^^ f2-^(£^n(i(£^)), the dual increasing filtration F of Vx,£ 

given by the rule FiVx,£ = ®j^i'Px,£^ where Vx^£ = Snd{S) ®Ox ^^7x, and 
the increasing filtration F of the sheaf 'Dx,£ by the order of differential opera- 
tors. To prove that the induced functors exist, one can notice that the cate- 
gory of right Px,£:-modules has a finite homological dimension, so D(mod-'Dx,£:) — 
D''°{mod-T>x,£), and the functors - ®£nd{£) Vx,£ and - ®£nd{£) T^x,£ transform ex- 
act triples of complexes of right "D^.g-modules into exact triples of quasi-coherent 
right CDG- modules over Qx{^'rid{S)) and vice versa. Alternatively, for any com- 
plex of right Px.^-niodules Ai consider the increasing filtration of the quasi- coherent 
CDG-module Ai ®£nd(£) 'Px,£ induced by the increasing filtration F of Vx,£- It is 
a filtration by quasi-coherent CDG-submodules and the associated quotient quasi- 
coherent CDG-modules M. ®£nd{£) T^x£ only depend on the £^n(i(£)-module struc- 
tures on the components of A1, so it suffices to know that the category of right 
£^n(i(£^)-modules has a finite homological dimension and consequently any acyclic 
complex of right f n(i(£)-modules is coacyclic. 

Furthermore, for any complex of right Px.g-niodules M we have to show that the 
morphism of complexes of right I>x,f -modules M®£nd{£)'Px,£®£nd{£)T^x,£ — > is a 
quasi-isomorphism. Consider the increasing filtration F oi M.®£nd{£)'Px,£®£nd{£)T^x,£ 
by complexes of £^n(i(£^)-submoduIcs induced by the increasing filtrations F of Vx,£ 
and 'Dx,£', then the associated quotient complex of this filtration is the tensor 
product of the complex of right £^nd(£^)-modules M. with the Koszul complex of 
£nd{£)-£nd{£)-himoA\Aes Vx,£®£nd(£)S^F'^x,£- Since the positive grading compone- 
nents of the Koszul complex are finite acyclic complexes of fiat left £^n(i(£^)-modules, 
we are done. Finally, let be a quasi-coherent right GDG-module over flx{^nd{£)); 
let us prove that the cone of the morphism of quasi-coherent right GDG-modules 
N" — > N ®£nd{£) T^x,£ ®£nd{£) Vx,£ is coacychc. Let us reduce the question to 
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the case when A/" is a complex of right Snd{S)-modu[cs with a trivial CDG-module 
structure, i. e., A/" • r2^(£^n(i((£')) = for i > 0. Here it suffices to consider the finite 
decreasing filtration G on A/" defined by the rules G'A/" = J\f ■ F'^Vlx{Snd{£)) and the 
induced filtration on H ®snd{£) T^x^s ®£nd{s) 'Px,s- Now when J\f is just a complex of 
right fnc?(£^)-modules, the increasing filtration F of J\f ®snd{e) T^x,e ®end{e) 'Px,£ in- 
duced by the increasing filtrations F of Vx^s and Vx.s is a filtration by quasi-coherent 
CDG-submodules, the associated quotient quasi-coherent CDG-module is also just a 
complex of right Snd{S)-modules, and it remains to use the acyclicity and fiatness 
of the Koszul complex again. □ 

B.3. Coderived and contraderived categories. Let X be a smooth affine alge- 
braic variety of dimension d over a field k and £ be an algebraic vector bundle over X. 
Consider also the algebraic vector bundle fl'^S* = flj^ ®Cx ^* '^^^^ where S* is 
the dual vector bundle to S and Qj^ is the line bundle of differential forms of top 
degree. It is well-known that the ring -D^f opposite to Dx,£ is naturally isomorphic 
to Dx^Qdg,, so right Dx^Qd£>:-modules can be considered as left £)x,£:-niodules. 

On the other hand, there is a natural equivalence between the DG-category 
of right CDG-modules over the CDG-ring Q{X,End{Q'^S*)) corresponding to the 
vector bundle Q'^S* and the DG-category left CDG-modules over the CDG-ring 
fl{X,End{S)) corresponding to the vector bundle S. This equivalence assigns to a 
right CDG-module N over n{X,End{n'^£*)) the left CDG-module Q'^(X) ^o{x) N 
over fl{X,End{S)). The corresponding two equivalences of homotopy categories 
transform the functor }iom^^fi(^Qd£*)op{Q{X,End{Q'^S*)), —): Hot(mod-Dx,nd£.) — > 
Hot(mod-l](X, End{Q'^S*))) into the functor Q{X, End(£))®End(£)- : Hot(Dx,f-mod) 
— > Hot(r](X,End(^))-mod). 

Thus by Theorem B.2 the same functor fl{X,End{S)) ®End(£') — induces equiv- 
alences of the derived category D{Dx,£-n^od) with both the coderived category 
D™(n(X, End(£'))-mod) and the contraderived category D'^*''(f2(X, End(£'))-mod) of 
CDG-modules. The next Theorem provides a more explicit equivalence between 
these coderived and contraderived categories making a commutative diagram with 
the above two equivalences. 

Theorem. There is a natural equivalence of triangulated categories 
D''°{fl{X,End{S))-mod) ~ D^''{n{X,End{S))-mod). 

Proof. The proof is similar to that of Theorem 3.9, with the following changes. 
In place of graded modules of finite injective (projective) dimension, one consid- 
ers the graded modules over the graded ring fl{X,End{£)) that are induced from 
graded modules over End(£), or equivalently, coinduced from graded modules over 
End{S). These are the graded modules of the form fl{X, End{£)) <S)End{£) P, or 
equivalently, of the form HomEn(i(f)(^(-^i End(£^)), M), where P and M are graded 
left End(£)-modules. The quotient category of the homotopy category of left 
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CDG-modulcs over Q{X,End{S)) whose underlying graded modules are induced 
(coinduced) from graded End((£')-modules by the minimal triangulated subcategory 
containing the exact triples of left CDG-modules that as exact triples of graded 
modules are induced (coinduced) from exact triples of graded End(£^)-modules is 
equivalent to both D'=°(Q(X, End(£:))-mod) and D'=*^(Q(X, End(£:))-mod). □ 

B.4. Filtered I>-modules. Let X be a smooth algebraic variety over a field k and 
S be an algebraic vector bundle over X. Let F denote the increasing filtration of 
the sheaf of differential operators T>x,£ by the order of differential operators. Con- 
sider the category modl-^-Vx,£ of right Dx,£-modules Ai endowed with a cocomplete 
increasing filtration F (by quasi- coherent Ox-submodules) compatible with the fil- 
tration F on 'Dx,s and such that F^iM. — 0. The category modl-^-'Dx,£ has a natural 
exact category structure; a triple of I?x,f-iiiodules is exact if and only if all its fil- 
tration components are exact triples of Cx-modules. Denote by Hot(modJ||-Px,£) 
and D(mod]||-'Dx.£:) the (unbounded) homotopy and derived categories of this exact 
category. When X is afiine, one can also consider the exact category Dx.£-i^odj-^ 
of left Dx,£:-modules endowed with a complete filtration F indexed by nonpositive 
integers, • • • C F_2M C F_iM C FqM = M, and compatible with the filtration F on 
Dx,£- The homotopy and derived categories of this exact category will be denoted 
by Hot(L)x,£-mod^|) and D{Dx,£-mo(if■^). 

Assuming that X is afiine, consider the graded ring r2(X, End(£^))~ constructed 
in 3.2 (now we are not interested in its DG-ring structure). For any X, the graded 
rings Q{U,End{£\u)) for affine subschemes U C X glue together naturally forming 
a sheaf of graded rings f2(X, Snd{£))"" over X. The sheaf Q{X, Snd{S))^ is nonpos- 
itively graded and its zero-degree component is the sheaf of rings £nd{£). Notice 
that VL{X,£nd{£))'" is not a quasi-coherent Ox-algebra, as the image of Ox is not 
contained in its center. The abelian category of quasi-coherent sheaves of graded 
(left or right) modules over the sheaf of graded rings f2(X, Snd{S))^ is isomorphic to 
the abelian category of quasi-coherent (left or right) CDG-modules over the quasi- 
coherent CDG-algebra fl{X,Snd{S)) and closed morphisms between them. 

We will find it convenient to consider n{X,£nd{£))^ as a sheaf of bigraded rings 
with an internal and a cohomological grading, or a sheaf of internally graded DG- rings 
with a zero differential, as explained in Appendix A. So we place fl{X,Snd{S))^ in 
the nonpositive internal grading n and the nonnegative cohomological grading i = —n 
running from i = to i = dimX. The obvious bigrading transformation identifies 
sheaves of internally graded DG-modules over Q(X,Snd{X))^ considered as a sheaf 
of internally graded DG-rings with complexes of sheaves of graded modules over the 
sheaf of graded rings Q{X, Snd{X))^ . We will prefer the DG-module language. 

Denote by Hot(mod^-f2(X, Snd{S))'^) the homotopy category of sheaves of nonneg- 
atively internally graded Cx-quasi-coherent right DG-modules over fl{X , Snd{£))^ 
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and by D(mod^-^{X, Snd{E))^) the corresponding derived category, i. e., the quo- 
tient category of the homotopy category by the thick subcategory of sheaves of 
DG-modules that are acychc as complexes of sheaves in every internal grading. When 
X is affine, consider also the homotopy category Hot(n(X, End(£))~-mod~'') of non- 
positively internally graded left DG-modules over the internally graded DG-ring 
Q{X,End{£))'" and the corresponding derived category D{Q{X,End{S))^-mod'^). 
These homotopy and derived categories are isomorphic to the (unbounded) homo- 
topy and derived categories of the corresponding abelian categories of quasi- coherent 
(nonnegatively) graded sheaves or (nonpositively) graded modules. 

The tensor product C{X, S) = Q{X, Snd{S))^ ®£nd{s) T^x,£ has a natural structure 
of a sheaf of (internally ungraded) left DG-modules over fi(X, 8nd{£))'^ with the dif- 
ferential defined by the formula dc{(t>®p) — (— l)''''''0(iyc(l®p)~(~l)''^'0'^®P) where d)c 
denotes the differential of the CDG-module 1C{X,8) = Vt{X,8nd{8)) ®£nd{S) T^x,e-, 
while (f) e Q,{X,8nd{8))^ and p e X>x,f- One defines the filtration F on C{X,8) 
as the tensor product of the increasing filtration F on T>x,£ and the filtration F on 
VL[X, 8nd{8))^ indexed by nonpositive integers and associated with the internal grad- 
ing of Q{X , 8nd{8))^ . The latter filtration is given by the rule Fjfl{X,8nd{8))'" = 
^^^jil{X,8nd{8))'^, where n — —dimX, 0. This endowes C{X,8) with a 
structure of a complex of filtered right Px,£-iiiodules with the right action of T>x,s 
commuting with the left action of Q{X, 8nd{8))'" . For X affine, we denote by L[X, 8) 
the DG- module of global sections of the sheaf C{X, 8). 

Using the sheaf of DG-modules C{X, 8), one can construct a pair of adjoint functors 
between the homotopy categories Hot(modJi|-Px,f) and Hot{mod^-n{X,8nd{8)Y . 
To a complex of filtered right Px,£-modules M. one assigns the sheaf of in- 
ternally graded right DG-modules Hom^ p^j,°^^{^j FjC{X,8), ^jFjM) ~ 
'Hom£nd{£)°p{^{X,8nd{8))"" , ^jFjAi), where the direct sums of the filtration 
components 0^- FjJH etc. are considered as (sheaves of) internally graded mod- 
ules in the internal grading j. To a sheaf of internally graded right DG-modules 
A/" over Q,(X,8nd{8))"' one assigns the complex of filtered right Px,£-niodules 
(0„-MO ^n{x,end{£)) C{X,8) ~ (0„A/'„) ®£nd{£) 'Dx,e, where Q^A/" is the notation 
for the sheaf of internally ungraded DG-modules corresponding to J\f, and the tensor 
products are endowed with the filtration F induced by the filtration F on C{X, 8) 
or T^x^s and the increasing filtration F on 0„ A/^ corresponding to the grading of H. 

When X is affine, one can also use the DG-module L{X,8) to construct a 
pair of adjoint functors between the homotopy categories Hot(Dx,£^'T^odfii) and 
Hot(r2(X, End(£))'"-mod~''). To a complex of filtered left Z^x.f-modules M one as- 
signs the internally graded left DG-module 0^. FjL{X, 8) ® @. FjDx.s 0^ M/Fj_iM ~ 
Q{X, End(£))'"®End(£:) 0j M/Fj^iM, where the direct sum of the filtration quotients 
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M/Fj_iM is considered as an internally graded FjD x^e-^aodule with the in- 
ternal grading j. To an internally graded left DG-module over Q{X, End(£^))~ one 
assigns the complex of filtered left Dx,£:-niodules Homf2(x,End(£:))~ {L{X, £), Yi^ ^n) — 
HomEnd(f)(-Djs:,£:, Iln-^^)' where Hn-^" internally ungraded DG-module con- 

structed by taking infinite products of components with a fixed cohomological grad- 
ing, and the modules Hom are endowed with the filtration F induced by the filtration 
F on L{X, £) or Dx,e and the complete filtration F on A^„, indexed by nonpositive 
integers and coming from the grading of A^. 

Theorem, (a) The adjoint functors M. \ — > 'Hom£nd(£)°p{^{X^£nd{£))"" , ^jFjM) 
and Ml — > (0„Ar„) ^£nd{£) T^x,£ between the homotopy categories Hot(modJ||-I?x,£-) 
and Hot{mod^-Q{X,£nd{£))'") induce functors D(mod^|-'Dx,£-) — > D(mod^- 
n{X,£nd{£)y) and D{mod'^-fl{X,£nd{£)y) — > D{modl^-Vx,£), which are 
mutually inverse equivalences of triangulated categories. 

(b) Assume that X is affine. Then the adjoint functors M i — > Q{X,End{£))^ ® 
End{£) ®j M/Fj_iM and N i — > HomEnd(£)(-Dx,£-, Un^n) between the homo- 
topy categories Hot{Dx,£-f^odf-^) and Hot(r2(X, End((£'))~-mod~'') induce functors 
D{Dx,£-modi-^) D(l](X,End(^))~-mod^) and D(fi(X, End(£))~-mod^) — > 

D(-Dx,£^rnod^i), which are mutually inverse equivalences of triangulated categories. 

Proof. This is essentially a particular case of the generalization of Theorem A. 1.2 
described in Remark A.l. First notice that the derived category of the exact cate- 
gory of filtered Px,£-iiiodulcs with the filtrations indexed by nonnegative integers 
is equivalent to the derived category of the abclian category of (quasi-coherent) 
sheaves of nonnegatively graded modules over the sheaf of graded rings 0^- FjVx,£, 
the equivalence being given by the functor M. i — > ©j-^j-^- Analogously, the 
derived category of the exact category of filtered £)x,£:-inodules with the filtra- 
tions indexed by nonpositive integers is equivalent to the derived category of the 
abelian category of nonpositively graded modules over the graded ring FjDx,£, 
the equivalence being given by the functor M i — > ^-M/Fj^iM. Furthermore, as 
in the proof of Theorem B.2, denote by Vx^£ the graded £nd{£)-£nd{£)-him.odvle 
'Homend{£)°p{^{X,£nd{£))^ .i£nd{£)). To check that the components of positive in- 
ternal grading of the complexes Vx^e ®£nd(£) 0^ FjVx,£ and (0^. FjVx,£) ®£nd{£) Vx^s 
are acyclic, consider the decreasing filtrations G on these complexes induced by the 
filtration G on 0^- FjT>x,£ given by the rule G^FjT>x,£ = Fj-tT^x,£ for t ^ and the 
filtration G on Vx^^ given by the rules G^Vx^e = > G^'Px,£ = ker(P^^£ ^ )• 
The associated graded complexes to these filtrations are the tensor products over k of 
the Koszul complexes Vx,£ ®£ndi£) grpVx,£ and gTpVx,£ ®£nd(£) 'Px,£ with the Koszul 
complex for the symmetric algebra and the exterior coalgebra in one variable. (Notice 
that, in particular, the first-degree component of Vx£ is isomorphic to FiV^s-) It 
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remains to use the exactness of the tensor products of complexes of £^n(i(£^)-modules 
with finite complexes of flat £^n(i((£')-modules and homomorphisms from finite com- 
plexes of projective End(£^)-modules into complexes of End(£^)-modules. □ 

Notice that one has D(mod^-l](X, ^nrf(^))~) = D^°{mod^-n{X, Snd{S)y), i. e., 
an Ox-quasi-coherent sheaf of nonnegatively internally graded right DG-modules 
over Q(X,Snd{£))^ is coacychc whenever it is acychc. Analogously, one has 
D(^](X, End(^))~-mod^) = D^^'{n{X, End(^))~-mod^) when X is afSne. One proves 
this using the filtrations of (sheaves of) internally graded DG-modules associated with 
the internal gradings, as explained in the proof of Theorem A. 1.2, together with finite- 
ness of the homological dimension of the category of quasi-coherent sheaves over X. 

The functor of forgetting the filtration, acting from the derived category of 
filtered right Px,f-modules with filtrations indexed by nonnegative integers to 
the derived category of right Px,£-Hiodules, corresponds to the following functor 
D{mod'^-Q{X, Snd{S))^) — > D^°{mod~Q{X, £nd{S))). Given an Cx-quasi-coherent 
sheaf J\f of nonnegatively graded right DG-modules over Q{X, 8nd{£))^ , one assigns 
the quasi-coherent right CDG-module 0„A/'n over Vt{X,£nd{E)) with the action 
of Vl{X,£nd{£)) induced by the action of Vt{X ^ £nd{£))"" in M and the differen- 
tial d, = 6 + d,\ where d' denotes the differential in the DG-module A/". When 
X is afiine, the functor of forgetting the filtration, acting from the derived cate- 
gory of filtered left £)x,£:-niodules with filtrations indexed by nonpositive integers 
to the derived category of left Dx.^-iiiodules, corresponds to the following func- 
tor D(l](X,End(^))~-mod^) — > D^*'(1](X, End(^))-mod). Given a nonpositively 
graded left DG-module N over Q{X, End(£))~, one constructs the left CDG-module 
Tin over il{X, End(£^)) with the action of f2(X, End(£^)) induced by the action of 
n{X, End(£:))~ and the differential d^S + d'. 

Remark. For an affine variety X, the derived categories of filtered £)jss:,£:-niodules 
with filtrations indexed by the integers (see Example 5.1) can be also described as 
certain exotic derived categories of (the abelian categories of) graded modules over 
r2(X, End(£))~. Namely, define the semiderived category (cf. [48]) of graded right 
modules over Q{X, End(£))~ (with the grading indexed by the integers) as the quo- 
tient category of the homotopy category of graded right modules over Q(X, End(£^))~ 
by the thick subcategory formed by all complexes of graded modules that are coacyclic 
as complexes of graded modules over Q{X, End(£^)) C Q{X, End(£^))~. Then the de- 
rived category of the exact category of filtered right -modules with complete and 
cocomplete filtrations indexed by the integers (and compatible with the filtration F 
on Dx,£) is equivalent to the semiderived category of graded right modules over 
Q{X, End(£^))~. Analogously, define the semiderived category of graded left modules 
over fl{X, End(£))~ as the quotient category of the homotopy category of graded 
left modules over n{X,End{£))^ by the thick subcategory formed by all complexes 
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that arc contraacyclic as complexes of graded modules over Q[X, End(£^)). Then the 
derived category of the exact category of filtered left Dx.^-niodules with complete 
and cocomplete filtrations indexed by the integers is equivalent to the semiderived 
category of graded left modules over Q{X,End{£))^ . The functors providing these 
equivalences of categories are defined as follows. The functors assigning complexes 
of graded modules over Q{X,End{S))^ to complexes of filtered Dx.^-modules are 
constructed exactly as in the nonnegative/nonpositive grading/filtration case above. 
When one constructs the functors assigning complexes of filtered modules over Dx,£ 
to complexes of graded modules over Q(X, End(£^))~, one has to pass to the comple- 
tion (for right modules) or the cocompletion (for left modules) with respect to the 
filtration of Dx^e-^aodules after performing the procedures described above for the 
nonnegative/nonpositive grading/filtration case. The functors of passing to the as- 
sociated graded gr pD x,£-Toa.odules on the derived categories of filtered D^.f-modules 
correspond to the forgetful functors assigning graded modules over fl{X, End(5)) to 
graded modules over f2(X, End(£^))~ (in both the left and right module situations). 
Here the derived category of graded grj^Dx.f-modules is identified with the coderived 
and contraderived categories of graded modules over fl{X,End{S)). The analogous 
results hold for arbitrary nonhomogeneous Koszul rings over base rings of finite ho- 
mological dimension (see [48]) in place of the filtered ring of differential operators. 

B.5. Coherent "D-modules. Let X be a smooth algebraic variety over a field k and 

£ be an algebraic vector bundle over X. Let D''(mod'^°'^-Dx,f) denote the bounded 
derived category of coherent (locally finitely generated) right I^x,£-Kiodules. Further- 
more, let D^{modf^'"-Vx,£) denote the bounded derived category of the exact category 
of filtered right I>x,f -modules with locally finitely generated filtrations, i. e., coher- 
ent right Dx,£-iiiodules Ai with filtrations F by coherent Ox-submodules compatible 
with the filtration F on Vx.£ and such that FnAi = Fn-iM. ■ FiVx^e for large n. 
By [20, Exercise III.6.8] there are enough vector bundles on X, i. e., any coherent 
sheaf on X is the quotient sheaf of a locally free sheaf (of finite rank) . 

Let D^^^{mod^°^-Q.x{^'nd{£))) denote the absolute derived category of Ox-coherent 
right CDG-modules over the quasi- coherent CDG-algebra Vtx{£nd{£)). Here a quasi- 
coherent right CDG-module M over Q.x{£nd{£)) is said to be Ox-coherent if it has 
a finite number of nonzero graded components only and all these graded components 
are coherent Cx-modules. The absolute derived category D^^^{mod^°^-Q:x{£'nd{£))) 
is defined as the quotient category of the homotopy category of Ox-coherent right 
CDG-modules over VLx{£nd{£)) by its minimal thick subcategory containing the total 
CDG-modules of exact triples of Ox-coherent right CDG-modules over VLx{.£nd{£)). 
Finally, let D{mod'^°^-Vtx{£nd{£))^) denote the derived category of Ox-coherent 
sheaves of internally graded right DG-modules over Q,x{£'nd{£))^ , the Ox-coherence 
being defined as above. 
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Although this is clearly not necessary for the next Theorem to be valid, it will be 
convenient for ns to presume our filtrations and internal gradings to be indexed 
by nonnegative integers, and incorporate this assumption into the definitions of 
D'^(mod^if-I?x,£) and D{mo(i'^^-Qx{^nd{S))^). 

Theorem, (a) The triangulated categories D^(mod'^°'"-Vx,£) and D^'^^(mod'^°^- 
^x{^nd{S))) are naturally equivalent. 

(b) The triangulated categories D''(modfi°^-I>x,£:) and D{mod'^^-Qx{^'nd{E))^) are 
naturally equivalent. 

Proof. There is a natural fully faithful functor D'°{mod'^°'"-Vx.£) — > □(mod-Px.^:)- 
The natural functor D^^'{mod^°'"-nxiSnd{S))) — > D^°{mod-nxi£ndls))) is also 
fully faithful, as one can show in the way of the proof of Theorem 3.11.1. The natural 
functors D'^(mod^if -Dx.e) — > D(modJ|-I?x,£) and D{mod^^-n{X,£nd{£))^) — > 
D{mod'^-0.{X, £nd{£))^) are also clearly fully faithful. We only have to show that 
the subcategories we are interested in correspond to each other under the equiva- 
lences of categories □(mod-r'x,^) — D'^°{mod-flx{£nd{£))) and D(mod^|-X)x,f ) — 
D(mod^-Hx{£'nd(£))""). It follows immediately from the constructions of the du- 
ality functors that they map D^^'{mod^°^-nxi£nd{£))) into D^(mod™^-r'x,£) and 
D(mod^°^-fix(^nrf(^))~) into D^{mod^^'"-Vx,£). 

Furthermore, for any vector bundle over X the right "Dx.f-module J-" <^Ox 
T^x,£ corresponds to the trivial Ox-coherent CDG-module J-" ®Ox ^f^d{^) over 
VL{X ^ £nd{£)) . Analogously, for any n ^ the filtered right "Dx.^-inodule J^{n) ®Ox 
T^x,£ with the filtration F induced by the filtration F on Vx^e and the filtration 
F on T{n) — T given by the rules F„_iJ^(n) = 0, FnTin) — Tin) corresponds 
to the Ox-coherent sheaf of internally graded DG-modules T{n) ®Ox ^'nd{£) over 
Q{X,£nd{£))^ living in the internal degree n and the cohomological degree 0. So 
it remains to check that the filtered right Px.f-niodules T{n) ®Ox T^x,e generate 
D''(modf|'j'^-r'x,f), as it will then follow that the right Z>x,f -modules T ®Ox ^x,£ 
generate D''(mod^°^-X>x,f )■ 

It is important that the Rees algebra FjVx^s is Noetherian and has a finite 
homological dimension. Given a coherent filtered right "Dx.^-module Ai, construct its 
resolution • • • — > Qi — > Qq — > JH consisting of filtered Px.^-niodules isomorphic 
to finite directs sums of filtered I>x,£:-inodules of the form T{n) ®Ox ^x,£- For 
d large enough, the embedding /C — > Qd-i of the image of the morphism — > 
Qd-i will split locally in X as an embedding of filtered right I^x,£- modules. It 
follows that FqIC ■ T>x,e C K, will be locally a direct summand of FqQ^-i ■ T>x,£ and 
/C/(Fo/C ■ T>x,£) will be a direct summand of Qd-i/{FoQd-i ■ T^x,£) as filtered right 
Dx.f-modules, so one can prove that /C is a direct sum of filtered "Dx.f-modules of 
the form J-{n) ®Ox T^x,£ arguing by induction. 
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Another approach is to notice that all four our "bounded-coherent" triangulated 
categories consist of compact objects in the corresponding larger triangulated cate- 
gories and generate them as triangulated categories with infinite direct sums. It fol- 
lows immediately by a result of [41] that the subcategories of compact objects in the 
larger triangulated categories are obtained by adjoining to the "bounded-coherent" 
categories the images of all idempotent endomorphisms. So the duality functors iden- 
tify the desired "bounded-coherent" categories up to adjoining the images of idcm- 
potents. Three of the four "bounded-coherent" categories are bounded derived cate- 
gories of Noetherian abelian categories, so they are closed under the images of idem- 
potents. To check that the absolute derived category of C^-coherent CDG-modules 
D^'^^(mod™^-r2(X, Snd{S)) also contains images of its idempotents, one has to use the 
forgetful functor D^(vnodf^'"-Vx,£) — > □'^(mod^^-r'x.f) and the corresponding "to- 
talization" functor D{mod'^'"-n{X, £nd{£)y) — > D^^'{mod^°^-Q{X,End{£))). □ 

Remark. All the results of this appendix are applicable to any filtered sheaf of rings 
(I>, F) over a separated Noetherian scheme X such that the associated graded sheaf of 
rings gr^ P is a quasi-coherent graded Ox-algebra isomorphic to the tensor product 
of the algebra of endomorphisms of a vector bundle S and the symmetric algebra 
of a vector bundle C. To such a filtered algebra one can assign a quasi- coherent 
CDG-algebra structure on the tensor product of the algebra of endomorphisms of 
£ and the exterior algebra of C*, construct the duality functors, and then repeat 
verbatim the arguments above. In particular, this applies to any sheaf of twisted 
differential operators [4, section 2] , the enveloping algebra corresponding to a central 
extension of a Lie algebroid (cf. Example 6.6), etc. In fact, the only conditions one 
has to impose on the associated graded algebra to (P, F) are the coherence and 
local freeness of the components, finite homological dimension, Noetherianness, and 
Koszulity. Even more general results can be found in [48, sections 0.4 and 11.8]. 
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